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An A Posteriori Adaptive Mesh Technique for
Singularly Perturbed Convection-Diffusion Problems
with a Moving Interior Layer

ABSTRACT

We study numerical approximations for a class of singularly perturbed problems of convection-diffusion type with a moving
interior layer. In a domain (a segment) with a moving interface between two subdomains, we consider an initial boundary
value problem for a singularly perturbed parabolic convection-diffusion equation. Convection fluxes on the subdomains
are directed towards the interface. The solution of this problem has a moving transition layer in the neighbourhood of the
interface. Unlike problems with a stationary layer, the solution exhibits singular behaviour also with respect to the time
variable. Well-known upwind finite difference schemes for such problems do not converge £-uniformly in the uniform norm,
even under the condition N 1 + N(;l A €, where € is the perturbation parameter and [N and [N denote the number
of mesh points with respect to = and t. In the case of rectangular meshes which are (a priori or a posteriori) locally
refined in the transition layer, there are no schemes that convergence uniformly in € even under the very restrictive
condition N72 —+ N0_2 X £. However, the condition for convergence can be essentially weakened if we take the
geometry of the layer into account, i.e., if we introduce a new coordinate system which captures the interface. For the
problem in such a coordinate system, one can use either an @ priorTi, or an a postertor: adaptive mesh technique.
Here we construct a scheme on @ posterior: adaptive meshes (based on the gradient of the solution), whose solution
converges ‘almost £-uniformly’, viz., under the condition ]\771 = 0(6”), where ¥ > 0 is an arbitrary number from the
half-open interval (0, 1].
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1. INTRODUCTION

In this paper we study a problem with discontinuous coefficients. In particular, we consider the case
of a parabolic problem where the convection coefficient is discontinuous and has opposite signs at both
sides of an interface. Such boundary value problems for singularly perturbed equations with partial
derivatives arise (see, e.g., [9, 10] and the bibliography therein), when heat/mass transfer processes
in composite materials with small heatconduction/diffusion in the case of stationary interfaces are
studied. The terms with the highest derivatives in those equations are multiplied by a small parameter
€ that gives rise to boundary and transition layers in the solution. Because coefficients in the equations
(and source terms) are discontinuous, the derivatives of the solution have discontinuities at the interface
even for fixed values of the parameter €. Note that the errors of standard numerical methods, developed
for regular boundary value problems, essentially depend on the value of the parameter . For example,
the solution of a finite difference scheme, in the case of a problem with a stationary interface, converges
when the stepsize in the space mesh is much smaller than ¢ (see remarks to theorems 3.1, 3.2 in
section 3). Because of the restrictive convergence condition for the classical finite difference schemes,
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the interest arises to construct special schemes for which the errors in the solution depend weakly on
the parameter €. In particular, we are interested in methods where the error behaviour is independent
of ¢ (we say, that the numerical methods converge e-uniformly).

In the case of nonstationary interfaces, moving transition layers appear. Unlike problems with
stationary singularities, in the case of moving transition layers, the solution exhibits singular behaviour
also with respect to the time variable (see, e.g., estimates (9.5) in section 9). The considerably
complicated character of arising singularities (as compared to problems with stationary singularities;
for which numerical methods are treated, e.g., in [2, 6, 7, 11]) forces us to use a more complicated
discrete construction.

The use of a technique developed to improve the accuracy of the solutions in the case of regular
boundary value problems (e.g., the technique of a priori/a posteriori adaptive meshes; see [1, 4, 7]
and the bibliography therein), turns out to be ineffective in the case of singularly perturbed problems
(see [12] and the statement of theorem 4.1 in section 4). Therefore, the quest for conditions which are
necessary (and for specific discrete methods also sufficient) for the e-uniform convergence of numerical
methods, for problems with moving transition layers is relevant.

In this paper we consider discrete approximations of an initial boundary value problem for the
singularly perturbed parabolic convection-diffusion equation in a domain with a moving interface
between two subdomains when convective fluxes on the subdomains are directed towards the interface.
The solution of this problem has a singularity near the transition layer that moves in time.

We study finite difference schemes based on classical discrete approximations of the problem. When
rectangular uniform meshes are used, the order of magnitude of the error is not smaller than the exact
solution when e = O(N~! + No_l), where N, Ny denote the number of nodes in the space and time
variables respectively. Finite difference schemes are considered on meshes that are locally refined in
a neighbourhood of the moving interface. It turns out that in the class of finite difference schemes on
rectangular meshes locally condensing in z and ¢ in a neighbourhood of the trajectory of the moving
interface, there do not exist e-uniformly convergent schemes even under the condition ¢ ~ N 2 +Ny 2,
However, if a new coordinate system is introduced, for which the interface becomes a meshline, then
one can construct a scheme, whose solution converges ‘almost’ e-uniformly, i.e., it converges under
the condition N~ = O(e¥), where v > 0 is an arbitrary small number. For the problem in the new
coordinate system, it is possible to use either a priori or a posteriori mesh refinement techniques to
obtain almost e-uniformly accurate result. As a posteriori adaptive technique we use adaptive mesh
refinement on the base of the gradient of the solution.

The approach can be used to construct effective numerical methods for representative classes of
boundary value problems with the dominant convection with known, moving transition layers.

About the contents. Problem formulation, and the aim of the research are given in Section 2.
Classical schemes and auxiliary problems related to the construction of schemes convergent e-uniformly
and almost e-uniformly are considered in the Sections 3 and 4. Schemes on a posteriori adaptive meshes
are constructed and studied in the Sections 5-8 (in Sections 5-7 for a problems with stationary and
in Section 8 with moving interface boundaries). A priori estimates are given in Section 9.

The technique for the construction of the a posteriori adaptive meshes, based on the solution
gradient, is used in [3] to construct almost e-uniformly convergent schemes for an initial boundary
value problem for a parabolic convection-diffusion equation with “standard” singularity (a “stationary”
boundary layer). In [12] for an initial value problem for a parabolic reaction-diffusion equation, a
special scheme is considered on meshes that are a priori refined in the transition layer caused by a
moving point source. For the construction of the scheme, special coordinates are used, for which the
location of the point source is fixed.

2. PROBLEM FORMULATION. AIM OF RESEARCH
1. In a bounded domain with a moving interface between two subdomains we consider an initial
boundary value problem for a singularly perturbed parabolic convection-diffusion equation.

Let the domain G with the boundary S = G'\ G, where G = D x (0,T], D = (—d, d), be decomposed
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into non-overlapping subdomains

G=G UG, G'nG*=0), (2.1)
in each of which we consider an equation
L"u(z,t) =< ea"(x t)a—2 +(—-1)"b"(x t)g —c"(z,t) —p"(x t)g u(z,t) = f"(z,t)
) - ) ax2 ) ax ) p ) 8t ) - ) )
(x,t) e G", r=1,2, (2.2a)
where
G'={(z,t): x <B(t), t€(0,T]}, G*={(x,t): x> p(t), te(0,T]}. (2.3)

The curve v = {(z,t) : == ((t), |B(t)] <d, te (0,T]},ie. the interface between the subdomains,
is given by a sufficiently smooth function. On the set S the function u(z,t) takes the prescribed values

u(x,t) = p(x,t), (x,t) €S, (2.2Db)

and, on the interface -, it obeys the conjugation condition, i.e. the solution and the diffusion flux be
continuous

[u(z,t)] =0, lu(z,t)=¢ [a(:v,t)%u(x,t)] =0, (z,t)€n. (2.2¢)

In (2.2a) a”(z,t),...,f"(z,t), (x,t) € G, r = 1,2 and ¢(x,t), (x,t) € S are sufficiently smooth
functions on G and Sy, gL, respectively, p(z,t) € C(S), and also !

