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ABSTRACT

In this paper we describe methods to approximate functions and differential operators on adaptive sparse grids.
We distinguish between several representations of a function on the sparse grid, and we describe how finite
difference (FD) operators can be applied to these representations.

For general variable coefficient equations on sparse grids, FD operators allow a more efficient operator
evaluation than finite element operators. However, the structure of the FD operators is more complex. In
order to examine the possibility to construct efficient solution methods, we analyze the discrete FD (Laplace)
operator and compare its hierarchical representation on sparse and on full grids. The analysis gives a motivation
for a MG solution algorithm.
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1. INTRODUCTION

When applied to d dimensions, d > 2, all numerical methods using regular rectangular grids have one
problem in common: the curse of dimension. This means, that if one refines the grid — for instance by
repeatedly halving the mesh size — the number of grid points grows exponentially with the dimension,
ie., like N4 in R? where N = O(2") denotes the number of points per direction. One way out is
to use sparse grids, where the number of points only grows like N (log N)?~!. Nevertheless, under
certain conditions on the mixed derivatives of the function, the approximation accuracy degrades only
by a logarithmic factor compared with the accuracy achieved on the regular grid with the same N,
cf. Section 2.3 or [13, 23, 9].

Sparse grids and related methods already have a long tradition in numerical quadrature and approx-
imation theory (see e.g. [14, 19, 2, 3, 22]). During the last decade, since the introduction of sparse grid
methods into the numerical treatment of elliptic boundary problems by Zenger [23], several authors
(e.g. [1, 5,9, 10, 15, 16]) have contributed to this field. Most of these papers were concerned with
finite element methods.

Because the efficient evaluation of general, variable coefficient 3-dimensional finite element operators
appears to be an unsolved problem, recently also finite difference methods for sparse grids have been
developed [6, 8, 17, 18]. Note, that consistent finite difference operators on sparse grids cannot be
chosen as simple stencils involving the nearest neighbors of a point, cf. [17, Appendix]. In [6, 17], the
whole machinery for finite differences on sparse grids (which needs linear combination, multiplication
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and approximate differentiation) is provided. In Section 3, we present an alternative way of motivating
and describing the finite difference discretization of first and second order derivatives on sparse grids.

In Section 4, we restrict ourselves to the special case of Poisson’s equation and regular sparse grids in
order to analyze the finite difference operator in detail. The resulting matrix is ill-conditioned. So, it
takes (even in the preconditioned version [17]) many iterations for an iterative solver (like BiCGStab)
to obtain a solution. Our purpose is to construct Galerkin relations which may motivate multilevel
algorithms, and to propose such algorithms suited for solving the finite difference system of linear
equations in a better way. A few results for these algorithms are shown. More results, with different
possible solution procedures, will be published elsewhere.

2. REPRESENTATION

2.1 Basic notation

To be able to describe adaptive sparse grid (ASG) function representation, we first summarize some
necessary notation. For background see, e.g., [13].

e Domain  C R?, with coordinates z;, j = 1,... ,d.
e Multi-integer: m = (my,ms, ... .mq) € Z¢,
~ 0=(0,0,...,0), ~e=(1,1,...,1),
- e =(..,0,1,0,...), the j-th unit vector,
d .
= |m[ =375, my, -m<n & m;<n;Vj=12,...,d,
= |m] =minj—y . am;, - [m]=max;= . amj,

d d
= lImfl = /325 m3, = Nl = ITj— m;-
e Dyadic mesh Qy, k > 0, mesh with dyadic mesh-width hy,

— Mesh-width: h € R?; h = (hy,hs, ..., h),

— Mesh-size: ||h|| = /2%, h2,

Mesh-volume: [[h]| = [T, hs,

Dyadic mesh-width: hy = (hg,, b, - - - , hi,) with hy, = 27F.

— Dyadic grid: Qf = {xxj | Xxj =j hx = (1w, J2hks,- - Jahe,)} N Q,
— Sparse grid: Q" = U=y Ut -

. . . _ d o™i
e Derivatives: D™ = [];_, BI; .
e Univariate hat function: ¢(z) = max(0,1 — |z]).

e Univariate Haar function: n(z) = 1 for 0 < < 1, and n(z) = 0 for x < 0 or z > 1. In this
way, the Haar function is defined only almost everywhere. Therefore, we define the left- and
right-continuous Haar function by respectively n’(z) = lim¢ ~, n(z) and nf(z) = limg, n(z)

e Basis hat functions: ¢ j(x) = ngl o(xi/hr; — Ji)-

e Basis Haar functions: 7y j(x) = Hle n(x; /by, — ji)-

e Space of piecewise d-linear functions on Qi: Vi = span{yw; | j € Z%, xk; € O }.
e Space of hierarchical surpluses on (y:

Wic = span{pi | [ill 0dd,j € Z¢,xicj € O}
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Without loss of generality, we assume here that k = 0 yields “the coarsest grid”.

