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I. Introduction

CHAPTER 1

INTRODUCTION
1.1. Technological background
Hot extrusion is one of the most important fonning technologies for aluminium alloys and largely
responsible for the continued increase in the annual aluminium consumption. In hot extrusion of
aluminium alloys the excellent mechanical and corrosive properties of the alloys are combined with a
cheap but versatile method of producing (long) products of constant cross-sectional dimensions. In hot
extrusion a preheated cylindrical billet with typical dimensions of 300 cm length and 30 cm diameter is
pressed uniaxially through a die which detennines the cross-sectional geometry of the extruded product
(see Fig. I for a schematic diagram of the forward extrusion proces).

Complex construction profile
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Die holder

Dummy block

Hot aluminium

Fig. I: A sketch of the extrusion of an aluminium alloy and an extruded profile.
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The cylindrical extrusion billet is made by one of the various continuous casting technologies. By the
very nature of the solidification process of the aluminium alloys under these conditions, the alloying
elements are not distributed homogeneously throughout the material, nor is the solidified material
locally in its thermodynamic equilibrium state. The as-cast material can contain precipitates, a
supersaturated matrix and eutectic phases of low melting point, depending on the chemical composition
of the alloy and the cooling rates imposed. Due to these local inhomogeneities, the as-cast material is
unsuitable for hot extrusion and a thermal treatment at a high temperature just below the eutectec
temperature is imposed after solidification. During this treatment, which is called the homogenisation
process, a more homogeneous microstructure is obtained due to diffusional restructuring of the
material. During this homogenisation process several metallurgical processes can take place (see Fig.
2.):
i) the dissolution of precipitates of secondary phases present as isolated particles or as segregation
layers on grain boundaries
ii) the formation of precipitates of alloying elements hitherto in supersaturated state in the as-cast
material
iii) the shape change of needle-shaped iron based intermetallics into more rounded particles.

2
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Fig. 2: A sketch of the microstructural processes during the homogenisation process.

While all three metallurgical processes are important for obtaining a material with a good extrudability,
the kinetics of the dissolution of the secondary phases and the subsequent evolution of the
concentration profiles over the aluminium rich grains is of prime importance. The prediction of the
dissolution kinetics on the basis of general thermodynamic and physical data is by no means trivial due
to the wide geometrical variation in the microstructure and the complex chemistry in modern multicomponent aluminium alloys.
The work described in this thesis is aimed at developing such mathematical models for a wide range of
alloy compositions, microstructural geometries and annealing conditions.

