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ABSTRACT

The correction equation in the Jacobi-Davidson method is effective in a subspace orthogonal to the current
eigenvector approximation, while for the continuation of the process only vectors orthogonal to the search subspace
are of importance. Such a vector is obtained by orthogonalizing the (approximate) solution of the correction
equation against the search subspace. As an alternative, a variant of the correction equation can be formulated
that is restricted to the subspace orthogonal to the current search subspace. In this paper, we discuss the effectivity
of this variant.

Our investigation is also motivated by the fact that the restricted correction equation can be used for avoiding
stagnation in case of defective eigenvalues. Moreover, this equation plays a key role in the inexact TRQ method
[19].
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1. INTRODUCTION
For the computation of a few eigenvalues with associated eigenvectors ofrdatgeensional linear
eigenvalue problems

Ax = Mx (1.2)

subspace methods have become very popular. The application of a subspace method is attractive when
the method is able to calculate accurate solutions to (1.1) from relatively low dimensional subspaces, i.e.
m < n with m the dimension of the subspace. Keepingmall enables a reduction in computational
time and memory usage.

There are many ways to construct a subspace and different options are possible for a subspace method.
Globally three stages can be distinguished in such a method:



¢ Calculation of an approximation to the eigenpair inside the search subspace.
e Computation of new information about the behaviour of opesator
e Expansion of the search subspace with vector(s) containing this information.

In the Jacobi-Davidson method [16], Sleijpen and Van der Vorst propose to look for new information
in the space orthogonal to the approximate eigenvector. A correction equation

(I, — upu,) (A — 0,,.1,) (I, — upuy)t = —ry, (1.2)

is defined on this space. He®,,, u,,) is the current approximate eigenpair with residygl= Au,, —

O u,,. A correctiont to the approximate eigenvectar,, is obtained by solving (1.2) approximately.
Then the search subspa®k, is expanded td/,,.;1 with the component of orthogonal toV,,. One

of the eigenpairgf,,+1,u,,+1) of the projection of matrixA. on the new search subspace is selected.
InsideV,,,11 this so-called Ritz paif,,,+1,u,,+1) is considered to be an optimal approximation to the
wanted eigenpaif), x).

Because the residual of a Ritz pair is orthogonal to the subspace this special choice of the approxi-
mation introduces some freedom for the projection of the correction equation. One other possibility is
looking for a correction in the space orthogonal to the search subspace constructed so far. If the Ritz
pair is indeed the ‘best’ approximation inside the search subspace, then we should expect that really
new information lies in the orthogonal complementlyf. This suggests a more restricted correction
equation

(I, — Vi, V(A = 0,,1,) (I, — V, V)t = —1p, (1.3)

that we will investigate here. In equation (1.3},, is ann by m matrix of which the columns form an
orthogonal basis of the current search subspéace

Although the approach in (1.3) does not seem to be unnatural, it is not clear whether it is more effective
in practical computations. In general, the solutions of (1.2) and (1.3) do not lead to the same expansion
of the search subspaces. Therefore, a different convergence behaviour of the Jacobi-Davidson process is
to be expected.

The projection in (1.3) is more expensive, but the method for solving the correction equation may profit
from projecting on a smaller subspace. To see this, noteAhatd,,I,, is nearly singular i, ~ \.
Restricting A — 6,,1,, to the space orthogonal to the approximate eigenveetorwill give a well-
conditioned operator in caseis simple and fairly well isolated from the other eigenvalues. Projecting
on the space orthogonal 1,, may further improve the conditioning. If eigenvalues cluster around the
target eigenvalua then the associated eigenvectors should be removed as well. The search subspace may
be expected to contain good approximations also of these eigenvecté&4Pand projecting on the
space orthogonal t9,,, may lead to a well-conditioned operator also in case of clustering eigenvectors.

A reduction may be expected in the number of steps that are needed to solve the correction equation to
a certain accuracy if an iterative linear solver is used. It also improves the stability of the linear solver.
These effects may compensate for the more expensive steps. For precisely these reasons, a strategy is
followed in [7, 5] whereu,, in (1.2) is replaced by the matrix of all Ritz vectors that could be associated

with eigenvalues in a cluster near the target eigenvalue.

GMRESR [22] and GCRO [4] are nested methods for solving linear systems= b iteratively.

They both use GCR in the “outer loop” to update the approximate solution and GMRES in the “inner
loop” to compute a new search direction from a correction equation. As argued in [8], Jacobi-Davidson
with (1.2) can be viewed as the eigenvalue version of GMRESR, while Jacobi-Davidson with (1.3) is
the analogue of GCRO. GCRO uses the search subspace to improve the convergence of GMRES for the
solution of a correction equation (see also [3]). Experiments in [4, 1] for linear systems of equations
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show that GCRO can be more effective than GMRESR: for linear problems it appears to be worthwhile
to use more expensive projections. Is this also the case for eigenvalue problems? If, for a linear system,
the correction equation is solved exactly then both GMRESR and GCRO produce the exact solution of
the linear system in the next step. However, eigenvalue problems are not linear and even if all correction
equations are solved exactly still a number of steps may be needed to find accurate approximations of
an eigenpair. Replacing,, in (1.2) by V,,, may lead to an increase in the number of iteration steps.
The loss in speed of convergence may not be compensated by the advantage of a better conditioned
correction equation (1.3). In practical computations the situation is even more complicated since the
correction equations will be solved only with a modest accuracy.