With “||j]| odd” we mean: for all i = 1,2,...,d, either j; is an odd integer, or k; =0, (i.e., xx
lives on the coarsest grid in the i-direction). If j; is even and k; > 0, there is a coarser grid
on which the same point can be found. This implies that the phrase “(k,j) such that ||j|| odd”
means that (k,j) is the index of the point xx; on the coarsest grid in which this particular
dyadic point appears.

e Norms for the function spaces used in Section 2.3 (p > 1,0<¢<d):
= lJulloo = llullL., = supess,cqlu(x)],

1
lully = llullz, = (fo lu@x)? )",

1/p
_ — n+m, ||p
e = (S mp, 10"l a)

lullwy = ||u||W19.1, the usual first order Sobolev norm.

2.2 Representation of ASG functions
The H-condition  Given a continuous function u € C(f2), we can approximate it by a function
un € Vi = span{yy j} by means of interpolation on the grid Qf, i.e.,

Un(Xnj) = u(Xnj) VXnj € Q.

Obviously, the function uy, on €y, is given by

Up = Z Gn,jPn,j (21)
J

where anj = u(znj). The error of approximation is well-known (see e.g. Section 2.3). However,
in contrast to classical approximation we are not interested in approximation for a fixed n, but in
approximation on (the union of) a number of grids Q.

We can make the approximation (2.1) for all grids Qf with n > 0. For large enough n the approxi-
mation can be arbitrarily accurate, but the number of degrees of freedom increases geometrically with
|n|. Therefore, in practice we select a ‘smallest’ n such that an accuracy criterion is satisfied. Notice
that keeping the representations in all coarser Vi (all Vi, 0 < k < n) does not take essentially more
coefficients than the representation on the finest grid (i.e., in V4,) alone.

In order to obtain an efficient approximation, it may be useful to distinguish different subregions
of the domain €2, in each of which we make the finest approximation of « in different V;,. We make
full — and efficient — use of the system {V, | n € N¢}, by in principle approximating a given
function u € C(Q) in all {V, | n € N}, but using in practice only those coefficients that contribute
to a sufficiently accurate representation. This implies that possibly, in practice, the function u is
represented in a particular V;, only on part of the domain Q. To introduce a (minimal) structure in
the family of approximating basis functions {¢n j}, we introduce the following condition H.
Condition H: If a basis function ¢y, j(x) is used in the representation (2.1), all corresponding
coarser basis functions (i.e., functions ¢ ; for which supp(¢i,i) D supp(en,j)) are also used for the
approximation.

E-, C-, D- and H-representation ~ We call the representation of the approximation of a function
u € C(2) by a collection of such (partial) approximations in the family of spaces {V4}, the nodal
representation, or the FE-representation of the approximation. This E-representation requires the
coefficients ay j = u(Xn,j) corresponding with grid-points x5 j, to be equal on the different grids Q;f
at coinciding grid-points xp ;. Thus, because points from coarser grids coincide with those from
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finer ones, a certain consistency is required (and an redundancy exists) in the E-representation of an
approximation.

During the computation in an approximation process, the representations of the approximations
on all different grids Qi do not necessarily always satisfy the consistency condition required for the
E-representation. In that case an approximation exists, that is of the form (2.1) on each separate grid
Q;, and the approximation on the whole system is not uniquely determined. Such a representation we
call the C-representation of a (non-unique) approximation. There, for different n, the approximations
un(x) do not necessarily coincide at corresponding grid-points xp, j.

Another way of representing approximations on the family of grids {Q}} is by partitioning the
approximation over the different grids. Then, instead of (2.1) the approximation reads

up = Z Zan,j‘Pn,j . (2.2)
n o j

In this case, of course, the set of coefficients {anj} always determines a unique function wuj. An
approximation in this form we call a D-representation. However, for a given function up, now the
coefficients {an ;} are not uniquely determined because the {¢y ;} are linearly dependent.

One way to select a special unique D-representation is by choosing the coefficients a, ; such that
anj # 0 only for those (n,j) for which [|j|| is odd'. This implies that a,; = 0 except for a pair (n, j)
for which Q} is the coarsest grid which contains the nodal point x, ;. This representation

uh= ) anjpny (2.3)
(n,3), 13l odd

we call the H-representation because it represents the approximation in the hierarchical basis

{onjl neNS,jez (il odd,xn; € L}, (2.4)
and the part of uy in

Wa = span{pn; | j € Z¢ |l 0dd,xn; € O}
is the hierarchical contribution from the grid 2} to the approximation. We notice that

d
Vn:Wn"‘ZVn—ej = Vma
j=1 0<m<n

and the sparse grid space is defined by

Vi= Y. V.

0<|m|<L
Interpolating the function u at the nodal points xy, j, the hierarchical coefficients ay j in
uXnj) = D nj ¢nj(¥n;) (2.5)
(0,3), 131l odd

are determined by (cf. [13])

1.1
On,j = H -5 1,—3 u(jhn) ) (26)
L1755 3],
i=1 n;€i
Iwith “||j|| is odd” we mean: for all i = 1,2,... ,d, either j; is an odd integer, or k; = 0 (i.e., j; lives on the coarsest

grid in the i-direction), see Section 2.1.
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where [ i 1,—l]h e denotes the difference stencil for the mesh-size h,, in the i-th coordinate

23 2
direction. Notice that this expression is well-defined for each odd j because Condition H requires that
all h;-neighbors are nodal points in the approximation. Another expression for the coefficient ay j is

found in the following lemma, see [13].