1.2. Existing models for particle dissolution .
To describe particle dissolution several physical models have been developed, incorporating the effects
of long-range diffusion [l,2,3) and non-equilibrium conditions at the interface [4,5) . In general, the
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dissolution of particles proceeds via decomposition of the chemical compound, the crossing of the
atoms of the interface and long-range diffusion in the matrix. The first two partial processes are
commonly referred to as the interfacial processes. The long-range diffusion models are based on the
assumption that the processes at the interface between particle and matrix proceed infinitely fast, and
that dissolution is determined primarily by the kinetics of the diffusion process in the matrix
surrounding each particle. Hence, these long-range diffusion models provide an upper boundary for the
dissolution kinetics. Whelan [ 1] considered spherical particles dissolving in an infinite medium using the
stationary interface approximation . His model is summarised in section 1.3. The accuracy of this model
increases with increasing interparticle distance, i.e. with increasing cell size. Baty, Tanzilli and Heckel
[2] were the first authors to apply a numerical method using a finite difference method to evaluate the
interface position as a function of dissolution time. Their model is also applicable to situations in which
the interparticle distance is small, i.e. when soft impingement occurs. Their model was based on the
assumption of local equilibrium at all stages of the dissolution process.
Tundal and Ryum [3] considered the effects of a finite cell size on the dissolution kinetics of silicon
precipitates in aluminium. They introduced a lognormal distribution for both the particle and cell size
and showed that macroscopic dissolution rates depend strongly on the particle size distribution and
possible interactions between the neighbouring cells. Nolfi's model [4] did not include the interface
migration, but as far as known it is the first model which in which non-equilibrium conditions at the
interface were incorporated. In the Nolfi model non-equilibrium conditions at the interface were
incorporated by the introduction of a Robin-condition, which relates the concentration gradient at the
interface with the concentration at the interface. This semi-analytical solution consists of an infinite
series solution for the concentration profile. Their method, however, can be only accurate in the early
stages of the dissolution process. Aaron and Kotler [5] incorporated the non-equilibrium conditions at
the interface too. However their approach is only applicable for those situations in which the
interparticle distance is sufficiently large, i.e. the diffusion fields do not impinge. They transformed the
Robin problem of Nolfi et al into a Dirichlet problem. Combining Whelan's [I] analytical approach for
the interface velocity as a function of the annealing time with a relation between the interface
concentration and the interface position, they evaluated the interface position using a zeropoint iteration
method. Aaron and Kotler also incorporated the effects of the particle curvature into their model using
the Gibbs-Thomson equation [5]. These models did not consider the technologically important
dissolution of stoichiometric multicomponent particles in ternary aluminium alloys.
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However, this has been done for iron-based ternary alloys in [6,7] . Hubert et al [7] considered the
precipitation of stoichiometric MnS and AIN compounds in steels. Their analysis was carried out to
predict the size of the precipitates during hot-rolling of steel. Finally, Reiso et al [8] has investigated the
dissolution of Mg 2Si-particles in aluminium alloys mainly experimentally.

Although much work on mathematical modelling of the dissolution of particles has already been done,
there still is a lack of knowledge in the literature on the following items:
I. No analytic approximation is available for the dissolution of a spherical phase in a finite medium.
Such an approximate solution could give explicit insight into the effect of some physical parameters on
the dissolution kinetics .
2. No reliable numerical model exist with which the importance of the contribution of the interfacial
processes to the kinetics of particle dissolution in a finite medium can be determined.
3. No models are present to predict the apparent activation energy of the dissolution process,
incorporating the effects of diffusion, particle geometry, temperature dependence of solute solubility,
soft-impingement between the diffusion fields and the statistical distribution of the particle size.
4. No fast, efficient and accurate algorithm for the dissolution of stoichiometric phases in ternary alloys
is available for the simultaneous dissolution of a particle and a second phase layer at the grain
boundary. Furthermore no analysis has been performed to quantify the influences of the parameter
space, including the diffusivities of the chemical elements, cell size, second phase stoichiometry, second
phase geometry and overall composition, on the dissolution of the stoichiometric second phases in
ternary alloys. Furthermore, no quick, well-motivated semi-analytical approach for the dissolution of
stoichiometric spherical particles in a ternary alloy has yet been found.
5. It is known that the extrudability and deformability of extrudable Al-Mg-Si alloys depend on the
homogeneity of the matrix. However, the existing models for secondary phase dissolution do not
extend to the complete homogenisation of the matrix after dissolution. In the literature, no
dimensionless number describing the inhomogeneity of the matrix is available yet.
6. Some precipitates may be disk-like. Hence a two-dimensional discretisation is necessary to compute
the displacement of the free boundary. With the classical finite element methods from literature, the
computation of the free boundary displacement at the sharp angle of the disk is impossible. Moreover,
the error introduced in such models by the assumption that a particle dissolves in a cell of identical
shape remains to be discussed.

5
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7. For the very early stages of growth of precipitates from stable clusters, the growth kinetics may be
hindered by the surface tension . Until now, no numerical analysis of the influence of the surface tension
and undercooling on the kinetics of growth at the early stages has been done. Such processes are not
only important in aluminium technology but also in steel technology.

In order to clarify the points mentioned above, further research in the mathematical modelling of free
boundary problems in metallurgy is necessary.