Jacobi-Davidson itself may also profit from projecting on a smaller subspace. If the Ritz value is a
defective eigenvalue of the interaction matN¥, AV,,, then the correction equation (1.2) may have a
solution in the current search subspace. In such a case the search subspace is not expanded and Jacobi-
Davidson stagnates. Correction equation (1.3) will give a proper expansion vector and stagnation can
be avoided [17]. In practical computations, where the correction equations are not solved exactly, it is
observed that stagnation also can be avoided by a strategical and occasional use of (1.3).

Equation (1.3) also plays a key role in the inexact Truncated RQ iteration [19] of Sorensen and Yang
(see alsg§2.3 and 4.1). This forms another motivation for studying the effect of using (1.3) in Jacobi-
Davidson.

This paper is organized as follows. First,5a we recall some facts about projecting the eigenvalue
problem. An alternative derivation of a more general correction equation is given to motivate the cor-
rection equation (1.3). It appears that (1.3) and the original correction equation (1.2) are the extremal
cases of this general correction equation. Theg3iran illustration is given in which the two correction
equations can produce different results. We will show that, if the process is started with a Krylov sub-
space then the two exact solutions of the correction equations lead to mathematically equivalent results
(84). We will also argue that in other situations the correction equation (1.3) will lead to slower conver-
gence. Finally, irg5 we conclude with some numerical experiments. Partially as an illustration of the
preceding, partially to observe what happens if things are not computed in high precision and whether
round-off errors play a role of importance.

2. THE FRAMEWORK: THE JACOBI-DAVIDSON METHOD

We start with a short recapitulation of the Rayleigh-Ritz procedure. This procedure, which projects the

large eigenvalue problem on a small one, serves as a starting point for the derivation of a more general
correction equation. We will consider the two extremal cases of this equation. One corresponds to
the correction equation of the original Jacobi-Davidson method, the other one is used in the inexact
Truncated RQ iteration.

2.1 Interpolation: Rayleigh-Ritz procedure

Suppose somer-dimensional subspade,, is available. LeitV,,, be ann x m dimensional matrix such
that the column-vectors &,,, form an orthonormal basis af,,. Then the orthogonal projection &
on the subspace (the Rayleigh quotient or interaction matrikl,is= V,,,AV,,.

Furthermore suppose that we selected a Ritz ({#ait uy, ) of A with respect to/,,, i.e. a scala#,,
and a vectom,, € V,, such that the residua{4,,,, u,,) = r,, = Au,, — 6,,u,, is orthogonal to),,.
A Ritz pair is considered to be some optimal approximation inside the subspace to an eigenppaf
matrix A (e.g. [13],[10] and [2] for the real symmetric case).

The Ritz values equal the eigenvaluesidf,. Therefore they can be computed by solving the
dimensional linear eigenvalue probleif,, s = 0s. The Ritz vector associated withs V,,,s.

2.2 Extrapolation: correction equation
How well does the Ritz paifé,,,u,,) approximate an eigenpair\,x) of matrix A? With a view
restricted to the subspace there would be no better alternative. But oUisideremaindetr,,, is left.
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The norm of this residual gives an indication about the quality of the approximation. Let us try to
minimize this norm.

For that purpose, conside’ = u,, +t and§’ = 6,, + . Define the residuat/ = Au’ — §'u’ =
r,, + At —60,t —eu,, —t. If we viewe andt as first order corrections them represents some second
order correction (cf. [12], [20]). Ignoring this contribution results in

v =r, + (A - 0,1t — euy,. (2.1)

Consider some subspak such that,,, € W C V,,,. With W, a matrix of which the column-vectors
form an orthonormal basis fo#/, we decompose (2.1) (cf. [15]) in

WW*r' = WW*(A —0,,1,)t — cu,,
the component of’ in YV, and in
(I, — WW*r' = (I, - WW*)(A — 0,,1,)t + 1, (2.2)

the component of orthogonal to/V.

The new directiort will be used to expand the subspaggto V,,,+1. An approximationd,,,+1, Up+1)
is computed with respect #,,,. BecauséV C V,,, C V11 the residuat,,,; of this Ritz pair is also
orthogonal to/V. This means that if we write,,+1, up+1) = (0 + €, u,, + t) then only (2.2) gives a
contribution to the norm of,;, 4 1:

Hrm—I—IH = H(In - WW*><A - 9m1n>t + rm” (2.3)
So to get in the next step a smaller norm we should calctilatech that
(I, — WW"(A -6, I,)t = —ry,. (2.4)

Note that ift = u,, then there is no expansion of the search space. So it can be assumee:thgf.
Because we are free to scailg, to any length, we can require th@atlL u,,. From this it follows that if
t # u,, then equation (2.4) and

(In - WW*)(A - QmIn)(In - umujn)t =—Tnm (2.5)

can considered to be equivalent.

