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Multi-objective (a posteriori) decision-making1

1. Optimize two well-defined, competing objectives
↓ Distance to conference
↓ Distance to beach

2. Present decision-maker with 𝑝 solutions on the Pareto front
3. Decision-maker chooses solution

What is needed: The Pareto front.

Problem statement
Find 𝑝 solutions that span the Pareto front.

1Thiele et al. (2009)
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Goal: find a set of solutions evenly spread across the Pareto front

6 / 42



Parameter space Objective space

𝑥0

𝑥1
𝜕𝑓0(𝑥)

𝜕𝑥
𝜕𝑓1(𝑥)

𝜕𝑥

𝑓0(x𝑖)

𝑓1(x𝑖)
𝜕𝑓0(𝑥)

𝜕𝑥
𝜕𝑓1(𝑥)

𝜕𝑥

𝑑 = 𝑤0
𝜕𝑓0(𝑥)

𝜕𝑥 + 𝑤1
𝜕𝑓1(𝑥)

𝜕𝑥

6 / 42



Parameter space Objective space

𝑥0

𝑥1
𝜕𝑓0(𝑥)

𝜕𝑥
𝜕𝑓1(𝑥)

𝜕𝑥

𝑓0(x𝑖)

𝑓1(x𝑖)
𝜕𝑓0(𝑥)

𝜕𝑥
𝜕𝑓1(𝑥)

𝜕𝑥

𝑑𝑖 = 𝑎𝜕𝑓0(𝑥)
𝜕𝑥 + (1 − 𝑎)𝜕𝑓1(𝑥)

𝜕𝑥 ∀𝑎𝑖 ∈ {0.1, 0.2, … , 1}

What can happen for some MO problems...2

1Das and Dennis (1997)
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HV selects good sets of solutions. Can we compute HV gradients
to help finding those sets?
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2Emmerich and Deutz (2014)
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Parameter space Objective space
1) Initialize 𝑝 solutions

2) Compute 𝜕𝐻𝑉
𝜕f

for non-dominated solutions
3) Compute 𝜕𝑈𝐷

𝜕f
for dominated solutions

4) Compute update
direction 𝜕𝑈𝐻𝑉

𝜕x
5) Move solutions

6) Repeat until convergence
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Notation

MO optimization MO learning
Optimization instance → Samples 𝑠𝑘

Variables x𝑖 → Model parameters 𝜃𝑖
Objectives 𝑓𝑗 → Losses 𝐿𝑗
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the average HV is maximal for
all samples
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Compute
dynamic losses
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← 𝐿1

𝐿2
↓

ℒ(𝜃1, 𝑠𝑘)
ℒ(𝜃2, 𝑠𝑘)

ℒ(𝜃3, 𝑠𝑘)

← 𝐿1

𝐿2
↓ 𝑟

← 𝐿1

𝐿2
↓ 𝑟

𝑠𝑘 𝜃2

𝜃1

𝜃3

𝐿1(𝜃1, 𝑠𝑘)
𝐿2(𝜃1, 𝑠𝑘)
𝐿1(𝜃2, 𝑠𝑘)
𝐿2(𝜃2, 𝑠𝑘)
𝐿1(𝜃3, 𝑠𝑘)
𝐿2(𝜃3, 𝑠𝑘)

𝜕HV(𝔏(Θ,𝑠𝑘))
𝜕ℒ(𝜃1,𝑠𝑘)

𝜕HV(𝔏(Θ,𝑠𝑘))
𝜕ℒ(𝜃1,𝑠𝑘)

𝜕HV(𝔏(Θ,𝑠𝑘))
𝜕ℒ(𝜃1,𝑠𝑘)

𝜕HV(𝔏(Θ,𝑠𝑘))
𝜕𝐿1(𝜃1,𝑠𝑘) 𝐿1(𝜃1, 𝑠𝑘) + 𝜕HV(𝔏(Θ,𝑠𝑘))

𝜕𝐿2(𝜃1,𝑠𝑘) 𝐿2(𝜃1, 𝑠𝑘)