1.3. Mathematical formulation of the models
The physical assumptions leading to the set of equations, describing the free boundary problem, will be
given in the other chapters of the thesis but here we pose the mathematical formulation of the problem.
First we define the bounded domain, G(t) c R" (nE { 1,2,3}) at time t. G(t) is commonly referred to as
an aluminium rich matrix. The boundaries of G(t) are given by S(t) and M, in which S(t) , the boundary
between the dissolving phase and the matrix, may move in time and M, the boundary of the cell in
which the processes take place, is fixed in time.
The transport of the chemical elements (from the secondary phase of fixed composition) into the
aluminium rich matrix, G(t), either surrounding and/or being enclosed by the secondary phase, is
described by the diffusion equation. For each of the chemical elements present in the secondary phase,
the diffusion equation reads as:

a c(r,t)

~=Y · (D<.t:.t)Yc(r, t))

\;/ r E G(t), t E (0,tmaxJ

(I)

2 1
In which c(r,t) and D(r,t) respectively represent the concentration and diffusion coefficient in m s· at

point r_E G(t), at time t. Note that for this formulation c(r,t) is required to be continuous, with
continuous derivatives with respect to time and space and that D(r,t)-grad(c(r,t) ) must be continuous
with a continuous derivative with respect to space for all r_E G(t). The cross-diffusion coefficients, due
to possible interactions between alloying elements, are neglected for lack of knowledge about these
parameters. To enable the dissolution of particles in the matrix, the alloy is divided into (periodical)
representative cells, such that the volume averaged composition of the cell and the particle is equal to
the nominal composition of the alloy. On the interface(s) between the secondary phase and the
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aluminium rich matrix, denoted by S(t), we either have a Dirichlet condition or a Robin-condition,
respectively represented by:

c(t:_, t) =

c"''1(t)

. )

a

c(r, t)
K· c(!_,t)-c"'1(t) =D([.,t)- - a n

(

V [ E S(t), t E (0,tmax)

(Dirichlet),

(2a)

'if [

(Robin).

(2b)

E

S(t), t

E

(0,tmax)

Here !1 represents the outward unit normal vector from G(t). At the fixed boundary, M, we have a
homogeneous Neumann condition:

V [ E M, t E (0,tmax)

(Neumann).

(3)

The initial matrix concentration is known and is generally given by:

C([.,0) =CO([.)

V

[E

(4)

G(O).

The interface between the second phase and the matrix, S(t), moves due to the balance of mass, to yield
for the normal component of its velocity, v,,:

Ja c(r,t)]

v.([.,t)=f(tl~

'if [

E

S(t), f

E

(0,fmax).

(5)

In which f(t) denotes the factor of proportionality of the interface movement with the normal
component of the concentration gradient at the interface. We thus have to find a solution for c(r.t) and
S(t) such that eqs. ( 1-5) are satisfied. The system consisting of eqs. ( 1-5), in which both the solution to

the diffusion equation and the domain in which this solution holds are unknown, is called a free
boundary problem. It is also commonly referred to as a moving boundary problem or as a Stefan
problem [9, 10]. Eq. (5) is commonly referred to as the Stefan condition. It can be proven that the
solution of the set of equations constituted by eqs. ( 1-4) exists and is unique for a given free boundary
S(t) [ 11 :page 7]. Vuik [ 12] extended the proofs for existence and uniqueness of a solution for eqs. ( 1-4)
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to a class of one- and more-dimensional Stefan problems, as constituted by eqs. ( 1-5). He also proved
that the domain associated with the solution of the Stefan problem, i.e. the moving interface as well,
S(t), is unique. These proofs reside on a maximum principle for parabolic partial differential equations

proven by Protter and Weinberger [13]. Since this principle is an important property of the solution, it
is repeated here for the one-dimensional case.