Lemma 2.1 Let ueC®™, for a given m with 0 < m < e. Then, for each pp €Wy, we have

S |
Unj = H {_5,1,—5] u(jhy) (2.7)
i=1 hniei
= (=1)letmlg—d=in] / DMy (x) DS ™p(2x — j) dY.
Q

Transformation of representations From the above, it is clear that each H-representation is a D-
representation and each E-representation a C-representation. For piecewise d-linear functions, it is
often described [4, 5, 6] how a pyramid algorithm can be used to convert an E-representation to a
H-representation, and vice versa. Such a conversion can be executed in O(N) operations, where N is
the total number of coefficients (degrees of freedom). The transformation from a D-representation to
an H-representation is equally straightforward.

The E-, H-, D-, and C-representations can also be used for piecewise constant functions, and —
because of the tensor product structure — discrete function representations can be combined in the
different coordinate directions. E.g., a discrete function can be piecewise constant in one and piecewise
linear in the other coordinate directions. Also for the piecewise constant functions, efficient pyramid
conversion algorithms exist between the different (H-, D-, E-) representation styles. In this case, it is
often useful to decide on left- or right-continuity at the discontinuities in the representation.

The data structure The data structure used to implement all the above possibilities of an adaptive
(sparse) grid representation can be efficient and relatively simple. For the d-dimensional case (d =
1,2,3), we use the data structure BASIS3 [12] that takes the ‘patch’ P,; as an elementary entity.
This P, ; takes all information related to a right-open left-closed cell

3
H 27 (e +1)27)

This implies that there exist as many patches in the data structure as there are points used in the
description of the approximation. The patches are related to each other by means of pointers in an
intertwined tree structure, where each patch has at most 15 pointers to related patches (3 fathers,
6 neighbors and 6 kids). The data structure is symmetric with respect to any of the coordinate
directions.

2.8 Approximation by ASG functions

The representation of functions as discussed in Section 2.2 includes as special cases the representation,
i.e. the d-linear interpolation of continuous functions both on full grids Q;;, especially on regular grids
Q;f,, and on sparse grids Q?‘. In this section, we collect some approximation results from [13] in order
to recall the motivation for using sparse grids in the numerical treatment of elliptic boundary value

problems.

Errors on full grids Let u, € V, be the piecewise d-linear interpolant at |J, ., Qi = Qf of a
continuous function u with finite norm ||[D®t™uyl|,, with p = 2,00, and 0 < m < e. Error bounds for
the approximation on full grids are well-known (e.g., [13, Thm.3.3]):

o Jlu—uglly < 274373ml/2 52 pUAT) | petmy |y,
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o flu—unlloo <671 ST BT [Do .

It follows that for square grids, for which ||h,.[? = 3%, (277)% = d272", we have
o flu—unells <37 [[hnell®> [ID*Cull2;
o |lu—unello <67 [[hpel® [[D*ullo-

By simple counting, it is seen that for this approximation the number of degrees of freedom is 0(2‘“‘),
and therefore for a square grid O(2"4).

Errors on sparse grids Let u, € V, be the piecewise d-linear interpolant at the sparse grid
Ukj<n 2 = @ of a continuous function u with finite norm [|[D**™ul|,, with p = 2,00, and
0 < m < e. Error bounds for approximations on these sparse grids [13, Thm.3.6] are given by

o [lu—inll, < C Il (og Ih| =) [|D><ull,;
o llu—anlly < C ] (oghf~")*=" =Ml [[Detmyl],;

o llu—dnlly < C "+ (log [l =")=" [lullyps..

where / is any integer, 0 < ¢ < d. Bounds for the errors on sparse grids in energy norm are [13,
Thm.3.7]:

o [lu—inllwy < Clh]l Qog Ih| =) [Jullye.;
o [[u—dnllwy < Clhl [[D*Cullp.

Notice that here ||h|| = 2=l is the volume of the finest cells in the sparse grid.
For this approximation, by counting, we see that the number of degrees of freedom for the sparse
grid approximation is O(2"n?!). This number is significantly less than the O(2"?) for the full grid.

3. EVALUATION OF DIFFERENCE OPERATORS TO ASG FUNCTIONS

Although finite element discretization of a PDE on a sparse grid is feasible for a constant coefficient
problem in two dimensions, finite elements for more-dimensional problems and variable coefficients
give problems. The difficulty arises because — with the hierarchical basis (2.4) for test and trial space
— the computational complexity of the evaluation of the discrete operator becomes too large. This
is caused by the fact that the intersection of the supports of an arbitrary trial and test function is
much smaller than the supports of these functions themselves. This has as a consequence that the
advantage of sparse grids is lost if the FEM discrete operator is evaluated.