Drawback may be that the linear systems in (2.4) and (2.5) are underdetermined. The opEyators
WW*)(A-0,1,) and(I, - WW*)(A —6,,1,,)(1,, — u,,u},) mapt on a lower dimensional subspace
W. The operatofI,, - WW*)(A — 6,,1,,)(I, — WW?*) acts only inside the space orthogonabtd
We expect this operator to be better conditioned. In that case the correction equation reads

(I, - WW*)(A — 0,,1,)(I, - WW*)t = —1,y,. (2.6)

When using GMRES with initial guess for the approximate solution of the correction equation, no
difference will be observed between (2.4) and (2.6). This is becdyse WW*)? =I,, — WW*,

2.3 Extremal cases
After m steps of the subspace methdd, contains besides,,, m — 1 other independent directions.
Consequence: different subspat®<an be used in equation (2.4) provided that §pgap} C W C V.
Here we will consider the extremal casas= spaf{u,, } andW = V,.

The first case corresponds with the original Jacobi-Davidson method [16]:

(I, — upu))(A - 0,,.1,) (I, — upu))t = —r,. 2



The operator in this equation can be seen as a mapping in the orthogonal complement of

Let us motivate the other case. SuppWges a subspace contained in, but not equal,o Then
(I, — WW™) projects still some components EA — 6,,,I,,)t insideV,,,. These components will not
contribute to a smaller norm in (2.3). To avoid this overhead of already known information it is tempting
to takeW = V,,.:

(I, — Vi, Vo) (A — 0,1,) (I, — upu, )t = —1pp,. (2.7)
Furthermore, iV = V,,, then equation (2.6) becomes
(I, — Vo, V) (A = 0,,1,) (I, — V, V)t = —1y,. (3)

In the following with JD and JDV we will denote the Jacobi-Davidson method which uses (1.2) and (1.3)
respectively as correction equation. Tdctsolution of (1.2) will be denoted by, while t,,, denotes

the exactsolution of (1.3). With an éxact process we refer to a process in exact arithmetic in which
all correction equations are solved exactly. Note that bgtlandt,,, are solutions of (2.7). As we will
illustrate in an example i§3, the solution set of (2.7) may consists of more than two vectors. In fact,
this set will be an affine space of dimension @iy, ), while generally (1.2) and (1.3) will have unique
solutions. Because of this reason, we will refer to equation (2.7) as the “in between” equation.

An equation similar to (1.3) appears in the truncated RQ-iteration of Sorensen and Yang [19]. In every
step of this method the solution of the so-called TRQ equations is required. For the application of an
iterative solver the authors recommend to use

(In = Vi Vi) (A = pln) (T = Vi, Vi ) W = £ (2.8)

instead of the TRQ equations. Hereas some shift which may be chosen to be fixed for some TRQ-
iteration steps whereas in Jacobi-Davidggnis an optimal shift which differs from step to step. Also
here Sorensen and Yang expect (2.8) to give better results due to the fact that

(I, — V., V) (A — uly,) (I -V, V) is better conditioned thaA — pI wheny is near an eigenvalue

of A (see also the remark at the end;df1).

2.4 Convergence rate
The derivation ing2.2 of the alternative correction equations may suggest that expansion with an exact
solutiont of (2.7) would result in quadratic convergence (cf. [18]) like the original Jacobi-Davidson
method ([1654.1], [15, Th.3.2]). Let us take a closer look.

As in §2.2, consider the residua),, associated wittit,,+1, W r1) = (0, + €, 0y, + t).
If t L u,, is the exact solution of (1.2) andis chosen such that,,; is orthogonal tou,, then it
can be checked that,,; is equal to a quadratic terne.{.1 = —et), which virtually proves quadratic
convergence. (Note that, because we are dealing not only with the direatjpaadt but with a search
subspace from which the new approximation is computed, there may be an updajge thuat is even
better thart.)
If t solves (2.7) exactly then, by construction, the component of the residual orthogdnaldonsists
of a second order term. However, generally the component, of in the spacé/,, contains first order
terms (se€3) and updatingz,, with this exact solutiort of (2.7) does not lead to quadratic convergence.
One may hope for better updates in the space spann&y, landt, but, as we will see in our numerical
experiments irg5.1.1, equation (1.3), and therefore also (2.7), do not lead to quadratic convergence in
general.
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3. AN EXAMPLE
The following simple example gives some insight in the differences between the three correction equa-
tions (1.2), (2.7), and (1.3).

Consider the following matrix

0 0 cf
A= 0 o c3 |,
d d» B

with « scalar,cy, co, d; andd, vectors and a non-singular matrix of appropriate size.
Suppose we already constructed the subspace- {e;, e} and the selected Ritz vectos; is e;.
Then the associated Ritz valdg equals),

0
ry = 0 )
d;

while (I —eje])A(I—eje}), I—VaVI)A(I—ere]), and(I - Vo V3)A(I - Vo V3) are equal to

0 0 0 0 0 0 0 0 0
0 o ¢ |. 0 0 0], and [ 0 0 0* |,
0 d» B 0 d» B 0 0B

respectively. From this it is seen that JD computes its correction from

(o 5) (0)=(a)

the “in between” from

(ds B)(Z,):—dl,

and JDV from

Bt = —d;.

Let t; be the solution oBt, = —d; (¢ = 1,2). Then the component df,, for JDV orthogonal to
V, is represented by, (to be more precisé,,, = (0,0,t}")T), while the orthogonal component for JD
is represented by a combinationtgfandt’: t,, = (0,7, (t} + ~vt5)")". So in general, whed, is not
a multiple ofd; and wheny # 0, JD and JDV will not produce the same expansiorVef Note that
(I —e1e})A(I — ere?) is non-singular ori- if and only if « # —c3t5. The “in between” differs from
JD and JDV in that it has no extra constraintforTakingy = —cit} /(a+ cit,) gives JD, takingy = 0
gives JDV.