ap < a"(z,t) <a, by <b"(x,t) <, po < pT(x,t) < p°, (2.4)
0<c"(x,t) <O (x,t)eG", ag, by, po>0;
~fo < B < B B @WI<B te0.T), fo, B <d, B <bo ()7
|f"(x, )] < M, (z,t) € G, |p(z,t)]| <M, (z,t)eS; r=1,2;
S = SquUSt, SE and Sy are the lateral and lower parts of the boundary S, So = Sp; let 8(0) = 0; €

is a parameter taking arbitrary values from the half-open interval (0,1]. The symbol [v(z, )] denotes
the jump of the function v(z,t) when passing through v from the set G into the set G2:
[v(z",t)] = lim wv(z,t)— lim ov(x,t),

r—x*+0 r—x*—0

[a(x*,t)%v(a:*,t)}: lim a%x,t)%v(x,t)— lim al(x,t)iv(a:,t), (x*,t) €.

r—x*—0 ox

For the equation (2.2a) we also use the following notation 2

2

0 0 0
L) = {alet) 5 + 00005 = el )~ plos ) 5 fulint) = Fe,0). (2,0 € G,

where G = G\ v, b(z,t) = b?(x, 1), (2,t) € 62, b(z,t) = —bl(z, 1), (z,t) € G', the functions a(x,t),
c(x,t), p(x,t), f(z,t) are defined by the relation v(z,t) = v (z,t), (z,t) € G, r =1,2.
For simplicity, we assume that the compatibility conditions are fulfilled on the sets S¢ = Sy N 5"

and ~° = {(B(0),0)} to ensure sufficient smoothness of the solution of the problem on each of the
subsets G (for fixed values of the parameter ¢); we suppose S" =G \ G, r =1,2.

! Here and below M, M; (or m) denote sufficiently large (small) positive constants which do not depend on e and on
the discretization parameters.

2 Throughout the paper, the notation Ly (Mgx), Gr(x)) means that these operators (constants, grids) are intro-
duced in equation (j.k).
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As g — 0, in a neighbourhood of the set v there appears a transition layer decreasing exponentially
away (in the z-direction) from the set v (the typical ”width” of the layer is of order €). Hence, in the
case of the moving interface, the transition layer decreases exponentially away from -y for a fixed value
of z. Under the condition

B(t) = const , t€[0,T] (2.5)

(the steady interface) the t-derivatives of the singular part of the solution to the problem are bounded
on G e-uniformly (see estimates (9.4), (9.5) from Section 9).

The solution of the reduced problem is a function which is sufficiently smooth on each of the sets
G and has a discontinuity of the first kind on 7.

Note that a boundary layer does not appear in the neighbourhood of the lateral boundary S
(because of the condition imposed on the coefficient b(x,t) so that the convection flow is directed to
the interface 7). In the case of the condition 8 < by(p®)~! (see (2.4)) the interface v between the
subdomains G" is noncharacteristic (the characteristics of the reduced equation are not tangent to
the set 7).

For definiteness, we consider that the functions a(z,t),..., f(z,t) on the set 7 are equal to the
half-sum of the values (mean value) of their limits from the sets G and G2.

2. The errors in the solutions of finite difference schemes based on classical difference approximations
to problem (2.2), (2.1) depend on the parameter £ and become small only for those values of £ that
essentially exceed the ”effective” mesh steps with respect to x and ¢. So, by virtue of estimates (3.7),
(3.13) (see Section 3), classical difference schemes (3.4), (3.3) and (3.11), (3.10), (3.3) converge under
the condition

e>> N1+ Ny (2.6)

where N, Ny denote the number of mesh points with respect to x and ¢, respectively. If this condition
fails, the solutions of the difference schemes do not generally converge to the solution of problem (2.2),
(2.1).

By this argument, we are interested in constructing special difference schemes whose errors do not
depend on the value of the parameter . In particular, it is of interest to develop such schemes that
converge under a weaker condition than condition (2.6), which is the convergence condition for the
discrete problems (3.4), (3.3) and (3.11), (3.10), (3.3).

Definition. Let z(z,t), (z,t) € G}, be a solution of some difference scheme. This scheme converges
uniformly with respect to the parameter ¢ (or e-uniformly), if the function z(x, t) satisfies the estimate:

|U(.1‘,t)—Z(ZL‘,t)‘ SMM<N_17N0_1)7 (:U’t)eéha

where u(N—1 No_l) tends to zero for N, Ny — oo uniformly with respect to the parameter. We
say that the solution of the scheme converges almost e-uniformly, if for any arbitrarily small number
v > 0 there exists a function u(e VN~ e Ny 1) such that the following estimate holds for the mesh
function z(z,t):

lu(z,t) — z(z,t)| < M pu(e "N~ e "Ny,  (x,t) € G (2.7)

where (N1, NO_I) — 0 for N, Nyg — oo uniformly with respect to the parameter ¢. If estimate (2.7)
is satisfied, then we say that the scheme converges almost e-uniformly with the defect v. (If estimate
(2.7) is satisfied for v = 0, then the convergence is e-uniform.)

The aim of the research. The defect of schemes (3.4), (3.3) and (3.11), (3.10), (3.3) is equal
to 1. Thus, in the case of problem (2.2), (2.1) we arrive at the following question of theoretical (and
practical) interest: how to construct schemes whose defect is less than 1, and in particular, how to
construct almost e-uniformly convergent schemes.
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3. CLASSICAL DIFFERENCE SCHEMES
Let us give classical difference schemes for problem (2.2), (2.1) and show estimates for their solutions.
1. We give a difference scheme for problem (2.2), (2.1) considering the problem in a week formulation
and not focusing the conjugation condition (2.2c) in the approximation of the problem.
On the set G we introduce the rectangular mesh

éh = w1 X Wy, (3.1)

where @1 and @y are meshes on the segments D and [0, T, respectively; @; and @y are meshes with any
distribution of the nodes satisfying only the condition h < MN ™1, hy < M Ny 1 where h = max; h',
bt =zttt — 2t 2t 2 € Wy, hy = max; h{, h{ =t ¢ tI, 9t € @y. Here N + 1 and Ny + 1 are
the number of nodes in the meshes w; and Wy, respectively. It is of great interest to consider meshes
that are uniform with respect to x

G = Gu.), (3:2)

where @ is a uniform mesh; such meshes for b(x,t) = 0 allow us to obtain the second order of the
approximation with respect to x for sufficiently smooth solutions. Also it is interesting to consider
difference schemes on the simplest meshes which are uniform with respect to both = and ¢:

Gh = Gy, (3-3)

where both @y and Wy are uniform meshes.
We approximate problem (2.2), (2.1) by the implicit finite difference scheme [8]

Az(z,t) = {ea(z, 1)z + b¥ (2,8)0; + b~ (2,1)d7 — c(z,t)—
—p(x,t)0} z(x,t) = f(z,t), (x,t) € G, (3.4a)
2(x,t) = p(x, 1), (x,t) € S,

Here Gy, = G NGy, Sp = SN Gy; 6z32(x,t), 6p2(x,t), 6z2(x,t), 62(x,t) are the second and first
difference derivatives; dzz2(x,t) = 2(h* + A1) "1, — 6z}2(x,t), = 2°, "1 and h' are the left and
right ”arms” of the three-point stencil (for the operator dzz) on G}, with center at the node (z%,t) € Gy;

bt (2, t) = 27 (b(x, t) + b(z,8)]), b (z,t) = 27 (b(x, t) — |b(z, t)]).