The alternative, as it was already suggested in [6, 17], is the use of a finite difference discretization.
Therefore, in order to solve PDEs on sparse grids, we should be able to apply (approximate) differen-
tiation to discrete representations of approximations as described in Section 2.2. The application of
linear difference operators approximating the linear differential operator

9 9 9
XJ: o (Aia‘ (X)a_x) + ;Bi(X)a—mi +C(x) (3.1)

comes down to the construction of linear combinations of ASG functions, and pointwise multiplication
and approximate differentiation of such functions. In any of the representations (E-, H-, D- or C-), the
construction of a linear combination over the real numbers is directly computed by application of the
linear combination to its coefficients. Pointwise multiplication is only possible in the E-representation,
in which the function values at grid-points are directly available (see [6, 17] for details). Below we
describe differentiation, which requires some more attention, distinguishing between the evaluation of
first and second order derivatives.
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3.1 First order derivatives
For a piecewise d-linear ASG function, the derivative B%iuh(x) is well-defined almost everywhere, and,
written in D-representation (2.2) the derivative is simply described by

0
e up(x) = Diup(x) = gj:an,jDi@n,j(X)

d
= > an; Di [[ @™z — i)
n,j k=1

= Y ani Di(p"zi—ji)) [ @@z — i)
n,j k=1,k#i
d
= > ang @™ — i+ 1) =@ @i =) [[ e@zk — i)
n,j k=1,k#i

This, again, is a function in D-representation, piecewise constant in the ¢-direction and piecewise linear
in the other directions. It can be described by coefficients associated with nodal points if we decide
to choose either a left- or a right-continuous representation.

The functions are piecewise linear in all coordinate directions except for the i-th direction, where the
derivative is piecewise constant. Because of the discontinuities of %gon,m(x) along segments parallel
to the j-th axis, the function is not in representation (2.1) because the coefficients do not correspond
to function values. In order to identify such derivative by values at nodal points, we have to agree on
either left-continuity (i.e., ¢(z) = lime\ » ¢(€)) or on right-continuity (i.e., p(x) = limg », ¢(§)). Like
forward and backward differences, both possibilities have their advantages and disadvantages, and in
the implementation we allow left- as well as right-continuity, which are identified by the labels a = —1
or a = 1, respectively.

3.2 Second order derivatives
The computation of second order derivatives of piecewise d-linear ASG functions, D?up(x), seems to be
less obvious because second derivatives of the piecewise d-linear functions vanish almost everywhere on
Q. Nevertheless the approximation of the second order derivatives is useful and can be easily derived
from the representation of wyp,.

In order to approximate D?up, we first construct the representation that is the H-representation
in the i-th coordinate direction and the E-representation in the other coordinate directions, i.e., we
apply the pyramid algorithm only in the i-th direction. This implies, cf. Equation (2.7),

1 1 .
n,j = |:_§7 1) _§:| e e U(Jhn) (32)

= —o-l-m /D?U(X) (p(QHiwi — ]l) dz; .

where x = 27" j, for k # 1.

For the H-representation of the second derivative, we see that the coefficients in the expression (2.2)
are given by (2.7). It follows that the hierarchical coefficient ayn j with respect to the i-th coordinate
direction corresponds with a measure of D2 uy(x) in the hy-neighborhood of xy ;.

Counsidering the i-th coordinate in (3.2), writing h = 27", and omitting higher order terms in h, we
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see
h
tni =~y [ Druste/h - j)do
— y 2
= -5 [ (p2atin + e = motutin + EE D)) el - iy
2
= 5 [ (o2t + @ptutin + R0t ) ole) deh
h
= 5 (2uGm [ @ asn + Dtutin) [(enro(e den + v)
= 277Dy (j27") + R (3.3)
with
h h)? 4 (n\*
B < Iptel [ Elu@an=3 (5) 10t
Here || - || denotes the maximum norm in the h,-neighborhood of x4, j. Such coefficients, and hence

such approximate second derivatives, are directly available at the hierarchical points (points with odd
j). At points with even j (not at the boundary), we can use

ta; = —y [ Dhulo) oG ~29)do
b x N e(F =25 -1D)+e(F - (25 +1))
= —§/Dlu(a;) (@(ﬁ—%)— h 5 h ) dx
= 51— a1~ i) (3.4)

The values a,_1,; are available (by recursion) from coarser grids, where we have
~ 1-2n N2 0l—n
Ap_1,j & —2 D;u(j2° ).

This procedure can be used in any of the coordinate directions i. As a result, we find the nodal
representation of the (approximate) second derivative in the i-th direction. If we start with the H-
representation (in every direction) of the function, this procedure would deliver the second derivative
in the ¢-th direction in E-representation in the i-th direction and in H-representation in all other
directions.

4. PROPERTIES OF THE FINITE DIFFERENCE DISCRETIZATION OF THE LAPLACIAN

In the remaining part of this paper, we analyze the discretized operator (3.1) as described in Section
3. For simplicity, we restrict ourselves to the model problem of Poisson’s equation with homogeneous
Dirichlet boundary conditions,

—Au = f in Q, (4.1)

U|JQ = 07

on the cube Q = (0,1)? and a regular sparse grid. For this special case, we give explicit formulae for
the entries of the sparse grid finite difference matrix. This will help us to establish relations between
the finite difference discretization on different sparse grid levels and the difference between sparse and
full grids. From this, we will finally propose multilevel-type algorithms to solve the linear system of
equation resulting from the finite difference discretization (on the sparse grid).
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Figure 1: The index sets [Js and Hg

4.1 Characterization of sparse grid and hierarchical points

To start with, it is useful to investigate the index sets associated with sparse grid points and hierarchical
points, respectively. Consider a sparse grid QI of level L on Q = [0,1]¢ with a finest cell volume
h = 27L. Then, every sparse grid point is also a point of a regular grid Qfe (with step size h in each
direction). Now, we want to characterize the points of the regular grid which belong to the sparse
grid, i.e., we wish to characterize the index set J; with

JL = {E | TrLet € Qz_}

For this, we use the notation of bit reversing. Let the integer k, satisfying 0 < k < 2¢, have the binary
representation

—1
k=Y k2,  k,€{0,1}, (4.2)
s=0

then, the binary representation reflected at position £ — 1 (or in bit reversed order) is given by?