Finally, as an illustration 0£2.4, we calculate the new residual associated wih= u, + t and
03 = 0 + €. The new residual for the “in between” equals

cit' —¢
rs= | ay+citl —ey

—ct’

If v = —c5t} /(o + c3t)) (as for ID) then the choice= cit’ reduces the terms ir to second order
ones, while no clever choice fercan achieve this i is not close to-cit /(o + chth).



4. EXACT SOLUTION OF THE CORRECTION EQUATIONS

If, in the example i3, d; andds are in the same direction, or equivalently, if the residuals of the Ritz
vectors are in the same direction, then exact JD and exact JDV calculate effectively the same expansion
vector. One may wonder whether this also may happen in more general situations. Before we discuss
this question, we characterize the situation in which all residuals are in the same direction.

All residuals of Ritz vectors with respect to some subspageare in the same direction if and only
if the components orthogonal %9, of the vectorsAv are in the same direction for all € V,,. Itis
easy to see and well known thig}, has this last property if it is a Krylov subspace generated lfye.,
Vi = Kim(A,vo) = spar{f{A’vq | i < m}) for some positive integemn and some vectov,). The
converse is also true as stated in the following lemma. We will tacitly assume that all Krylov subspaces
that we will consider in the remainder of this paper are generate.by

LEMMA 1 For a subspacé’,, the following properties are equivalent.
(8) Vi, is a Krylov subspace,
(b) AV, C spanV,,,v) for somev € AV,,.

Proof. We prove the implication “(b} (a)”.

If the columns of the: by m matrix V,,, form a basis ol/,,, then (b) implies thaA'V,,, = [V,,,, v|H for
somem + 1 by m matrix H. There is an orthogonah by m matrix Q such thatd := Q'*HQ is upper
Hessenberg. Her@' is them + 1 by m + 1 orthogonal matrix withn by m left upper block@ and
(m +1,m + 1) entry equal to 1.Q can be constructed as product of Householder reflectidrence
AV, = [Vm,v]H whereV,, = V,,Q. SinceH upper Hessenberg, this implies thaf, is a Krylov
subspace (of orden) generated by the first column ¥f,,. O

We will see in Cor. 4 that exact JD and exact JDV coincide after restart with a set of Ritz vectors taken
from a Krylov subspace. The proof uses the fact, formulated in Cor. 1, that any collection of Ritz vectors
of A with respect to a single Krylov subspace span a Krylov subspace themselves. This fact is equivalent
to the statement in [21, Th.3.4] that Implicit Restarted Arnoldi and unpreconditioned Davidson (i.e.,
Davidson with the trivial preconditionek,,) generate the same search subspaces. However, the proof
below is more elementary.

COROLLARY 1 If V,, is a Krylov subspace and {f(e,(f% ,um) | i € J} is a subset of Ritz pairs ok
w.rt. V,, then the Ritz vectomm (7 € J) span a Krylov subspace.

Proof. We may assume that the vectoin (b) of Lemma 1 is orthogonal t,,,. '
SinceAu!) —09u® |y (b) of Lemma 1 implies thau) — 6Wul) ¢ spar{v). HenceAu'” e
spani{, v), wherel/ is the space spanned by the Ritz vectmﬁfé (¢ € J), and the corollary follows from
Lemma 1. O

4.1 Expanding a Krylov-subspace

In this section,V,, is a subspacé€y,,, a matrix of which the columns form an orthonormal basi$’gf

(0m, u,) a Ritz pair ofA with respect td/,,,, andr,,, is the associated residual. Further, we assume that
(L, — Vi, ViO)(A — 0,,1,)(I, — V,,,V.\,) is non-singular onV;5, that is (1.3) has a unique solution, and
we assume that,, # 0, that isu,, is not converged yet.

The assumptiom,,, = 0 implies thatt,,, # 0 andAu,,, € Vin.

'Here the refections are defined from their right action onihe 1 by m matrix and work on the rows from bottom to top,
whereas in the standard reduction to Hessenberg form of a square matrix they are defined from their left action and work on the
columns from the left to the right.



Note that (cf. [16], [14])

ut u,,

— -1 —

THEOREM 1 Consider the following properties.
(&) Vi, is a Krylov subspace.
(b) spartV,,, t) C spar{V,, tyy) for all solutionst of (2.7).
(c) spantVm, tip) is a Krylov subspace.

Then (a)< (b)= (c).

Proof. Consider a solutiom of (2.7). We first show that

spar(V,,,t) = spar{V,, tioy) < VAW, + AV, (Vit) €V, forsomey # 1. (4.2)
If we decompose in

t=t+Vns with t=(I,-V,V,)t and s=Vit (4.3)
then we see that (2.7) is equivalent with

(I, = Vi, V) (A = 01,) (1, — Vi, VEE = =1y, — (I, — Vi, V(A — 01,) Vs (4.4)

The vectorg andt lead to the same expansion)df,. A combination of (1.3) and (4.4) shows thag,
andt lead to the same expansiondf, if and only if

(1=~ + (I, = V,, V) (A — 01,)V,,s = 0 for some scalaty # 0; (4.5)

use the non-singularity restriction for the “if-part”. Sindg, — V., V) V,,, = 0, (4.5) is equivalent with
(1 —=v")Au,, + AV,,s € V,,,, which proves (4.2).