For the difference scheme (3.4), (3.1) the maximum principle is valid.
By using the majorant function technique, we find the estimate

12(z,8)| < M, (z,1) € G (3.5)

Taking into account the a priori estimates for the solution of the initial boundary value problem, we
find the following estimate in the case of mesh (3.1):

lu(z,t) — z(2,t)| < Me2[N"'+ Ny Y, (2,t) € G (3.6)
For the mesh (3.3) we have
[u(z,8) — 2(z, )] < M N1+ NG, (2,8) € G (3.7)

We summarize this in the following.

Theorem 3.1 Let the components of the solution of initial boundary value problem (2.2), (2.1) in
the representation (9.1) satisfy the a priori estimates (9.4), (9.5). Then the solution of the differ-
ence scheme (3.4), (3.1) converges for fized values of the parameter €. For the discrete solutions the
estimates (3.5), (3.6), (3.7) are valid.
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Remark 3.1 In the case of condition (2.5) for scheme (3.4), (3.3) we have the estimate

lu(z,t) — z(z,t)| < M[e !N~ + Ny Y, (2,t) € G
The condition

el =o(N) (3.8)
is necessary and sufficient for the convergence of the scheme.

2. We now consider a difference scheme for problem (2.2), (2.1) based on "direct” approximation of
the conjugation condition (2.2c), i.e. the interface condition. For this we need meshes which contain
nodes on the set v at each time level ¢ = 7 of this difference scheme which is an alternative to scheme
(3.4), (3.1). Let us construct such meshes.

For the construction of these meshes we use the regular mesh (3.1) (or (3.2), (3.3)) as the basic
mesh; we construct the mesh @2 = é;(éh(g'l)). Let

G}: = {(wz, tj) : (xiv tj) € Gha xi 7& ﬂ(ﬂ? te [tj_lv tj]? tj_la tj € wO}' (39)

On the time level ¢ = t" we construct the sets G}, G7": G} = G N {t = t"}, t" € Wy, r = 1,2. The
corresponding nodes (2%, #/~!) generate the sets SOI,? and Sg,?, which are the lower mesh boundaries for
sets Gi™, G2". The nodes (x;, t7) f{om ST form the se‘zc Snk. We assume Sim = 4 U Sin U {SpE m@l},
St =ApuSuU{SiEnGY}, G, = Ginu Sk, G = Gt U SP, where 4t = {(B(t"),t")}. We
iilsz)duce the sets ézn = @Z*U éﬁ", St = @Zn \ Gy, Gi" = G;L*)n U vy, GEL*)” = G}" UG,
G, = Gp"U Sy, The mesh Gy, is defined by the relation

No
G,=JG" (3.10)
n=1

We approximate problem (2.2), (2.1) by the difference scheme

Az(z,t) = fl,t), (z,t) e G (3.11a)

2(z,t) = efa®(z,t)0.2(x,t) — at(z,t)0z2(x, )} =0, (x,t) € 47, (3.11b)
(P, @hesr\s | Y

z(z,t) = { (@ t), (5,0) € SN S } i (z,t) € Gy, n=1,...,Np. (3.11c¢)

Here 2" (x,t) = z(x,t) for (x,t) € G, ', t = t", 2"(x,t), (x,t) € G, t = t" € @y is the linear interpolant
constructed from the values of 2"(z,t), (z,t) € G},", t = t". The function

.1 SMat),  (z,t) e Gy, t=1t",
z(x,t) = _
), (v,1) €Gy", t=1""h
(x,t)egzn, n=1,...,Np, (x,t)eéz

will be called the solution of difference scheme (3.11), (3.10).

For the difference scheme (3.11), (3.10) the maximum principle is valid.

Taking into account the a priori estimates for the solutions of the differential problem we establish
the estimates similar to (3.6), (3.7)

lu(z,t) — 2(z,t)| < Me 2 [N+ Ny |, (2,t) € G, Gn= Gh(3.1); (3.12)

lu(z,t) — 2(z,t)| < Me ' [NTL+ Ny, (2,t) € G, Gn= Gh(3.3)- (3.13)
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Theorem 3.2 Let the condition of theorem 3.1 be fulfilled. Then the solution of the difference scheme
(3.11), (3.10) converges to the solution of the problem (2.2), (2.1) for fized values of the parameter €.
For the discrete solutions the estimates (3.12), (3.13) are valid.

Definition. Let the function z(x,t), (z,t) € G}, be the solution of some difference scheme. An
estimate of the following form

lu(z, t) — z(z,t)| < M [E*V%N*”l + af’jéNO_”O} , (w,t) € Gy,
where v;, Vil > 0, is said to be unimprovable with respect to the values of N, Ny, ¢ if the estimate

u(z,t) — 2(a,t)| < M [a—a%N—m + s—aéNgao} . (x,t) € G,

in general, fails under the conditions «; > v, 042-1 < yz-l and also a1 + ag — a% - a(l) >4y — yll — yé.

Remark 3.2 In the case of condition (2.5) for the solutions of difference scheme (3.11), (3.10), (3.3)
we have the unimprovable estimate

lu(z,t) — 2(z,t)| < M [ "NV + N, (2,t) € Gy
the scheme converges under the unimprovable condition (3.8).

3. For problem (2.2), (2.1) we discuss the conditions under which the solution of difference scheme
(3.4) converges for N, Ny — oo and € — 0, where ¢ — 0 for N, Ny — oc.

It follows from estimates (3.6) and (3.7) that scheme (3.4), (3.1) converges under the condition
N1, NO_1 << €2, and scheme (3.4), (3.3) converges under the condition N1, NO_1 << g, i.e. for

el =o(N), e~ = o(Ny). (3.14)

The estimate (3.7) (as well as estimate (3.13)) is unimprovable with respect to the values of N, Ny, e.
The defect of schemes (3.4), (3.1) and (3.4), (3.3) (schemes (3.11), (3.10), (3.1) and (3.11), (3.10),
(3.3)), according to estimates (3.6) and (3.7) (to estimates (3.12) and (3.13)), is not less than 2
and 1, respectively. It follows from the unimprovability of estimate (3.7) (estimate (3.13)) that the
unimprovable defect of scheme (3.4), (3.3) (scheme (3.11), (3.10), (3.3)) is equal to 1, moreover, the
unimprovable defect of scheme (3.4), (3.1) (scheme (3.11), (3.10), (3.1)) is not less than 1.

Thus, the estimates of the discrete solutions essentially depend on the value of the parameter ¢; if
condition (3.14) fails then schemes (3.4) and (3.11), (3.10), generally speaking, do not converge.

Theorem 3.3 Let the hypothesis of theorem 3.1 be fulfilled. In the case of schemes (3.4), (3.3) and
(3.11), (3.10), (3.3) (schemes (3.4), (3.1) and (3.11), (3.10), (3.1)) the condition (3.14) is necessary
and sufficient (is necessary) for the convergence of the discrete solutions to the solution of problem
(2.2), (2.1) for N,Ny — oo and ¢ — 0; the defect of schemes (3.4), (3.3) and (3.11), (3.10), (3.3)
(schemes (3.4), (3.1) and (3.11), (3.10), (3.1)) is equal to 1 (not less than 1). The estimates (3.7) and
(3.13) are unimprovable with respect to the values of N, Ny, €.

Remark 3.3 Taking into account the above considerations of classical difference schemes, in the case
of problem (2.2), (2.1) one comes to the problem of construction of special schemes which converge
under a weaker condition than the condition (3.14) (i.e. schemes whose defect is less than 1), in
particular, e-uniformly convergent schemes.