Maximum Principle
Supposej(x,t) satisfies the weak inequality

a2 f(x , t) -a-f(-x,>t )O
at ax2

'd x

E

G(t), t

E

(0,t,,,ux).

then a local maximum with respect to both x and t has to occur at one or at both of the
boundaries S(t), M , or between S(t) and M but at t

=0 (the initial condition). Suppose that a

local maximum with respect to x and t occurs at either boundary of G(t), S(t) or M, then the
outward derivative (from S(t) or M out of G(t)) from this boundary is positive, i.e.

a c(x, t)
an

- - > Ofor(x= M) v (x =S(t )) .

The above principle can also be applied for local minima by reversing the inequality. The maximum
principle then shows that the global extremes of the solution of eq. (I) occur either at the boundaries
S(t) and/or M, or between S(t) and M but then only at t = 0.

The maximum principle shows that if(c(S(t),t) - c 0(x)) < 0 then

a c(S(t ), t) < 0 and vice versa. In other
dn

words we generally have:

(c (S(t) ,t)-c0 (x)) ·

a c( S(t) ,t) > o.

Therefore, combination with eq. (5) yields if

dn

0
0
f(t)-(c(S(t),t) - c (r)) < 0 then vn (t)>O and vice versa, i.e.f(t)-(c(s(t),t) - c (r))- v,,(t) < 0 for the one-

dimensional case. The last-mentioned concepts are used in chapter 7 and appendix 2 of the thesis.
In the literature a number of methods are given to find (approximate) solutions for a Stefan problem.
The methods can be divided into analytical and numerical.
The analytical methods are based on very strong conditions, with most important restrictions: The
boundary conditions remain constant and the space domain is commonly assumed to be infinitely sized.
Therefore the applicability of the analytical solutions is often limited. However, these solutions are
useful to get a quick estimation of and some explicit insight into the relation between the interface
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movement and the physical parameters in the model [ 14]. The book by Crank contains a wide overview
of analytical solutions of free boundary problems [I O]. The first class of analytical solutions is given by
the asymptotic solutions based on error-functions for the solution of eq . (4) in a semi-infinite domain
with one Dirichlet-condition or in a finite domain with two Dirichlet conditions. The asymptotic
solution for the semi-infinite domain for the dissolution of a spherical particle has been obtained by
Whelan [I]. Then, the homogeneous Neumann boundary condition from eq. (4) is replaced using the
fact that the atoms can not travel infinitely far, i.e.:

c(oo,t) = c

0

'If l

E

(6)

(O,t,,,0 , ) .

Note that all boundary conditions are kept constant for this analytical approach. Because this analytical
approximation is used at several places in the thesis, the general solution to this system for spherical
symmetry is given here:

c ·'""

1

-c {r-S(t)J
0

c(r,t)=---S(t) erj.
r

r;:::-:

2v Dt

+c

0

(7)

'II r E G(t), t E (0,l,,uu).

The above expression is derived using a Laplace transform in time. The derivation is carried out for the
case that the boundary conditions do not vary with time. The solution is related to the self-similar
solution of the classical Stefan-problem found by F.Neumann in 1860 [27, p. 122]. Substitution of the
general solution into eq . (5), where the functionf(t) is replaced by f(t) =DI (c""" - c"'1) (with c""" the
concentration in the particle), we obtain for the interface velocity, v(t) :

'II t E (0,tmax) c"'"' - c"'

1

*

0, S(t)

* 0, t * 0

(8)

The first term is related to the spherical geometry and the second term is related to the timedependency of the diffusion equation. This solution has been used to test the one-dimensional numerical
solutions.
The second class of analytical solutions is obtained by the so-called Landau transformation in which the
spatial co-ordinate is replaced by the ratio between the spatial co-ordinate and the interface position
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[ 15]. Since the correspondence between time and interfacial position is unique, the time is replaced by
the interface position. The third class of analytical approaches is based on series-solutions resulting
from the fact that the diffusion equation is separable in space and time, i.e. c(r,t)=R(r)·g(t).