𝜕HV(𝔏(Θ,𝑠𝑘))
𝜕𝐿1(𝜃2,𝑠𝑘) 𝐿1(𝜃2, 𝑠𝑘) + 𝜕HV(𝔏(Θ,𝑠𝑘))

𝜕𝐿2(𝜃2,𝑠𝑘) 𝐿2(𝜃2, 𝑠𝑘)

𝜕HV(𝔏(Θ,𝑠𝑘))
𝜕𝐿1(𝜃3,𝑠𝑘) 𝐿1(𝜃3, 𝑠𝑘) + 𝜕HV(𝔏(Θ,𝑠𝑘))

𝜕𝐿2(𝜃3,𝑠𝑘) 𝐿2(𝜃3, 𝑠𝑘)

Backpropagate

Forward pass Compute
HV gradients

Compute
dynamic losses
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MO regression

Given: 𝑥𝑘, 𝑋 ∈ [0, 2𝜋]
Predict: 𝑧𝑘 that matches 𝑦(𝑗)

𝑘
𝑌1 = cos(𝑋), 𝑌2 = sin(𝑋)

Use Mean Square Error (MSE) for learning:

𝐿𝑗 = MSE𝑗 = 1
|𝑆|

|𝑆|
∑
𝑘=1

(𝑦(𝑗)
𝑘 − 𝑧𝑘)2
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Organ segmentation
Prostate MRI

2 segmentations

Given: MRI scana

Predict: Prostate segmentation
trading off both
segmentations.

𝐿1 = Cross Entropy w.r.t. segmentation 1
𝐿2 = Cross Entropy w.r.t. segmentation 2

aData described in Dushatskiy et al. (2020)
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Organ segmentation
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Organ segmentation
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Neural style transfer
Photo

Style

Popularized by Gatys et al. (2016)

Given: Photo & style image
Optimize: Image trading off photo content

and style match

𝐿1 = Content loss
𝐿2 = Style loss

Photo by J.C.M. Dankers; Style by R. Lichtenstein, Drowning Girl
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Neural style transfer (Gatys et al., 2016)
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Neural style transfer
Photo

Style

How much style do you want?
10%?
20%?
100%?
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Neural style transfer
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Neural style transfer
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Neural multi-style transfer
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Neural multi-style transfer
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Conclusions

MO optimization to guide decision-making with conflicting goals

HV gradient ascent offers
▶ single objective & gradient-based search
▶ finding diverse sets of solutions close to Pareto front

We proposed MO learning based on HV-maximization
▶ generates Pareto front approximations per sample
▶ implemented in PyTorch with prototypes for

- MO regression
- medical imaging
- neural style transfer

▶ also works for asymmetric Pareto fronts
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MO learning literature

▶ The full method
▶ Link to PyTorch code
▶ Comparison to existing methods
▶ Why one should not learn on average losses.

https://arxiv.org/abs/2102.04523
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Questions?

UHV optimization MO learning
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Appendix
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Existing methods

We compared to:
▶ Linear scalarization

minimize 𝑎𝑖𝐿1(𝜃𝑖, 𝑠𝑘)+(1−𝑎𝑖)𝐿2(𝜃𝑖, 𝑠𝑘)

▶ Pareto MTL (Lin et al., 2019)
▶ EPO (Mahapatra and Rajan, 2020)

← 𝐿1

𝐿2
↓

𝑠1

1 ∶ 0
1 ∶ 1

0 ∶ 1

2.41 ∶ 1

1 ∶ 2.41

← 𝐿1

𝐿2
↓

𝑠1

𝑎1 = 1

𝑎2 = 0.61

𝑎3 = 0.5

𝑎4 = 0.39

𝑎5 = 0

All these methods require knowing the desired trade-offs before
training.
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MO regression

Symmetric losses Different losses Different scales
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3D MO regression
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3D MO regression
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Organ segmentation
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Neural style transfer
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Figure 2
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MO learning algorithm
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Comparison on asymmetric fronts
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Learning per sample vs. on mean loss
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Counterexample: asymmetric front when learning on mean
loss
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Comparison: rescaling losses
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