Remark 3.4 We construct a triangulation of the domain G on the basis of the mesh @h(g_l); tri-
angular elements obtained by dividing elementary quadrangles in halves by a diagonal have vertices
at the nodes from Gj; see, e.g., [5]. In the case of difference scheme (3.4), (3.3) the function Z(x, 1),
(x,t) € G, i.e. the linear interpolant of z(x,t) on triangular elements, satisfies the error estimate

lu(x,t) — Z(x,t)| < Me™? [N_l + No_l] , (z,t) € G, (3.15)

which is unimprovable with respect to the values of N, No,e. A similar estimate is valid for scheme
(3.11), (3.10), (3.3); the triangulation of the domain G is performed on the basis of the mesh G,
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4. ON THE CONSTRUCTION OF &-UNIFORMLY CONVERGENT SCHEMES ON LOCALLY CONDENSING
MESHES

Note that the singularity in the solution of problem (2.2), (2.1) exponentially decreases away from

the set 7 (see estimates (9.4), (9.5)). The singular component for |z — ((t)| > o does not exceed M4,

where § is a sufficiently small number, when o = ml_laln 5, my = my(9.4)- The local truncation

error of a classical scheme on the solution of the problem is great, but only in this neighbourhood,

which is sufficiently narrow for small values of the parameter €.

1. Bearing in mind the possible use of schemes on sufficiently arbitrary locally condensing meshes
for solving the problem (2.2), (2.1), it would be convenient to measure an ”amount” of computational
work in order to evaluate the efficiency of difference schemes. The amount of computational work
(denoted by P) is defined by the number of the mesh points at which it is necessary to find the
solution of the discrete problem. The ”quality” of the solution to the difference scheme is defined by
the distance, in the maximum norm, between the solution of the problem and the interpolant which is
constructed from the solution of the difference scheme. In the case of schemes (3.4), (3.3) and (3.11),
(3.10), (3.3) and optimal meshes (with respect to the order of convergence of the scheme), we have
the following relation for such meshes

N ~ N07
and the unimprovable error estimate (with respect to P and ¢)
lu(z,t) — 2(z,t)| < Me P72, (2,t) € G. (4.1)

Definition. We say that the scheme converges with defect v for P — oo, if there exists a func-
tion u(P~1), u(P~') — 0 for P — oo e-uniformly such that the following estimate holds for the
interpolated mesh function z(z,t):

lu(z,t) —Z(2,t)| < Mu(e ™" P~Y2), (2,8) € G; v>0.

Thus, for difference schemes (3.4), (3.3) and (3.11), (3.10), (3.3) the unimprovable convergence
defect (for P — 00) is equal to 1.

2. To construct schemes with improved convergence defect, it is very attractively to use a technique
based on locally condensing rectangular meshes. So, in the case of regular boundary value problems
whose solutions have singularities, the improvement of accuracy of a discrete solution can be achieved
by means of a priori and/or a posteriori local refinement of a rectangular mesh in those subdomains
where errors of the discrete solution are larger (see, e.g., [1, 4, 15]).

For problem (2.2), (2.1) it is required to redistribute the given number of nodes P in the domain so
that to weaken the condition

P2 = o(e), (4.2)

i.e. the condition of convergence of schemes (3.4), (3.3) and (3.11), (3.10), (3.3).

Note that the derivatives (%1 %0 /9z*19tko)u(x,t) in an Me-neighbourhood of the set +y are of the
order e~ (F1+ko) if the interface boundary 4 between subdomains is moving at a rate distinct from zero
in some time interval (let '(t) = m, t € [0,to]). The derivatives are e-uniformly bounded outside a
sufficiently large (compared to ) neighbourhood of the set ~.

The similar behaviour of derivatives of the solution is observed in the case of a problem with the
moving concentrated source [12]. In papers [12, 13], it is shown that, in a class of schemes on adaptive
meshes based on meshes which are rectangular in an Me-neighbourhood of the moving source, there
are no schemes with the convergence defect (for P — oo) less than 271,

In the case of problem (2.2), (2.1), by considering lower errors for solutions of equations
(3.4a), (3.11a) on “piecewise-uniform” meshes (i.e., meshes which are uniform in the nearest Me-
neighbourhood of the boundary « for ¢ € [0,to], as well as outside some larger neighbourhood), we
verify, similarly to the constructions from [12], that there are no meshes on which the solution of the
discrete problem converges under the condition

Pl>e (4.3)
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Thus, in the case of schemes (3.4) and (3.11), (3.10) there are no meshes in the given class of meshes
on which the schemes converge with defect not exceeding 271.

Theorem 4.1 For the problem (2.2), (2.1), in a class of schemes constructed on the basis of ap-
prozimations (3.4a) and (3.11a) (the classical difference approzimations of the initial boundary value
problem) on locally condensing meshes that are uniform in an Me-neighbourhood of the set vy, there
are no schemes convergent under the condition (4.3).

Remark 4.1 The direct use of adaptive mesh refinement techniques with no taking account of
orientation of the transition layer is not sufficiently effective to solve numerically problems from this
class of singularly perturbed problems with a moving transition layer. In order to construct schemes
on adaptive meshes with the convergence defect less than 271, it is necessary to use meshes condensing
(in the transition layer) along a normal to the interface boundary ~.

Remark 4.2 To construct special schemes for problem (2.2), (2.1) we introduce new variables (con-
nected with the moving interface boundary ) in which the interface boundary is already stationary.
For the problem in these new variables it is possible to construct a difference scheme on rectangular
meshes (in particular, a scheme on adaptive meshes) and then to return to the old variables. It is
convenient to use the variables &,t, £ = 5(9.2)(1', t) as new variables.

5. GRID APPROXIMATIONS ON LOCALLY REFINED MESHES.

PROBLEM (2.2), (2.1), (2.5)
We now give an algorithm for constructing a locally refined (in the transition layer) mesh. On domains
which are subjected to the refinement, this algorithm uses uniform meshes in space and time (the time
mesh is not refined).

1. At first, we describe a formal iterative algorithm which we use for construction of difference
schemes in order to find a numerical solution of problem (2.2), (2.1), (2.5). Suppose that a function
uy(x,t) is founded on the set G, i.e. the approximation to the solution of the boundary value problem,
moreover,

lu(z,t) —uy(x,t)| < M6, (x,t) € G, z ¢ (dy,d). (5.1a)

where § > 0 is an arbitrary small number, the constant M does not depend on 6; dy, d* € D. By
u@)(x,t), (z,t) € Gy, where G(g) = Dy x (0,T], D(gy = (d1,d"), we denote the solution of the
problem

L x,t) € Ggy,
(2.2) U2 ( = f(z z,t) € Gy (5.10)
wiay (2,) z,t) € S)\ S,
) t) S 5(2) ﬂS

Here Sy = 6(2) \ Gy. Let ub(w,t), (z,t) € 6(2) be an approximation of the solution w)(z,t),
moreover,

| woy(@,t) — Wh(z,t) | < M3, (x,t) € Gy, ¢ (da,d?).