In general, solutions are found by numerical methods. The assumption that the parameters are constant
during the simulations can be relaxed, so space and time dependencies may be incorporated. The
general principle of these methods is the division of the domain, G(t), in which the diffusion equation
holds, into segments. The diffusion equation is then discretised and the concentrations at the gridpoints
in the segments are linearly related. The time is also divided into time-steps and the concentration
profiles are determined via an iterative process. One can do this either explicitly, semi-explicitly (CrankNicholson) or implicitly. For the time-discretisation, the fully implicit Eulerian method guarantees
stability for any combination of time-step and grid-size. Also solutions for multi-dimensional free
boundary problems can be found. The conceptually simplest form for the discretisation is given by the
finite difference method. A more general method is the finite volume discretisation. This discretisation
is more suitable for unequally sized segments. Conceptually a little more complicated is the finite
element method, which resides on replacing eq. (I) by a finite element formulation (variational
equality), i.e.:

a
w(r,tl +Yc<r.tl· Yw<r.r)
f [-ac( r,t)

G(I)

]

with w(r,t) = 0, '<;/ r

dG=O

E

S(t) and eq. (4)

(9)

t

The solution of the concentration, c(r,t), is assumed to have the following shape:c(r.r) =I.a; (t)w; (r ). In
which w;(r) represents a set of (piecewise) continuous functions with continuous first order derivatives.
This integration is carried out over each element. Customary linear interpolation functions are used for
w;(r), as is described by Segal [ 16). Vuik [ 12) estimated the difference between the solution of the

variational inequality and the original Stefan-problem for the two-dimensional case. The order of the
error was estimated at

O(Ax+~y),

for Ax and

~y

the step-sizes in the x and y co-ordinate. As the class

of solutions of the variational equality is extended to those cases in which the second derivative of c(r,t)
with respect to space and D(r,t) need not to be continuous for all r
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commonly referred to as the weak formulation . The finite element method can be used rather easily in
cases of complex geometries.
The boundary element method resides, like the finite element method, on a variational principle. For the
weight-functions \1{r) commonly fundamental solutions are used. These fundamental solutions are
solutions of a reduced problem (i.e . .Y·(D(r,t).YcCr.t))=O). For the case of nonhomogeneous Neumann
or Robin conditions, Green's integration theorems show that the variational equality (see eq . (9))
contains boundary integrals. For the determination of these bopundary integrals, the boundary is
discretised into boundary elements. The value of c is then assumed to be constant in over each
boundary elements [17). Some applications to free boundary problems are described by Van Keer and
Brebbia [18].
Until here, only general concepts concerning numerical methods of determination the concentration in
G(t), i.e. the solution of the diffusion equation (see eq. (I)) have been mentioned. Now, the numerical

methods in which the displacement of the free boundary is incorporated deserve further specification
too. Crank [ 1O] roughly distinguishes between front fixing, co-ordinate fixing and front tracking
methods. The principle of the latter method, which is used mostly during the work of the thesis, is
summarised in the following algorithm.

Algorithm
REPEAT
I.

Increment the time-step

2.

Solve the diffusion equation and boundary conditions in the domain G(t) using
an implicit Eulerean method for the time-iteration

3.

Compute the displacement of the free boundary

4.

Redistribute the grid-points, such that the same gridpoints coincide with the free
boundary during the whole simulation

5.
UNTIL (time

Determine the concentrations at the new gridpoints from interpolation
~ lmax )

Since the grid moves during each time-iteration, the concentrations at the new gridpoints (used as input
for the calculation of the concentration profile at the next time-iteration) are determined from linear
interpolation between the nodes at the former iteration. For this interpolation of the moved grid, the

II
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convective derivative is used as described by Murray et al [ 19] and Vuik [20], which for each grid point
i reads as:

a

d r;
c(r;, t)
Dc(r;, t)
- - - - = - - - - + V c ( r. t )· -=
Dr

at

- ..!..'

dt

'<:/ [; E G(t), t E (0,t,,.,,x).