—1
My(k) =Y k207177,
s=0

We define the bit reversing of a multi-integer k with respect to a multi-integer £ as My(k) =
(Mg, (k1),...,Mp,(kq)) and with a scalar m by M,, (k) = Mpe(k).
For r € NZ, we also introduce the set of multi-integers (see Figure 1) within a dyadic range:

Ke={k|k;=2""1... 2" -1, i=1,...,d}
in order to define? the family of multi-integers with dyadic range up to level L:

He= | Ke.

lr|<L

2For 0 < k < 2¢, we additionally define M,(2¢) = —1 and M,(—1) = 2.
3To include multi-integers k with [k] = 2t we denote Ny = 2¢ for £ € Ng and N_; = —1. and Ky = {k, k; =
Nei—tyeeo s Npy = 1i=1,... ,d}.
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Then one can easily prove (generalization of [20, 21]) that the mapping of bit reversing between the
two index sets

r: Ho = Tt

is a bijection. Furthermore, the set U\r|= 1, K exactly characterizes the grid points that are added to
the sparse grid of level L — 1 to obtain the sparse grid of level L.

One single set K, represents (i.e., are bit reversed indices of indices of) the hierarchical points in
the subset QF C QJLF. Thus, the hierarchical points in €, are characterized by

{Ze,m, (k) = TLe,My( k)|k€’C}

Remark. The same technique can be used starting on a coarsest grid with smaller mesh width
1/2% instead of 1. Then M, has to be defined as a bit reversing w.r.t. £ + ¢ instead of ¢. If we do
not start with powers of 2 the situation is more complex but in principle the same approach can be
followed (see [20]).

4.2 Hierarchical representation for finite differences in the univariate case
In Section 3.2, we gave a recursive expression for the nodal representation of the second derivative.
In this section, we find an explicit expression for the hierarchical coefficients of the second derivatives
found in Section 3.2.

For notational convenience, we first develop the hierarchical representation for second order finite
differences in the univariate case. Then, our model problem reads as

—u"(z) = f forz e (0,1), u(0) = u(1) = 0.

We interpolate the function u on the equidistant grid with step size h, by a linear spline u,. This
spline function has the hierarchical representation

n
Up = E E G, kPm k-

m=1k odd

Note that, because of the homogeneous boundary conditions, the hierarchical coefficients vanish on
the coarsest level. We approximate the second derivative of a function u by the second difference

Ao () = o (u(e + 1) = 2u(z) + u(z ~ b))

In hierarchical points on the finest grid, the hierarchical coefficients represent the second difference
A = —271"Ay p u(zn k) (cf. Section 3.2). In non-hierarchical points, we can use the recurrence
relation (3.4). Using bit reversing, we write this now in closed form. Let z,, . € @} be a hierarchical
point (k odd) on the subgrid Q. with step size hy,, then M, (k) € K,, and writing out the recursion
(3.4), we obtain

—As (T ) =217 <2mam,k - Z 2" (agpe-mp g + amemkﬂ)). (4.3)
{=m+1

Now, we interpolate the nodal approximation on level n of the second derivative of the function u by
a linear spline* and obtain

2™ —1
—Up = Z AY Jhn U('Tn k) $Pnk = Z Z bm EPm,k - (44)
k=1 m=1 k odd

4For notational convenience, we set in the end points Asp,u(0) = Ay, u(l) =0.
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This defines the coefficients by,  which clearly satisfy

1
bk = = (A2 h, w(@mk—1) — 282 p, U(Tm k) + A2 b, W( T k41))

2
for hierarchical points x,, . The non-hierarchical points ,, ;_1 and z,, x+1 appear in this formula,
too. If we want to apply formula (4.3), we need to characterize these points (non-hierarchical on level
m) as hierarchical points on some coarser level. For this, we need some further notation.
Let k have the binary representation (4.2). Now we need to characterize the indices m_ and m
for which M,,(k —1) € K,,_ and M,,(k + 1) € K, , where m+ denotes the level on which z, -+ is
hierarchical. We see that

{0 for k = 1,

- _ max 1{m —1-s,ks =1} otherwise,
and
0 for k =2™ -1,
M+ = max {m—1-—s,ks =0} otherwise.
s=1,..., m—1

Thus, if the points z,, ; are not next to the boundary, i.e., for® my # 0,

=D pou(Tm kr1)
n
1+n m {—1
2 (2 Flpy, ome=m (jg) T Z 277 (ag,2e-m (k1)1 +az,2lm(ki1)+1)>-
{=my+1

Collecting all terms, we get the hierarchical coefficient

n
bk = 21+n<2mam,k_ > 2N agp-mpo1 + g ammpi) (4.5)
{=m+1

n
- 2m*710m,,2’"*‘m(1¢71) + Z 272 (gt m (ko1 -1 + Getm(k-1)41)
l=m_+1

n
1 (—2
—2m Ay om=m (pge1) T E 2 (a£,2‘*m(k+1)—1 + a£,2lm(k+1)+1)>
l:m++1

with modifications for m4+ = 0. Note that this expression depends on m, k and n, i.e., it depends not
only on the point z,, ; but also on the finest grid chosen.