Sincer,, # 0, we see thatAu,, ¢ V,,. Therefore, if (a) holds then (see Lemma 1) we have that
AV,,(Vt) € spanV,,, Au,,) and (4.2) shows that (b) holds.

Note that the kerneN of the operator in (2.7) consists of the vecters: t — t,,, With t a solution
of (2.7). Since (1.3) has a unigue solution, we see that none of the non-trivial vectérsiarthogonal
to V,,. Therefore, the spack” and the space of all vectol§;s (s € N) have the same dimension
which is one less than the dimension)df,. From (4.2) we see that (b) implies thAtV,, (V' s) €
span{V,,, Au,,) foralls € N. Sinces = t — t,py L u,,, we see thaty,, is independent cA'V,,,(V,:s)
for all s € N. Therefore, in view of the dimensions of the spaces involved we may conclude that
AV, € spanV,,, Au,,), which, by Lemma 1, proves (a).

If V., is a Krylov subspace of order generated by, that is if (&) holds, then, also in view of (4.1),
we have that

spar{Vum, tp) = spariVm, (A — 01,,) 'u,,) C {g(A)[(A — 61,) ' vo] | ¢ pol. degree< k}.

The inclusion follows easily from the representation\yf asV,, = {p(A4)vo|p pol. degree < k}. If

(A — 61,) ', € V,, then a dimension argument shows that the subspaces coincide which proves that
spanV,,, tp) is a Krylov subspace. fA — 01,,)~'u,, € V,, then there is no expansion and the Krylov
structure is trivially preserved. O

Lemma 1 implies that any—1 dimensional subspace is a Krylov subspace. In particular(¥par,p)
is a Krylov subspace iV, is n — 2-dimensional and it does not contaify. From this argument it can
be seen that (c) does not imply (a).

Sincet,;, is also a solution of (2.7), we have the following.



COROLLARY 2 If V,, is a Krylov subspace thespan(V,,, t;s) C spaV,,, tipy). O

If 6,, is simple thert, ¢ V,, and the expanded subspaces in Cor. 2 coincide.

Cor. 2 does not answer the question whethgeandt,, lead to the same expansionlf, only if V,,
is a Krylov subspace. The examplesiishows that the answer can be negative, namely if V,,: then
v =V t,, = 0. The answer can also be negative in cases whgrg V,,, provided that the dimension
of the subspac®’,, is greater than 2. The following theorem characterizes partially the situation where
we obtain the same expansion. Note that is a Krylov subspace if and only if the dimension of
AV, NV, is at most one less than the dimensioVgf (see Lemma 1).

THEOREM 2 If span{V,, tip) C spanVim, tioy) thenAV,,, NV, # {0} or t;p L V.

Proof. If t,; andt,, give the same expansion then (4.2) shows that,,, + AV,,(V, tn) € V.
Apparently,AV,, NV, # {0} ory = 0 andV,t,, = 0. A similar argument applies to the case where
tip € Vi Od

In practical situations, wherg,, is constructed from inexact solutions of the correction equations it
will be unlikely that AV, will have a non-trivial intersection with,, (unless the dimension af,,
is greater tham/2). Usuallyt,, £ V,,. Therefore, the exact expansion vectofsandt,,, will not
lead to same expansions, and we may not expect that inexact expansion vectors will produce the same
expansions.

The correction equation (2.8) in inexact TRQ is based on a Krylov subspace: the Matiix this
algorithm is produced by the Arnoldi procedure whenever equation (2.8) has to be solved.

4.2 Starting with one vector
Since any one dimensional subspace is a Krylov subspace, one consequence of the theorem, by applying
it inductively, is the following.

CoRoOLLARY 3 Exact JD and exact JDV started with the same veatoare mathematically equivalent,
i.e., they produce the same sequence of search subspaces in exact arithmetic.

4.3 (Re-)Starting with several Ritz vectors

Once we start JD and JDV with one vector the dimension of the search subspace starts growing. After a
number of steps a restart strategy must be followed to keep the required storage limited and the amount
of work related to the search subspace low. Question is which information should be thrown away
and which should be kept in memory. A popular strategy is selecting those Ritz pairs that are close
to a specified shift/target. Cor. 1 and an inductive application of Theorem 1 imply that, with a one-
dimensional initial start and restarts with the selected Ritz vectors, restarted exact JD and restarted exact
JDV are mathematically equivalent.

COROLLARY 4 Exact JD and exact JDV are mathematically equivalent if they are both started with the
same set of Ritz vectors Afwith respect to one Krylov subspace.

In practice, we have to handle with round off errors and the correction equations can only be solved
with a modest accuracy. Therefore, even if we start with one vector or a Krylov subspace, the subsequent
search subspaces will not be Krylov and the results in the above corollaries do not apply. If a search
subspace is not Krylov, then from Th. 1 we learn that the “in between” variant may lead to expansions
different from those of JDV. Th. 2 indicates that also JD will differ from JDV.
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FIGURE 1. Convergence plots for Example 1. Differences between JD and JDV when not solving the correction equation
exactly (left plot) and when starting with an unstructured 5-dimensional subspace (right plot). The plots showtloé tlog
error |0, — A| in the Ritz valud,,, versus the iteration numben.