(10)

The left-hand side of the above equation represents the total time-derivative of the concentration. The
right-hand side results from using the chain-rule for differentiation. The first term of the right-hand side
E q. (10)
·
· t he time-step.
· h d t representing
· · as c; (t+dt)d.1scret1satton
·
· a time· d usmg
· d etermme
dt c; (t) wit
1s
is commonly referred to as the material or substantial derivative.

1.4. Some applications of free boundary problems

Free boundaries occur in many scientific and technological situations. As computing capacity and
numerical knowledge advance, the interest in free boundary problems seems to be growing. The
solutions of free boundary problems were initially used to predict the rate of formation and melting of
ice in the polar seas by Stefan. In that particular case, the temperature rather than the concentration, has
to be solved from the free boundary problem [9,21 ]. An other example is the calculation of the rate of
solidification during continuous casting from a finite element solution to a free boundary problem by
Costales and Van Keer [22] . Rosseel [23] modeled the evaporation of fuel droplets in a high pressure
engine by a free boundary problem. He solved the convection-diffusion equation for the mass transport
and the heat equation inside the droplet using a finite difference scheme. Both boundary conditions at
the moving liquid/gas interface are linked by the incorporation of the boundary movement. Fie
numerically solved the ground freezing problem with flowing ground water using a finite element
method [24].
While free boundary problems are relatively common in technological sciences, they appear in
economics too . The valuation of American options has been determined from the solution of a free
boundary problem by Badea and Wang [25] . Now the Stefan problem consisted of a parabolic partial
differential equation for the price of the right to purchase securities (shares) with partial derivatives of
time and the asset price of the security (i.e. property of a share is not equivalent to the right to purchase
the share to anyone). The domain of the asset price is bounded by zero and the optimal price to
purchase the share. The latter boundary moves as a function of the partial derivatives of the right to
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purchase shares with respect to both the asset price and time. Badea and Wang also investigated
uniqueness and existence of weak solutions of the arising free boundary problem.
Bart et al [26] used an analytical solution to a Stefan problem to determine quickly the solid-liquid
interface during the solidification of continuously casted steels.
Notwithstanding the enormous scope of free boundary problems, the remainder of the thesis will be
devoted exclusively to free boundary problems related to the dissolution of secondary phases in
extrudable aluminium alloys.

1.5. Outline of the thesis
Chapter 2 is devoted to an analytical approximate solution for particle dissolution in a finite media
based on Fourier-series. The relation between several physical parameters is studied and the accuracy of
the solution is discussed. Chapter 3 describes the influence of the interfacial reactions at the moving
interface on the dissolution kinetics. A numerical method based on the finite difference discretisation is
derived. Chapter 4 deals with an experimental validation of the model presented in chapter 3 for
aluminium-silicon alloys. The apparent activation energy for particle dissolution in binary alloys is
derived as a function of physical, microstructural and geometrical parameters. Chapter 5 deals a finite
element code developed to compute the dissolution of disk-like precipitates. An algorithm that deals in
a mathematically rigid manner with angular free boundaries is described. It is shown that twodimensional effects are significant for the computation of the dissolution of a disk-like precipitate.
Moreover, the simultaneous dissolution of two cylinders is computed and analysed. The classically used
one-dimensional particle-cell approach turns out to be accurate. Chapter 6 covers the dissolution of
stoichiometric secondary phases in ternary alloys. The finite volume discretisation with Dirichlet
conditions at the interface is described as well as the algorithm to compute the dissolution rate of the
particle. A parametric study of physical parameters such as the particle stoichiometry, diffusivities and
composition is done. In chapter 7 a model for secondary phase dissolution in ternary alloys with two
moving boundaries is subject to a more rigid mathematical analysis: the numerical scheme is given and
its accuracy is tested. The numerical scheme is extended to calculate the disappearance of the
concentration gradients after dissolution. Moreover, an extremely fast asymptotic semi-analytical
approach is proposed, motivated and compared to the numerical approach. Some properties (existence,
uniqueness) for the solution of the coupled Stefan-problem are given and motivated using the maximum
principle for parabolic partial differential equations. Chapter 8 deals with an application of the model to
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the homogenisation of a commercial AIMgSi-alloy . A dimensionless number that indicates the matrix
inhomogeniety is proposed. The influence of some industrial parameters on the dissolution rate of
secondary phases and the evolution of the concentration gradients in the matrix is studied.
The described models are not applicable to the dissolution of secondary phases in aluminium alloys, but
can be used to model the growth of stable nuclei too. Appendix I deals with the effects of surface
tension and undercooling on the early stages of growth. Appendix 2 is devoted to well- and ill-posed
Stefan problems and contains a rather mathematical analysis. Appendix 3, finally, deals with an
improvement of the efficiency of the numerical solution procedure of the diffusion equation by an
introduction of a geometrically divided grid in the matrix.
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CHAPTER2