We can write the coefficients ap, ; and by, in vector notation and describe the transformation
process by a matrix. For this, we combine hierarchical coefficients in a vector as

v, = (vm’k)lgmgn,Mm(k)elCm (4.6)
in order to define the vectors a,, and b,, and nodal coefficients simply as
u, = (u(mml), e ,U(Z’n’znfl))T.
In this way, we define the matrices A,, and H,, by
A,a,=0b, and H,u,=a,.
5For points next to the boundary, i.e., for m+ = 0, we use the notation from the last three footnotes and set

A2 by W( T kt1) = 0.
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By construction, H,, LA, H,, is the usual matrix of second differences (applied to nodal values) and
hence symmetric positive definite. Thus, the matrix A,, of finite differences in terms of hierarchical
coefficients has the same, i.e., only real positive eigenvalues. However, it is not symmetric and can
not be symmetric positive definite.

Solving the discretized system in its hierarchical form now comes down to solving

Ayan=H, (f(@n1),-- fl@non_1))" .

4.3 Hierarchical representation for finite differences on the sparse grid

To gain some more insight in the structure of the sparse grid FD operator, we want to obtain an explicit
expression for the hierarchical coefficients of the discrete Laplacian. IL.e., we look for an expression for
the elements of the FD matrix Ay. To this end, we investigate the discrete second derivative in the
x1-direction first.

Finite differences on one fized level Let L be the (highest) level of the sparse grid. Let uy, be given
in H-representation

ur = E g am £ Pm,L-

|m[<L [le]| odd

Because of the boundary conditions, here and in the sequel the notation |m| < L means: m > 0,
lm| < L. (The coefficients responsible for the boundary are zero). Let @, be the approximation of
the resulting function Awu on the sparse grid Qz with

. A
- = m,£ ¥m,£ -
L= 3, D bmepme

|m[<L €|l odd

We denote the approximation of the second derivative in z,-direction on the sparse grid Qz by

_a(LV): Z Z bs;?e(pm,l-

|m[<L ||£]| odd

Then, the hierarchical coefficients obviously fulfill

d
Dime = b5111)7£ + bfl),e +o Tt bEn?Z . (4.7)

Let xmk € Qz be a hierarchical point on grid Q. The full grid Q;r C Qp, finest in x-direction,

such that xm k € Qj' is characterized by the multi-index j = (m; + L — |m|,mo, ..., mg). Then the
hierarchical coefficient of the second difference in the z;-direction at point xXm k is
. _ 1
bm,k - _am,k + 5 (am7k7e1 + am7k+el) 9 (48)

2

where am ¢ denotes the coefficient of the approximation of the second derivative in z;-direction (E-
representation in z;-direction, H-representation in all other directions) at the point xm e.

By construction My, (k) € K and using the results of the previous section, we obtain from the
finite difference operator in the z;-direction, see (4.3),

m1+L—|m]|

lfmlfl
am,k - § 2 (a(l7m27...7md)7(23—m1k171’k27.“7k.d)

_ _21+2m1+L7\m| <
l=mi+1

Omk =

+ (t,my,... ,;ma), (26" ™1 k141, k2, .. ch))) :
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In the same way as in the previous section, we denote by m;_ and m the indices for which M,,, (k1 —
1) € Ky~ and My, (k1 +1) € Ky, (i-e., my— and m;_ are the z;-levels on which X, i are hierarchical
points in the z;-direction). Now we can characterize the remaining terms in (4.8) and obtain

1 _
B, = giemtieiml (am’k (4.9)
mi+L—|m)|
_ {—mq1—1
Z 2 (a(l,mz,,,,,md),(zf—’"lklfl,k%,,,,kd)
{=mi+1

+ (0, ma,... ;ma), (26" k1 +1 k2, .. Jw))

__omiy—mi—1
2 Ay mayee. ,ma), (271471 (k1 +1) ks .. ka)

mi+L—|m)|

l—mi—2
+ Z 2 ! (a(f,TTLQ,...,md),(2l_m1 (k1+1)—1,k2,...,kd)
{=mi4+1

F Q(ema,... ma) (2071 (k1 1)+ L koo k)

—2mi-—mily my_—m
(mlf,mg,...,md),(Z 1- 1(k2171),k22,...,k2d)

mi+L—|m)|
£—my—2
+ Z 27 (a(l,mz,,,,,md),(2‘3—"‘1(klfl)fl,kz,...,kd)
l=mi_+1
+ A(¢,ma,... ,ma),(2°~™1 (k1 —1)+1,ka,... Jw)))
(with obvious modifications for points next to the boundary, where m;_ = 0 or m;4 = 0). Here, the

finest grid in z;-direction depends on the other coordinates of the evaluation point. This makes b&)k

depending on m, k and the highest level L. 7
Now, we write the hierarchical coefficients bg?k, béyk,

respectively, using the d-dimensional version of (4.6):

and am k in vector form as b(L"), b2, and ar,

vL = (vm:k)|m\§L,Mm(k)€ICm'
We define the matrices A;, and A(LV) by

Arar, =b> and AVa; =", (4.10)
respectively. Then, obviously Ay = A(Ll) + A(L2) +o 4 A(Ld).