5. NUMERICAL EXPERIMENTS

Here a few numerical experiments will be presented. We will see that JDV and JD show comparable
speed of convergence also in finite precision arithmetic as long as the correction equations are solved in
high precision §5.1.1). JDV converges much slower than JD if the Krylov structure of the search sub-
space is seriously perturbed. We will test this by starting with a low dimensional random §pdcg)(

We will also see this effect in our experiments where we solved the correction equations only in modest
accuracy §5.1.2). Moreover, we will be interested in the question whether the slower convergence of
JDV in case of inaccurate solutions of the correction equations can be compensated by a better perfor-

mance of the linear solver for the correction equatigh4.1). Further, we will address some stability
issues §5.1.3).

5.1 Example 1

In the experiments in this section 5.1, we apply the Jacobi-Davidson method on a tridiagonal matrix
of order 100 with diagonal entries 2.4 and off-diagonal entries 1 ([16, Ex. 1]). Our aim is the largest
eigenvalue\ = 4.3990. ... We start with a vector with all entries equal to 0.1.

5.1.1 Exact solution of the correction equationWhen solving the correction equations exactly no
difference between JD and JDV is observed (dash-dotted line in left plot in Fig. 1) which is in accordance
with Cor. 3. The plots show the lggof the errori6,, — A| in the Ritz valud,,, versus the iteration number
m.
To see the effect of starting with an arbitrary subspace of dimension greater than 1 we added four
random vectors to the start vector with all entries equdl.to The right plot in Fig. 1 shows the con-
vergence of exact JD (solid curve) and JDV (dashed curve). Here the resskedf@53) in our
MATLAB -code are presented (other seeds showed similar convergence behaviour). The correction equa-
tions have been solved “exactly”, that is to machine precision. As anticipatgd.in(see Th. 2) the
convergence behaviour of JDV now clearly differs from that of JD. Moreover, the speed of convergence
of JDV seems to be much lower than of JD (linear rather than cubic35S4e Apparently, expanding
with t,,, rather than witht;; may slow down the convergence of Jacobi-Davidson considerably in case
the initial subspace is not a Krylov subspace.

Note that JD performs slightly better with the five dimensional start than with the one dimensional
start (compare the solid curve in the right plot with de dashed-dotted curve in the left plot). This may be
caused by the extra (noisy) search directions.
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1.903e-02
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9.546e-14
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1.232e-13
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TABLE 1. The need of post-orthogonalization when using JDV. For the simple test, the JDV correction e{u&jos
solved approximately with 5 steps of GMRES. The table shows the &rrof... | in the Ritz valud,, and the ‘orthonormality’
of the basisV,,, of the search subspaces.{ = ||I.. — V,, V..||) for the implementation with post-orthogonalization of the
solution of the correction equation (column two and three), without post-orthogonalization (column four and five), and without
post-orthogonalization, but with pre-orthogonalization of the left-hand side vector of the correction equation (column six and
seven).

5.1.2 Approximate solution of the correction equatioif the correction equations are not solved in
high precision, we may not expect the constructed search subspacesbe Krylov subspaces, even
if the process is started with a Krylov subspace. Consequégptgndt,,,, and therefore their inexact
approximations, will not lead to the same expansiong,pf In view of the experimental result §5.1.1,
we expect the inexact JDV to converge slower than inexact JD.

Again we start with one vector, but we use only 5 steps of GMRES to get an approximate solution of
the correction equation in each outer iteration. The solid line (JD) and the dashed line (JDV) in the left
plot of Fig. 1 show the results. JDV needs significantly more outer iterations for convergence than JD.

5.1.3 Loss of orthogonality The (approximate) solution of (1.2) in JD will in general not be orthog-
onal to'V,,,. Therefore, this solution is orthonormalized agaiNst before it is used to expand,,, to

V+1. We refer to this step in the algorithm psstorthogonalization (of the solution of the correction
equation). In JDV, however, if the correction equation (1.3) is solved with, for instance, GMRES, then
the (approximate) solution should be orthogonaMip and post-orthogonalization, i.e., the explicit or-
thogonalization before expanding,,, should be superfluous. This observation would offer a possibility
of saving inner products. Here we investigate what the effect is of omitting the post-orthogonalization in
JDV.

Again JDV is applied on the simple test matrix with the same starting vector as before and the cor-
rection equations are solved approximately with 5 steps of GMRES. As initial approximate solution for
GMRES we take the zero vector.

From the experiment we learn that without post-orthogonalization the basis of the search subspace
in JDV loses its orthogonality. As a measure for the orthonormality,gfwe took (see [13§13.8])
km = |[Im — V5, V|- Table 1 lists the values of the errpr — 6,,,| and the quantitys,, for the first
10 outer iterations. Column two and three (‘with post-ortho.’) show the results for the implementation
of JDV where the approximate solution of the correction equation is explicitly orthogonalized against
V., before it is used to expand this matrix. In the columns four and five (‘without post-ortho.”) we see
that if the post-orthogonalization is omitted then the loss of orthonormality starts influencing the error
significantly after just 5 outer iterations. After 8 iterations the orthonormality is completely lost. This
phenomenon can be explained as follows.