Assume ' .
ub(z,t), (z,t) € Go),
(i, 1) = 2(z,1), (2,) € Gra),.
ui(z,t), (z,t) € G\ Gy).
Then we have:  |u(x,t) —us(z,t)| < MS, (z,t) € G, = & (dg2,d?).
Let the function wuy_1(z,t), (x,t) € G have been constructed for k > 3, and this function has a
convenient representation in order to compute it for z & (dj_1,d*™1), dy_1, d*~' € D, and also

lu(z,t) — up_1 (2, t)| < M6, (2,t) € G, =& (dp_q,d" ). (5.1c)
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Here M = M(k). The function ugy(z,t), (z,t) € Gy, where Gy = Dyy x (0,T], Dyy =
(dg—1, dkfl), denotes the solution of the problem
L(2A2) U(k) (:Ea t) = f(l',t), (:C,t) € G(k)’
ukfl(xat)a (x7t) € S(k) \57
go(x,t), (x7t) eS(k)ﬂS7

where Sy = Gy \ Gy- Let @) (z,t), (,t) € Gy be the approximation of the function w ) (x,t),
and

Assume ' .
u) 7t bl 7t 6 G b
ug(z,t) = uk(a: ) @) _(k)_
uk71<xvt)7 (%,t) € G\G(k)

The function ug(x,t), (x,t) € G satisfies the estimate:
|U($,t) - Uk(l‘,t)‘ < My, (l’,t) € aa T ¢ (dkadk)

If for some value of k = Ky it occurs that [ugy(z,t) — U (2,t)] < M6, (z,t) € Gy, for all 2 € D,
then for k > Ky + 1 we consider that the sets E(k) are empty, and further the functions wu(z,t) are
not computed. For example, for k > Ky we have uy(z,t) = ug,(x,t), (v,t) € G.
For k = K, where K is a given fixed number, K > 1, we assume
uf(z,t) = ug(z,t), (2,t) € G. (5.1e)

The functions u” (z,t) and uy(z,t), k=1,..., K, (x,t) € G denote the solution and the components
of the solution to iterative process (5.1).

The functions v (x,t) have suitable representations for computing them on the subdomains, which
are extending as K grows. The functions ug(x,t) and u® (z,t) satisfy the estimates

|U(.%',t) - uK(:Uﬂf)‘ < M(Sa (.I',t) € 57 T ¢ (dedK)a (52)
lu(z, t) —up(z,t)| < M3, (x,t) €G, =& (dy,d"), k=1,.,K.

Lemma 5.1 The functions u® (x,t) and uy(z,t), (z,t) € G, k = 1,....,K, i.e. the solution of the
iterative process (5.1) and its components, satisfy the estimate (5.2).

2. We now give a grid construction which approximate the iterative process (5.1). On the set G we
introduce the coarse (primary) mesh
élh = w1 X Wy, (5.3&)

where w7 and wq are uniform meshes, wy = Wo(3.3); the step-size in the mesh w; is equal to hy =
2dN~'. We denote by z1(z,t), (x,t) € Gy, where Gy, = Gin(s.3) = Gn(3.3), the solution of problem
(3.4), (5.3a).

Let the values di,d' € @w; be founded in some a way so that for ¢ (d1,d") the discrete solution
z1(x,t), (z,t) € Gyj, well approximates the solution of problem (2.2), (2.1), (2.5). If it occurs that
d' — dy > 0, then we define the subdomain on which the mesh will be refined:

Gy = Go)(d1,d"), Gy =Dy x (0,T], Dg=(di,d"). (5.3b)
On the subdomain @(2) we introduce the mesh 6(2) h = W(2) X Wo, where W(y) is a uniform mesh with
the number of nodes N + 1. On the set é(z)h we find the solution z()(z,t) of the discrete problem
A(3.4)Z(2)($7t) = f(il?,t), (l‘?t) € G(Q)fn

{ z1(z,t), (z,t) € S \ S,

,t) =
“@ (1) ozt), (.8) € SamNS.
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where G(g)h = G(g) ﬂég)h, S(Q)h = 5(2) ﬂé(g)h, 5(2) = 5(2) \G(g) The mesh set 62}1 and the
function zo(z,t), (z,t) € G, are defined by the relations:

Z(?)(xat)a (I‘,t) S G(Z)ha

Gop =G Gin\ G}, ) = _m
o =Gop [ J{Gin\ G}, =t { a@t). (0.8) €T\ G,

Let the mesh set @k,lyh and the mesh function zx_i(x,¢) on this set have been constructed for
k > 3. Let also dj_1, d*~' € @W,_1 be founded so that for x ¢ (dj_1,d*!) the discrete solution
zp—1(2,t), (2,t) € Gg_1,, well approximates the solution of problem (2.2), (2.1), (2.5). Here Wy is
a mesh which generates the mesh @k,l,h: kal,h = Wk_1 X Wo; Ni + 1 is the number of nodes in the
mesh @y, k> 1; Ny = N. If it occurs that d*~! — dj_; > 0, then we define the domain

G(k) = G(k)(dkfl,dkil), G(k) = D(k) x (0,77, D(k) = (dkfl,dkil). (5.3c)

On the set é(k) we introduce the mesh

G(k)h = W() X Wo, (5.3d)

where W3, is a uniform mesh with the number of nodes N + 1; h, is the step-size of the mesh W,.
Let z((2,t), (x,t) € G, be the solution of the discrete problem

A(3.4)Z(k) ($7t) = f(xvt)> (l‘?t) € G(k)ha
ze—1(w,t),  (x,t) € Sgyn \ S,
(p(l‘,t), (ZL‘,t) S S(k)hﬂs

Assume Gjp = Qm U{Ekq,h \E(k)}v

(5.3e)

() = 2y (2,1), (z,1) € E(k)h’
k(T zr—1(z,t), (2,t) € Gr—1,n \ G)-

If for some value k = Kj it occurs that the discrete solution z(z,t), (x,t) € Gy, well approximates
on Gy, the solution of the differential problem, then for k > Ky + 1 we consider that the sets é(k) are
empty and further the functions z(;)(,t) are not computed.

For example, for k > K\ we have zy(z,t) = 2k, (2,t), Grn = Groh-

The computations are stopped also in the case when for some value k = K the condition d* — dj, >
d*=1' — dj;;_; holds, which means that the solution cannot be further improved. For k > Ky + 1 the
function z()(z, t) is not computed; for k > Ko we assume zj,(2,t) = 2, (2,t), Gpn = Gron-

For k = K, where K is a given fixed number, K > 1, we suppose that

@hK =Ggn=Gp, 25(x,t)=z2x(x,t) = 2(x,t). (5.3f)

We call the function z(s3p)(z,t), (2,t) € Gp.ap), the solution of scheme (3.4), (5.3), and the
functions zy(w,t), (x,t) € G, k = 1,..., K, the components of the solution to the difference scheme.

The above algorithm (we call it A5 3 ) allows us to construct meshes condensing in transition layers.
The value Nx + 1, i.e. the number of nodes in the mesh @ = T used for the construction of the
function 2% (z,t), does not exceed the value N(K) = K(N +1).

In schemes (3.4), (5.3), when solving the intermediate problems (5.3¢), it does not require the
interpolation in order to define values of the functions z(;)(z,t) on the boundary S

3. The meshes Gy, k = 1, ..., K, generated by the algorithm A(5.3), are defined by the rule to choice
the values dj, d*, k=1,2,..., K, and also by the values of K and N, Ny.

Thus, the algorithm A5 3) defines a class of difference schemes, i.e. the class of schemes (3.4),
(5.3). In this class of schemes, the boundary of the subdomain, in which the refinement of the mesh
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is derived, pass through nodes of more rough refined mesh. Note that the smallest stepsize in the
mesh WX = W is not less than the value dN~%. In the meshes generated by the algorithm A(5.3)s
the values dj are defined on the base of intermediate results obtained in the computing process; such
meshes Gy, are a posteriori condensing meshes.

For schemes from the class (3.4), (5.3) the maximum principle is valid. Note that in this class there
are no schemes whose solutions converge e-uniformly to the solution of (2.2), (2.1), (2.5).

6. ADAPTIVE SCHEME BASED ON THE ESTIMATE OF THE SOLUTION GRADIENT
To construct a posteriori condensing meshes we use indicators (auxiliary functionals from solutions of
intermediate problems), which help us to define boundaries of the mesh domain which is subjected to
a refinement. We show a construction of the indicator based on an estimate for the gradient of the
solution.