Finite differences on sparse grids of different levels For the hierarchical coefficient vectors, we in-
troduce matrices that represent the piecewise linear prolongation Pp, 1 : Vi1 — Vi, defined by
wy = PL,Lfl'ULfl with

Umk for m| <L -1,
Wm,k =
’ 0 for |m| = L.

and similarly a restriction matrix corresponding with Rr_1 1 : Vi — Vp_1, defined by wr_1 =
RL—I,L'UL with

1
Wmk = 3 Umk for m| <L -—1.

With these definitions, as can be seen from (4.9), the following Galerkin relation holds
A, 1=Rp 1 ALP 1.

This relation is the motivation for further research in [11].
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4.4 Hierarchical representation for finite differences on full grids

The finite difference discretization of (4.1) on a full grid is well-known (the usual 7-point stencil in 3D).
Here we rewrite its matrix in the hierarchical representation in order to see the relation between the
finite difference operators on full and sparse grids, with the aim to find proper multigrid algorithms.
Let a discrete function on Q) say un, be given in its hierarchical representation

Unp = E E am k Pm,k -

0<m<n |k odd

Let ﬁﬁ denote the approximation of Aw, similar to (4.4) in the one-dimensional case in Section 4.2,
~A A
—un = Z Z bm,k $m,k-
0<m<n k|| odd
Assume the approximation of the second derivative in z,-direction 115,") to have hierarchical coefficients
bg)k. The coefficients corresponding to the subgrid Q C Qz are written in vector-form as

Un = ('Um,k) m<n,Mpu(k)EKm"

Similar to (4.7) in the previous section, we have I;ﬁ = BS) + BS) +--+ Bild), and we write
AEI")an = BE,V) and Apap = l;ﬁ.
Obviously,
An=AD + AD 4 4 AD (4.11)

We introduce a one-dimensional index set by Z, = U _,{(m,k) | Mp(k) € K} and the corre-
sponding identity matrix by
#(Zn)
In = (6Hr")u,1/:1'

Then, for the more-dimensional case {(m,k) | Mm(k) € Km} = Zn, X In, X -+ X I, and we find
the matrix of second differences in the v-th direction as the Kronecker product

AEIV) :In1 ®"'®In.,,1 ®An,, ®In,,+1 ®...®Ind‘

with A, the same as in Section 4.2. As a Kronecker sum of the matrices A, , the matrix A, also
has only positive eigenvalues. This is not surprising because A, has the same eigenvalues as the finite
difference matrix for the nodal representation on the full grid which is symmetric positive definite.

4.5 Relations between finite differences on full and sparse grids
In this section, we establish relations between the discrete Laplacian on full and on sparse grids. If
one considers the Galerkin or FEM approach for discretization on sparse grids, using the hierarchical
basis or the generating system of nodal bases functions as test and trial functions, one obtains simple
relations between the stiffness matrices for the sparse and the full grids. The basis functions for a full
grid O C QF simply form a subset of the hierarchical basis/generating system for the sparse grid.
So, by construction it can be written as a Galerkin product using the matrix for the sparse grid. As a
result, one can immediately write down multiplicative subspace correction algorithms like in [7] and
interpret them as block iteration methods.

In the finite difference case things are different. In contrast with the sparse grid, on a full grid, for a
constant coefficient differential equation the evaluation of the finite difference at a certain point does
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not depend on the location of the point. For this reason, the finite difference matrix of a full grid Qf
can not be written as a Galerkin product including the finite difference matrix of the sparse grid O}
of level L > |n|. This will become immediately clear from equation (4.13), below.

In what follows, we discuss the kind of relation between the finite difference operators for the
Laplacian discretized on a full and on a sparse grid, and we propose a solution algorithm resulting
from this.

Full grids as subgrids of the sparse grid ~ Assume |n| < L. We define a prolongation Py, : Va — Vi,
by wr, = PL7n'Un with

)

Umyk form <mn,
Wmk = .

m 0 otherwise,
where vm k and wm k are hierarchical coefficients, and a direction dependent restriction RE:’)L VL —
Va by wy = RY) vy, with

m, —L+|m]|

Wmk = 2" Umk form<mn. (4.12)

The scaling factor in the above definition arises from the difference in scaling between (4.5) and (4.9).
Comparing these two formulae and keeping (4.10) and (4.11) in mind, we see that, with these Pr,

and RE:")L, we can write the matrix of finite differences for the Laplacian on the full grid as a sum of
Galerkin products using the direction (and point) dependent weighted finite differences for the second
derivatives in each direction

A, = (RU,AV + R AY + - + R AP P (4.13)

Full grids as subgrids of the sparse grid — An alternative approach In the previous paragraph, we
scaled the different parts, A(L"), of the discrete Laplacian for the sparse grid for the different directions.