AN ANALYTICAL APPROACH TO PARTICLE DISSOLUTION IN A
FINITE MEDIUM

Abstract
An important part in the total production process of extrudable aluminium alloys is
the homogenisation treatment of the as-cast billets prior to hot extrusion. During
this homogenisation treatment several microstructural changes take place. The most
important change is the dissolution of the precipitates formed during solidification
and the homogeneous redistribution of alloying elements. Modelling of the particle
dissolution in simple binary systems has recently been achieved by Tundal and Ryum
using a numerical model. In their model a moving interface between the particle and
the Aluminium-rich matrix was taken into account as well as the finite size of the
cell in which the particles dissolve. Furthermore, conditions of local equilibrium at
the particle-matrix interface were assumed at all stages of the dissolution process.
This was a significant improvement to earlier analytical models in which the
interface was assumed to be stationary. The present work describes the
development of a semi-analytical model for the dissolution of spherical particles in
finite media also assuming a moving boundary. The results of the present semianalytical model are compared to those of the numerical model. A fairly good
agreement was obtained for most conditions. At long dissolution times the
predictions of the two models deviate due to a simplifying assumption used in the
analytical model.

Introduction
The microstructure of cast aluminium alloys contains many inhomogenities like
intermetallic compounds and precipitates, making the material unsuitable for hot
deformation. Homogenisation by annealing at the temperature of maximal solid
solubility transforms the microstructure of cast alloys into a microstructure more
appropriate for hot deformation. During homogenization, three processes can
occur: the dissolution of precipitates, the precipitation of the alloying elements that
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were in supersaturation after solidification and the phase transformation of
(intermetallic) compounds. The characteristic alloying elements are largely present
as precipitates. Homogenisation results in a more uniform distribution of the
alloying elements via the dissolution of precipitates and/or intermetallic compounds.
Hence, particle dissolution is a very important part in the homogenization process.
To describe particle dissolution several physical models were developed,
incorporating the effects of long-distance diffusion [ 1,2] and non-equilibrium
conditions at the interface [3]. The long-distance diffusion models imply that the
reaction at the interface between particle and matrix proceeds infinitely fast. Then,
these models provide an upper boundary for the dissolution kinetics. Whelan [I]
considered particles dissolving in an infinite medium using the stationary interface
approximation . Tundal and Ryum [2] considered the effects of a finite cell size on
the dissolution kinetics. Their numerical solution also took the interface mobility
into account. In their numerical model the interface was mobile but assumed to be
stationary during each time step in the calculations. Using the same set of boundary
conditions an analytical approach for this problem is presented here. The results of
this analytical approach are compared with the results obtained by Tundal and
Ryum.