1. We define a width of the boundary layer for problem (2.2), (2.1). Let the following estimate holds
for the component U(z,t) from the representation (9.1):

% U(l‘,t)‘ <M, (x,t)€q. (6.1a)

Suppose that the values of the parameter € are sufficiently small, ¢ < gg. We say that UOL = aé(e, M)
and U(F = UOR(E,M()), where My is an arbitrary large number, My > M, are the left and right
boundaries of the transition layer in a neighbourhood of the interface boundary =, if O'g and O'OR are
respectively the maximum and minimum values of o” and o # for which we have the estimate

‘%u(m,t)‘ <My, (z,t)eqG, z¢ (o ach); (6.1b)

we call the value og = of* — ol the width of the layer.
We consider such a boundary value problem as a model example:

eu(x) +b(x)u (z) =1, 2€Q=(-1,1), u(-1)=1, u(l) =0, (6.2)

where b(z) =1, = € 52, b(x) =—-1, z € Q'. The solution of problem (6.2) can be decomposed into
its regular U(x) and singular V(z) components: u(x) = U(x) + V(z), 2 € Q', r = 1,2; the transition
layer appears in a neighbourhood of the point x = 0.

In the case of problem (6.2) the width of the layer oo(6.1) has an asymptotic behavior

1

op~elne " for e=o(l).

The following estimate also holds:
og < M&ln(e_lMal), €€ (0,60], g9 = 80(M0), e < mMgl,

where My, m are any constants satisfying the conditions Mg > 1, m <1, M > 1.
2. We define the width of the transition layer for difference scheme (3.4), (3.1). We denote by
z(x,t), (z,t) € Gy, the solution of the difference problem

Agayz(x,t) = Lpgyv(r,t), (x,t)€Gy,
z(x,t) = v(x,t), (z,t)e Sy, r=12,

where v(z,t) is any sufficiently smooth function, v € C*(G™) N C(G). The solution of problem (3.4),
(3.1) can be represented as a sum of functions

2(x,t) = zy(z,t) + Vh(ac, t), (xz,t)€ @,:, r=1,2, (6.3)
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where zy(z,t), (z,t) € 6;; is a discrete function which approximates the component U(z,t) from the
representation (9.1). Let the component zy7(z, t) satisfies the following estimate

|6z zu(z,t) | < My,  (2,t) €Gy, 7=1,2; x#0,d. (6.4a)

We say that a(])L = Gé’(MQ) = a(’%(MO;D,&?,@h), a(f% = O'(F(Mo) = O'({%(Mo;D,E,ah) are the left and

right boundaries of the discrete transition layer in a neighbourhood of the interface boundary =, if

Ué’ and O'OR are respectively the maximum and minimum values of o* and ¢ &, for which we have the

estimate
|53;Z($,t)|, |552(:E,t)| S M07 (l’,t) € aha z 7£ (O-Lvo-R); (64b)

here € € (0,e0], My and ¢¢ are sufficiently large and small constants, My > M, €9 = £o(Mpy), we call
the value og = of* — o} the width of the layer. Thus, the functions ao(My), of(My), off(Mp) are
constructed.

In the case of the difference scheme

€05z 2(x) + 0T (2)0p2(x) + b~ (2)dz2(x) =1, 2€Qy, 2(-1)=1, 2(1)=0,

which approximates problem (6.2), for the width of the boundary layer on uniform (with the step-size
h) meshes we have the asymptotic

) e Ine!, h < Me,
Y Al 4 e )k, h>me e h=o(l).

The following estimate is valid:
00 < M [elne” ' +hlnh™], c€(0,e0), h < ho,

where g¢, ho are sufficiently small values, g9 = eo(Mp), ho = ho(Mp).

3. In order that the formal mesh construction (3.4), (5.3) is constructive, it is required to give values
K and di, d*, k=1,2,...,K.

Let K > 1. We define the values dy s 3), d¥ Assume

(5.3)°
dy = o, d' =, (6.5a)
where JEL’R) = Ué](:éﬁg(Mo; D,e,Gy), D= D31y, Gy = ah(&g), My is a sufficiently large number. Let
the values of dj_;, d*~! have been founded. Further we find the values of U,(CL’R):
0’(€L7R) = O’éL’R) (kM(); D(k),e’f,a(k)h), k> 2, (6.5b)
here o LB (M D, e, Gp) = o\ (M; D, ,G)), M = k My, Dyy = D G =G It
where o o (M3 D, e, Gr) = 04 (M; D, g, Gr), 0, Dy ) 5.3)> G)h (k)h(5.3)-

the relation o5 < mgog_1 is valid, where o = O'kR — U,f, then we suppose

dy = o, d* = o/, (6.5¢)

here my is a sufficiently small number. If for some value of k£ = kg it occurs that oy, > mgoy,—1, then
we assume dj, = d, dk = dFo for k > k.

The difference scheme (3.4), (5.3), (6.5) is the scheme on the adaptive meshes which are constructed
on the basis of the estimate for the gradient of the discrete solutions obtained in the process of
intermediate computations. The mesh refinement is realized only in a neighbourhood of the transition
layer; the diameter of such a neighbourhood (the width of the transition layer) becomes narrow when
the value of k grows.
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7. ANALYSIS OF SCHEME (3.4), (5.3), (6.5)
1. We now give some estimates for the solution of difference scheme (3.4), (3.3). We denote by W (z)
and zy (x) the solutions of the problems

2
AW (z) = {6 a(l)d— + b(l)signm%} u(z) =0, x €D, z#0,

dax?
wW(©0)=1, W(x)=0, z€lIl}
A z(z) = {ea)dzz + (b(l)signx)+5x + (bysignz) oz} 2(x) =0, =€ Dy, x#0,

2(0) =1, z(z)=0, z € I},

where Dy, = Wy(3.3), aq) = maxg a(z,t), byy = ming |b(x,t)|.
1.1. The function zy (z) satisfies the estimate

2w (x) < g, 2 eDy, (7.1a)

where ¢ = 1 + a(_ﬁ b e th, r1 = r(z,B(t = 0)) = |z|, r(x,z*) is the distance between the points x
and z*. Thus, we have the estimate

(@) M exp(—me~lr)), h<Me 5 (7.1)
zw(x) < _ , x € Dp. .
M (eh=Yymh™'ri p> Me

The function zy (x) is the majorant for the component zy (x,t), which corresponds to V(z,t) from
the representation (9.1)

lzv(z,t)| < Maw(z), (z,t) €, r=1,2. (7.2)
1.2. The solution of difference scheme (3.4), (3.3) satisfies the estimate

lu(z,t) — 2(z,t)] < M [(e+ N"H PN+ Ny, (7.3a)

lu(z,t) — 2(z,t)] < M [z2w(z) + N'+ Ny, (2,t) € G (7.3b)

It follows from estimates (7.2), (7.3) that, under condition (3.8), the scheme converges on G}, and
also the scheme converges e-uniformly outside the gg-neighbourhood of the set :

lu(z,t) — 2(a,t)| < M [N—W +N(;1} . (x,1) € Gp, (7.4a)
for r(x,7) > 09, where op= 00(6.4)(M0;D,5,§h)
og < M[elne '+ N 'InN]J. (7.4b)
The neighbourhood, out of which estimate (7.4a) holds, becomes narrow for ¢ — 0, N — oc.

Theorem 7.1 Let the solution of the boundary value problem (2.2), (2.1) satisfies the condition (2.5)
and the estimates of theorem 9.1. Then the solution of the difference scheme (3.4), (3.3) converges on
G to the solution of the boundary value problem under the condition (3.8), and also s-uniformly (with
the rate (Q(N*l/2 + No_l)) outside the og-neighbourhood of the set v. The discrete solution satisfies
the estimates (7.2)—~(7.4).