The residual of the selected Ritz pair is computed,as= Au,, — 6,,u,,. Therefore, in finite precision
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arithmetic, the residual will not be as orthogonal to the search subspace as intended\éyemdatild

have been orthonormal. For instance, at the second iteration of our experiment, we have |gvigrrpr
equal t01.639e—13. With the norm of the residual equal @02145 this results in a relative error of
7.640e—12. Note that, specifically at convergence, rounding errots,jormay be expected to lead to
relatively large errors. In each solve of the correction equation (1.3), GMRES is started with initial
approximated and the vector,, is taken as the initial residual in the GMRES process.

Sincer,,, is supposed to be orthogonal agaiNst, this vector is not explicitly orthogonalized against
V.., and the normalized,,, is simply taken as the first Arnoldi vector. In the subsequent GMRES steps
the Arnoldi vectors are obtained by orthogonalization aga¥stfollowed by orthogonalization against
the preceding Arnoldi vectors. However, since the first Arnoldi vector will not be orthogonal against
V.., the approximate GMRES solution will not be orthogonal agawst Adding this ‘skew’ vector to
the basis of the search subspace will add to the non-orthogonality in the basis.

Columns six and seven (‘with pre-ortho.”) of Table 1 show that post-orthogonalization can be omitted
as long as the residual,, is sufficiently orthogonal with respect 8,,: the post-orthogonalization is
omitted here, but the right-hand side vector of the correction equation, the resjdualorthogonalized
explicitly againstV,,, before solving the correction equation (pre-orthogonalization). Since pre- and
post-orthogonalization are equally expensive and since pre-orthogonalization appears to be slightly less
stable (compare the,, in column 3 with those in column 7 of Table 1), pre-orthogonalization is not an
attractive alternative, but the experimental results confirm the correctness of the above arguments.

Note that our test matrix here is only of ordél0 and the effect of losing orthogonality may become
even more important for matrices of higher order.

Also in JD the finite precision residug), of the Ritz pair will not be orthogonal to the search subspace.
Since even in exact arithmetic the solution of the JD correction equation (1.2) may not expected to be
orthogonal toV,,,, post-orthogonalization is essential in the JD variant. In our experiment, using finite
precision arithmetic, we did not observe any significant loss of orthogonality in the column vectors of
V... Nevertheless, we also checked whether pre-orthogonalizatioy bkfore solving the correction
equation would enhance the convergence of JD. This was not the case: JD converged equally fast with
and without pre-orthogonalization.

In the remaining experiments we used post-orthogonalization also in JDV.

5.2 Example 2
In this section, we are interested in the question whether the projections on the orthogonal complement of
V,,, inthe JDV approach may significantly improve the performance of the linear solver for the correction
equation.

We consider a more realistic eigenvalue problem. Aowe take the SHERMAN1 matrix from the
Harwell-Boeing collection [6]. The matrix is real unsymmetric of ord@d0. All eigenvalues appear to
be real and in the interval [-5.0449,-0.0003]. About 300 eigenvalues are equal to -1. We want to find a
few eigenvalues with associated eigenvectors that are closest to thestafget targets is set to -2.5.
Note that the ‘target’ eigenvalues are in the ‘interior’ of the spectrum, which make them hard to find for
any numerical method.

In general, when started with a single vector, the Ritz values in the initial stage of the process will be
relatively inaccurate approximations of the target eigenvalughat is, if A is the eigenvalue closest to
o then for the first fewn we will have that|6,,, — A|/|c — A| > 1. Therefore, as argued in [1§9.4]
(see also [8§4.0.1]), it is more effective to replace initialy,, in the correction equation by (similar
observations can be found in [1§6] and [20,§3.1]). Since in this initial stage the search subspace
will not have significant components of the target eigenvectors, the projections in (1.2) and (1.3) are not
expected to be effective. Therefore, we expanded the search subspace in the first few steps of our process
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FIGURE 2. Solving the correction equation approximately with 50 steps of GMRES. Matrix SHERMANZ1 shifted by -2.5.
The plot shows the lag of the residual norms for JD (solid curve) and JDV (dashed curve) versus the iteration namber

by approximate solutions of the equation
(A — oLt = —r, (5.1)

which can be viewed as a generalized Davidson approach.

In the computations we did not use any preconditioning. We started JD and JDV with the same vector,
the vector of norm one of which all entries are equal. The algorithms were codgtHand run on a
Sun SPARCstation 4.

5.2.1 Solving the correction equation in lower precisiofrig. 2 shows the log of the residual norm for

JD (the solid curve) and for JDV (the dashed curve). In this example, all correction equations (including
(5.1)) have been solved with 50 steps of GMRES except where GMRES reached a residual accuracy of
10~ in an earlier stage. In the first 5 steps of the outer iteration we took the approximate solution of
the Davidson correction equation (5.1) as the expansion vector. Since the correction equations are not
solved exactly, we expect that JD will need less outer iterations than JD¥§4deand 5.1.2), which is
confirmed by the numerical results in the figure.