On the other hand, we can scale Ag’), i.e., the directional parts of the matrix responsible for the full
grid. With the scaling matrices

MY = diag(2™ ™) b ok

= I, ® - ®I, _, ®(dag(2™ ™) )@ I, ® - ®1I,,

(my,ku)€ELy,
and (4.11), we define
An=MDPDAD L MPA? 4. 4 D AD (4.14)

This matrix is again a Kronecker sum of matrices with positive eigenvalues and so it has only pos-
itive eigenvalues. Introducing another, differently scaled, restriction that is now independent of the
direction v, Rn 1 : Vi, = Va, defined by wn = Ry vy with

W =2 L™y, form<n,
the new matrix can be written as the Galerkin product
An - Rn,LALPL,n-

This relation leads to the following solution algorithm which uses the matrices A,,. Denote the
vector of hierarchical coefficients of the right-hand side by f;, and let an approximation ar, of the
hierarchical coefficients of uy, be given. Then the next iteration step is
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for all n| =&
do ar, :=ay + PL7nA;1Rn7L(fL — ALO,L) (4.15)
enddo

This defect correction algorithm of multiplicative type corresponds to a block iterative solver for the
discrete Laplacian on the sparse grid with overlapping blocks. To some extent this is similar to the
FEM case (see [7]), but in case of finite differences the blocks (containing point dependent scaling)
cannot really be seen as a finite difference discretization on a certain full grid. Nevertheless, in case of
the Laplacian it is still possible to give a relation (4.14) between the blocks and the finite difference
discretizations.

To improve the convergence rate of the above algorithm we might think of using more than one
level and/or more than one iteration per level which leads to

for k=/to L
do for i=1tov
do for all |n| =k

do ar, :=ay + PLMA;IRH’L(]:L — ALa,L) (416)
enddo
enddo
enddo

with a fixed lower level £ > d and a number v of iterations per level.

Example: We apply the Algorithms (4.15) and (4.16) to the following 3D-problem. Solve (4.1) with
the right-hand side

3 3
f(x) = =377 (H sinmz; + 8 H sin 87r:vi)
i=1

i=1

and starting from the zero function ug)) = (0. We obtain the convergence behavior shown in Figure 2.
We see that we get better convergence if we include also lower levels (right). In both cases, the speed
of convergence slows down with growing level. Approximately, the reduction factor gets worse with
L2, the square of the highest level.

The sparse grid as a subgrid of a full grid  Thus far, in Sections 4.5 and 4.5, we considered full grids
which are contained in a sparse grid. But the sparse grid itself is contained in the full grid with step
size 2~ in each direction. So for completeness, we establish the relation between the finite difference
matrices of these grids. Define the prolongation Prer : Vi = Vie by wWre = Pre,rvr with

w Umxk for i m| <L,
k = .
" 0 otherwise,

for the hierarchical coefficients vjx and wmx, and the restriction Rr re : Vie = Vi by wr =
R; 1eVre, Where

Wmk = 2*|m‘vm7k for |m| < L.

Further, we need scaling matrices

~ (V) . m,
MLe = dlag(2 )mgLe7Mm(k)€Km
= Lo--olio(dag2™),, o7,) @l ®--o1L,



4. Properties of the finite difference discretization of the Laplacian 17

cycleswithL =6,...,9,1 =L cycleswith L =6,...,9,1 =3
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Figure 2: Left: Convergence of Algorithm (4.15) for the levels L = 6,...,9. Right: Convergence of
Algorithm (4.16) for the levels L =6,...,9, £ =3 with v = 1.

then, reversing the procedure followed above, we obtain

AL =Ryp Le (MSQA(LQ + ]\7I(L22A(LQ2 +- 4 M(LdgA(Ldg)PLe,L-
The matrix between the parentheses is again a Kronecker sum of matrices with positive eigenvalues
and so it has positive eigenvalues. The whole matrix Ay is a scaled submatrix of a matrix with
positive eigenvalues.

In numerical experiments by Schiekofer [17] in 2D, it turned out that Ay itself has only positive
eigenvalues. (For s.p.d. matrices this is obvious for a submatrix, for non-symmetric ones this need not
to be the case.) Of course, because of the size of the full grid matrices involved, the above Galerkin
relation generally has no practical computational value.

CONCLUSION

Because the evaluation of finite element stiffness matrices for variable coefficient equations on sparse
grids (in more dimensions, d > 2) still yields difficulties, one might be tempted to use finite differences
(FD) instead. In this paper, the relation between FD operators on sparse and full grids are studied,
and Galerkin relations are established.

In an obvious way, such relations lead to iterative (defect correction) solution algorithms that can
also be applied in a multilevel setting. However, no spectral equivalence could be established, and the
convergence of the iterative schemes appears to depend on the maximum discretization level used, so
that the convergence rate is lower on finer grids.
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