2. Let us consider the difference scheme (3.4), (5.3), (6.5).

For the component z1(x,t) = z(z,t) of the solution to this scheme estimate (7.3) is valid. Taking
into account estimate (7.1), for the function zy (z) we find the following estimate for the value of o1,
i.e. the width of the transition layer:

op < M [5ln6_1—|—N_1lnN], e € (0,e0], h < hyg.
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The value hy, i.e. the step-size of the mesh wy), satisfies the estimate
ho < MN'[elne '+ N 'InN].
_ Taking into consideration estimate (7.3b), we estimate u(z,t) — z1(z,t) on the boundary on the set
G (2)n, and also u(z,t) — z(9)(w,t) on the whole set G );,. For u(w,t) — 22(z,t) we have the estimate
fu(@,t) = z2(z,6)| < M [N+ NN+ NG|, (2,¢) € G,
and outside the os-neighbourhood of the set v we have
fu(, 1) = 2o(e, )] < M N2 NG, (@,0) € Gon, 7(2:7) 2 02,
The value o9 satisfies the estimate
oo < MN 'InN.
In a similar way we find the estimates

(i, t) — 2z, 8)] < M [N’W b INTRIEI N 4 Ngl} . (2,1) € Gn;
fu(w, 1) = 24(2, )] < M N2 NG (0,8) € Gy 7(2,7) = o

M[elne '+ N"'InN], k=1
Tk < —k+1 k-1 ’
MN=F1n*~1 N, k>2

lu(z, t) — 2(z,t)] < M [N*W b INK KT N 4 Ngl} . (z,t) € G

fu(w, 1) = 2(2,8)| < M [NT24 NG, (2,0) €Ghy 1(27) = 0
_ M[elne '+ N-'InN], K=1 76)

o ; .
K=\ MN-EHpE-1 N, K >2

where z(x,t) = 2(5.3¢) (%, 1), Gp = Gps.30)-

The functions z(z,t) and zp(z,t) for N, Ng — oo converge (to the solution of boundary value
problem (2.2), (2.1)) e-uniformly outside the o - and oj-neighbourhoods of the set v, and also on the
sets Gy, and GJ, for sufficiently small (but not too small) values of the parameter e, namely, under
the condition

e>eo(N), 5t (N)=o(NKIn KT N); (7.7)
e>ep(N), . {(N)=o(N*In " N), k=1,2,...,K.

Thus, difference scheme (3.4), (5.3), (6.5), i.e. the scheme on the adaptive meshes, converges almost
e-uniformly. In order to ensure the convergence defect for the function z(x,t) not exceeding the values
of v(3.7), it is required to choose the value K satisfying the condition

K > K®), K@) =vl (7.8)

Theorem 7.2 Let the hypothesis of theorem 7.1 be fulfilled. Then the functions z(x,t), (x,t) € G},
and zp(x,t), (,t) € Grn, k=1,...,K, i.e. the solution of the difference scheme (3.4), (5.3), (6.5)
and its components, converge on G to the solution of the boundary value problem (2.2), (2.1) under
the condition (7.7), and also e-uniformly (with the rate O(N—'/2 + Ng')) outside the o~ and oy,-
neighbourhoods of the set «y; the solution of scheme (3.4), (5.3), (6.5), (7.8) converges to the solution
of the boundary value problem almost e-uniformly with the defect v. For the discrete solutions the
estimates (7.5), (7.6) are valid.
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Remark 7.1 For the interpolant Z(z,t), (x,t) € G (linear on triangular elements) constructed from
the function z(x,t), (x,t) € G}, we have the estimate similar to estimate (7.6):

u(z,t) — Z(a,t)| < M [N*W b e INTE KT N 4 No—l} . (z,t) €G;

fu(e,t) = (e, )] < M [NV 4N, (0,0 €G, r(w,7) 2 ok

M[elne '+ N-'InN], K=1
) (7.9)

oK = { MN-EK+1pK-1 N K> 2

8. SPECIAL SCHEME FOR PROBLEM (2.2), (2.1)

In the case of problem (2.2), (2.1) with the moving interface boundary v we pass to the system of new
coordinates ¢,t. Further, for problem (9.2), (9.3) we construct a classical scheme, not focusing the
conjugation condition in the approximation.

1. On the set G we construct meshes. At first, we introduce the basic mesh
éf = Wy X W, (8.1)

where w; is a mesh on the axis £, Wy = Wy(3.1); the mesh w; is a mesh with any distribution of the
nodes satisfying only the condition
he < MN™Y

where he = max; hé, hé =l gt ¢l ¢+l € &1, N 41 is the maximal number of nodes on an interval
of unit length on the axis £&. As a basic grid, we use the following mesh which is uniform with respect
to &, t:

GB, where @y, Tg are uniform meshes. (8.2)

The interior nodes are defined by the relation éh =GN éf ; the boundary nodes are generated by an
intersection of the lines t = t/ € @y with the lateral boundary ST and the lines € = ¢ € & with the

lower part of the boundary §0; gh = §0h U g,f On the set G we introduce the mesh
G =GyU Sh; Gy = Eh(éf)- (8.3)
Problem (9.2), (9.3) is approximated by the implicit difference scheme
R2(&,t) = {<ale. )0ge + B (&,6)0¢ + BT(€:1)0 — &&,t) — B, )0 (6 1) = F(&: 1),
(&,t) € Gy, (8.4)
Z(&t) = @&, 1), (1) € Sh.

The difference scheme (8.4), (8.3), (8.1) is monotone.
Using the algorithm A5 3y for scheme (8.4), we construct the meshes

Cuns k=1,2,.... K, Gn, (8.5a)

where Elh = Eh(&g)(Gf(g.Q)), Eh = EK;Z, and then we find the functions

Zk:(gvt)a (f,t) € ékh7 Z(I‘,t), (f,t) € éhu (85b)
where Z(&,t) = Zk(&,t). The meshes are defined by the law of choice of the values

di,d*, k=1,2,... K, (8.5¢)
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and also by the values of K and N, Njp.

In the class of difference schemes (8.4), (8.5) the more precise discrete solution is produced on simple
domains, i.e. domains with stationary boundaries; the boundary of the domain, in which the mesh
refinement is realized, pass through nodes of the refine mesh.

For the schemes from class (8.4), (8.5) the maximum principle is valid.

The values

ok, ol o, k=1,2,... K, (8.6a)

which define the left and right boundaries of the transition layer and its width, are constructed similarly
to the values 015(6.5)701§6.5)70k(6~5)' The parameters dj, d* are defined similarly to the parameters

k
dk(6.5)> d(6_5) as
dp=cF, d* =0, k=1,2,... K, (8.6b)

The difference scheme (8.4), (8.5), (8.6) is the scheme on the a posteriori adaptive meshes, which
are constructed on the basis of the gradient of the intermediate discrete solutions.