As argued irt1, the projections on the orthogonal complemenvgfin the JDV correction equation
(1.3) may improve the conditioning (or more general, the spectral properties) of the operator in the
correction equation. This may allow a more efficient or a more accurate way of solving the correction
equation. Here we test numerically whether a better performance of the linear solver for the correction
equations can compensate for a loss of speed of convergence in the outer iteration. In our figures in
Fig. 3 we relate the performance of JD and JDV to the computational costs. As a measure for the costs
we take the number of matrix-vector multiplications: we plot the dogf the residual norm versus the
number of matrix-vector multiplications b4 (or by A — 6,,,I,,). Note that this way of measuring the
costs favors JDV, since the projections in JDV are more costly than in JD. Nevertheless, we will see that
JD outperforms JDV.

We solve all correction equations with GMRE $at is with/ steps of GMRES, except where GMRES
reaches a residual accuracylof 14 in an earlier stage. F@we took 200 (top figure), 50 (middle figure),
and 25 (bottom figure). In the first few outer iterations the Davidson correction equation (5.1) is solved
approximately (2 outer iterations fér= 200 and 5 for¢ = 50 and for/ = 25). When a Ritz pair is
accepted as eigenpair (i.e., B|if,,|| < 5.10~%), a search is started for the next eigenpair. The accepted
Ritz pairs are kept in the search subspace. Explicit deflation is used only in the correction equation
(see [9]). Note that the correction equations (1.3) in JDV need no modification to accommodate the
deflation, because accepted Ritz vectors are kept in the search space.
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method for the | number of outer;, number of matrix- | wallclock time
correction equatior iterations vector multiplications| in seconds
JD JDV JD JDV JD JDV

GMRESy 4 4 798 790 64.1 64.3

7 7 1401 1393 1147 1195

GMRES 14 20 715 1021 21.5 51.2

19 30 970 1531 35.0 1211

GMRES; 26 37 677 963 41.3 143.0

33 47 859 1223 83.2 3014

TABLE 2. Costs for the computation of two eigenpairs of SHERMAN1 with JD and JDV. The costs for the computation of
the second eigenpait(= —2.51545 . . .) include the costs for the computation of the first eigenpais(—2.49457 .. .).

If GMRES would converge faster on JDV correction equations than on JD correction equations, then
GMRES would need less steps for solving (1.3) in case the residual accurby'éfwould be reached

in less thary GMRES steps, while in the other case it would produce more effective expansion vectors in
JDV. With more effective expansion vectors the number of outer iterations may be expected to decrease.
In both cases, there would be a positive effect on the number of matrix-vector multiplications needed in
JDV.

In Table 2 the number of outer iterations, the number of matrix-vector multiplications and the amount
of time needed for the computation for the first two eigenpairs-(—2.49457 ... and\ = —2.51545...)
is presented.

When solving the correction equation with 200 steps of GMRES no difference between JD and JDV is
observed (upper plotin Fig. 3). Apparently with 200 steps of GMRES the correction equations are solved
in high precision and the results are in line with the theory and our previous experience. This can also be
seen from the table. For the first eigenvalue JD uses 8 more matrix-vector multiplications than the 790
from JDV. On the other hand JDV takes a bit more time (about 0.2 seconds) than JD. From this we may
conclude that compared with the costs of the matrix-vector multiplications and the QR-algorithm for the
computation of the eigenvalues of the projected matrix, the extra vector-vector operations involved in the
correction equation of JDV are not very expensive.

Although JD and JDV need the same amount of time for convergence when using 200 steps of GMRES,
the same eigenpairs can be computed in much less time. If 50 steps of GMRES are used, JD takes only
21.45 seconds for computing the first eigenpair whereas JDV takes 2.5 times that amount.

The differences between the two methods become more significant if we lower the precision of the
solver for the correction equation by using only 25 steps of GMRES. With the same amount of matrix-
vector multiplications the number of eigenpairs found by JD is much higher than JDV. Note, that the
measured time for both JD and JDV in case of GMRES more than in case of GMRESwhereas the
number of matrix-vector multiplications is less. The reason for this can only be the fact that in case of
GMRES;; more outer iterations are needed, every outer iteration the eigenvalues of the projected matrix
are computed with a QR-algorithm.
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6. CONCLUSIONS

In GMRESR, an iterative method for solving linear systems of equations, it pays to restrict the correc-
tion equations to the orthogonal complement of the space spanned by the search vectors. This approach,
called GCRO, leads to new search directions that are automatically orthogonal with respect to the old
ones. Although the restricted correction equations require more complicated projections with higher
computational costs per matrix-vector multiplication, the number of matrix-vector multiplications may
decrease tremendously leading to a more efficient overall performance [4, 1]. In this paper, we investi-
gated the question whether such an approach would be equally effective for the Jacobi-Davidson method
for solving the eigenvalue problem. Note that eigenvalue problems are weakly non-linear.

When starting with a Krylov subspace and solving the correction equations exactly the standard ap-
proach (JD) of Jacobi-Davidson and its variant JDV with the more stricted correction equations, are math-
ematically equivalents@d). However, in practical situations, where the correction equations are solved
only in modest accuracy and finite precision arithmetic is used, the JDV variant appears to converge
much slower than JD. Although the restricted correction equations in JDV may have spectral properties
that are more favorable for linear solvers, a better performance of the linear solvers for the correction
equation in JDV may not compensate for the slower convergence.
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