2. For the function Z1(§,t) = Z(g4;8.3;8.2), i-e. the solution of difference scheme (8.4), (8.3), (8.2),
we have the estimates

[a(¢,t) = Z1(&, 1) < M [(e + NTHTINTH 4+ NG

[(E,) — Z1(6,) < M [(Zw(€) + N7'+ Ng'], (€,1) € G

Here Zy () is the solution of the problem

AZ(§) = {6%) Oge + (Bysign€) "o + (B(l)Signﬁ)_fsg} Z(¢)=0, €€DP, £+#0,
Z(0)=1, Z(§) =0 for |¢] — o,
aqy = maxga(z,t), By = minE |Bg.2)(§;1)], 15,? is a uniform mesh on the axis £ with the step-size
he = N~1. The function Zw () satisfies the estimate

M exp(—me~1

1
M(e h(f)

TQ), hﬁ S Me
-1
)2 e > Me

ZW(§)§{ } ¢ e DP,

where 2 = r(£,£(8(0),0)) = [¢].
With regard to the a priori estimates for the solution of problem (9.2), (9.3), for the solutions of
difference scheme (8.4), (8.5), (8.6) we establish the estimates

[, t) — Zr(& 1) < M [N—I/Q +e 'NTFIF N 4 Ngl] . (6,1) € G (8.7)

(1) = Zu(&, )| < M [N+ NG| (€1) € Guny T(€F) 2 o0

_ ] Mleme '+ N InN], k=1 L1 K
8=\ Nk N, k>o [0 0T ot

(6,t) = Z(€ O] < M N7V e INTKIF N 4 NG (6,) € G (8.8)

e 1)~ 26,0 < MNP 4N, (6,6) € G 1(6,7) 2 o

M[e lns’l—l—N’llnN], K=1
OK < —K+417,K—-1 ;
MN-5+1n N, K>2
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where Z(€,t) = Z(z.5)(§, 1), Gy = éh(8.5)-
The function Z(x,?) for N, No — oo converges (to the solution of problem (9.2), (9.3)) e-uniformly

outside the ox-neighbourhood of the set 7, and also on G for the values of the parameter satisfying
the condition (N~ K Inf~1 N << ¢)

e>¢e9(N), g (N) = o(NFIn K+ ). (8.9)

Thus, difference scheme (8.4), (8.5), (8.6) converges almost e-uniformly for large K; in order to
ensure the convergence defect of the function Z(¢,) not exceeding the value of v(5 7y, it is required to
choose the value K satisfying the condition

K>K®), Kv)=v". (8.10)

Theorem 8.1 Let the hypothesis of theorem 7.1 be fulfilled. Then the solution of the difference scheme
(8.4),(8.5), (8.6) converges to the solution of problem (9.2), (9.3) under the condition (8.9); the solution
of this scheme under the condition (8.10) converges almost e-uniformly. For the discrete solutions the
estimates (8.7), (8.8) are valid.

Remark 8.1 For the interpolant Z(¢,t), (&,t) € G (linear on triangular elements) the following
estimate holds:

(e, t) — Z(&, )] < M [N—l/Q b e INTE KT N 4 Ngl} e
In the variables z, ¢ we have

u(e,t) = Zo(a )] < M N7V 4 INEEIN 4 NG (@) e (G}
|u(@, t) = (Z)a(a,t)] < M[NTV24eINKW N4 NG, (2,0) €6,

where Z,(x,t) = Z({(x,1),1), {Eh}x is the mesh on G, which corresponds to the mesh Eh on G.

Remark 8.2 For problem (9.2), (9.3), when we have almost e-uniform convergent scheme on the
rectangular (in the variables &,t) a posteriori adaptive meshes, it is possible to rewrite the given
constructions in the variables x,¢. In this case we pass to a difference scheme which approximates
problem (2.2), (2.1) on meshes generated by a family of (sufficiently smooth) curves adapted to the
interface boundary 7. Almost e-uniform convergence of the constructed in this way schemes for
the approximation of problem (2.2), (2.1) is ensured by a posteriori condensation of the mesh in a
neighbourhood of the set ~.

9. A priori ESTIMATES
In this section we consider a priori estimates for the solution of problem (2.2), (2.1) used in our
constructions (see also [2, 6, 7, 11]).

On the set G the solution can be decomposed into its regular and singular components

u(z,t) = Ulz,t) + V(z,t), (z,t)eG, r=1,2, (9.1a)

which are defined below.
It is convenient to transform problem (2.2), (2.1) to the variables £ = &(x,t) = x — (3(t), t as follows

Lu(é,t) = f(&, 1), (x,t)eGW, (9.2)
(e, )] =0, laE,t)=0, (&), UEt) =aEt), (Et)€S.
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Here Go = {Go}e = Gy is the image of the set Gy C G in the variables &,t, & = &(x, t);
7 = {(&8): £=0,t€(0,T]}, v(&, 1) =v(@(&, 1), 1) =v(+ B(t),1);
= ~ 82 a — - a =T
L(9.2) 5a(€7t) 352 + B(§ t) E C(§7t) _p(gat)av (§7t) €G

WE D], ©1eF BEH=BE, EHEC,

7(9.2)17(57” = ¢ 5(57 )86

Bl&t) = —bH&EO)+B(OD (&), BAEt) =VE L) + B ()P(E,L);

W6t = @D, FEH=FE, (EHeG, r=12
The domain
G=G UG, G'nG*#90 (9.3)
is a domain, in general, with curvilinear lateral boundaries; the interface boundary ¥ is immovable,
moreover, the distance between the lateral boundary S and the set v is not less than min[d— B, d—°].
The solution of problem (9.2) can be differentiated with respect to ¢ on G and with respect to { on

=T =~
G (see, e.g., [14]), and it is e-uniformly bounded on G together with its derivatives with respect to ¢
(under the suitable smoothness condition for the data of problem (2.2), (2.1)). We write the function

=T
u(&,t) on the set G as a sum of the functions

e =UEN+VED. (ENed . r=12 (9.10)
where U(&,t) and V(&,t) are the regular and singular (interior layer) components of the solution.

~ = ~ —=0r
The function U(€,t) is the restriction onto G of the function U (¢,t), (£,¢t) € G, which is the
(bounded) solution of the problem

EOTﬁOr(fjt) — J?Or(gﬂf)’ (67
Uore,t) = @, (&,

t)e GO,
t) e S r=1,2

the set E is obtained by an extension of the set G beyond the interface boundary 7, GOl =Glu
{10, 00) x (0, T}, G2 = G2 U {(—00, 0] x (0, T]}; the operator L°" and the functions fO7(¢, 1), NOT(ﬁ t)

are continuations of the operator L(g_g) and of the functions f?“(g, t), p(&,t) from the sets G and
—0r —=0r
SN S onto the sets G and S , which preserve the smoothness and boundedness properties, i.e.

ap <@"(§,t) <a”, Bo<[BY(&0) < B,
20r =0 o QOor
FTEDI <M, (§8) G, [T (&) <M, (1) eST.
The function V(,t) is the solution of the problem
Z‘A;(fat) = 0, (é?t) € ér’
V(gD = al&)-UEt), (EHes, r=12

For the functions U(&,t), V(£,t) we obtain the estimates

akl+k0 .
‘WU@J)’ < M, (9-4)

HFitko & .
‘Wv(f,t)‘<M5 texp(—mie[¢]),

EHeq, k+2ko<4, r=1,2
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where my € (0,mq), mo = mingla(z,t) ! |b(z,t) — p(z,t)(d/dt)3(t)]]. Returning to the variables z,,
we find

akl +ko
‘ dxk1dtko

‘ 8]61 +ko

U(rc,t)‘ <M, (9.5)

Ok Htko Vi, t)‘ = Meh=ho eXp(_m1€_1|x - B(t)]),

(x,t) < G', ki+2ko<4, r=1,2, m = mM1(9.4)-

Theorem 9.1 Leta, b, ¢, p, f € C*T*(G"), p € C’4+°‘(§L) NCA(Sy), B € C3T2/2([0,T)), and also
u € CHH2te2(G") o > 0, r = 1,2, and let the condition (2.4) holds. Then the components of the
solution to the problem (2.2), (2.1) from the representation (9.1) satisfy the estimates (9.4), (9.5).
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