The Model
The model concerns a binary alloy with limited solubility of B-atoms in the A-rich
0
phase (see Fig. 1). For alloys with an average composition, c , which are in the two

phase region at the starting temperature T;11 ;

,

the system is assumed to consists of

equally sized spherical particles of composition ci\kt in a A-rich matrix of uniform
composition

111

C

•
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A concentration profile over the Al-rich phase (a) and a binary phase diagram (b)
Upon increasing the temperature the solid solubility increases

I
I
I

cl

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

I
I
I
I
I
I
I

rfTl
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m1

Re
(•)

R

cm

ca.trl
(b)

Fig. I : A spherical particle in a spherical cell (a) and a schematic phase diagram for
system A-B (b).

Upon raising the temperature to the homogenization temperature hm, the solubility
of the A-rich phase increases and the particle starts to dissolve. At all times the
matrix composition at the interface equals the solubility, cat!}, i.e. local equilibrium is
imposed. The solubility at the homogenization temperature is defined as cail.
Assuming a uniform spatial distribution of particles the average interparticle
distance L can be used to calculate the radius of the equivalent spherical cell in
which the particle dissolves:

R = 3 {3L
c

(I)

iJ~

Assuming that the total amount of B-atoms in each equivalent cell is constant, net
transfer of B-atoms between the cells can be excluded. This implies:
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(2)

0

To obtain a homogeneous boundary condition at the interface, it is convenient to
substitute C(r,t)=c(r,t)-crull. This substitution will not change eq. (!). During
dissolution B-atoms migrate from the interface. It is assumed that there is no
diffusion inside the particle. To maintain the atomic fraction just outside the
dissolving particle at cwfl, the interface reaction has to proceed infinitely fast. Hence,
the rate of dissolution is completely determined by the long-range diffusion of B
atoms in the A-rich phase. Application of Fick's Second Law for a spherical
geometry with axial symmetry yields:

VR < r <Re
a C(r,t) [a 2C(r ,t) 2a C(r ,t)]
-a-1-=D----a?+-;-a_r_ ,D=diffusion coefficientof Bin A Vt ~ O

(3)

The value of D is taken independent of composition. The initial boundary value
problem, stated by eqs. ( 1-3) has a solution, if and only if C(r,t) has at least a
continuous second derivative with respect to r at the interval R<r<Rc and a
continuous first derivative with respect to t for all t >0. Moreover, it can be proven
that the solution of eq. (3) is unique [4]. As the number of B-atoms in the cell is
constant, it can be derived that:

dR(t)
dt

lim aC(r,t)
PA
D
-2fl_cp 1a _Qca 1p MA r-1.R(t)_a_r_

MB

Vt~

0

(4)

MA

In which: PA and p8 are the densities of element A and B,

MA and M 8 are the molar masses of elements A and B.

From eq. (4) it follows that the value of oc(R,t)ldr determines the value of dR(t)ldt.
Apparently, the gradient of the composition of B-atoms present in the inmediate
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viscinity of the dissolving particle governs the rate of the interface velocity dR(t)ldt.
The initial boundary value problem combined with eq. (5) falls into the class of
Stefan problems (5). To solve eq. (3), solutions of the form C(r,t)=p(r)e(t) are
sought. Subsequent substitution into eq. (3) and devision by DC(r,t) yields:

2

e '(t)

p "(r) +-;:- p (r)
---------

(5)

p (r)

De (t)

Since the left and middle sides of eq. (5) are functions oft and r respectively, the

-1·.2 has

constant

been introduced. The constant has to be negative to obtain a non-

trivial solution. From eq. (5) two ordinary differential equations are obtained:

e '( t J+ ')...2 De ( t J= o

p"(r )+2r -' p'(r )+ A,2 p(r )=0
/\

(I)

(II)

(6)

with respective solutions:

e (t) = Aexp(-DJ..2t)
(I)

p(r) = Br- 1 cos(A.r-a )with A and B int egration constants

/\

(II)

and a and A. are eigenvalues

(7)

If the interface is assumed to be instantaneously stationary, it follows from

substitution of C(r,t)=p(r)e(t) into the boundary conditions eqs. (1 ,2):

p(R)=O

/\

dp (Re)
--=0
dr

(8)

Substitution of part (II) of eq. (7) into the boundary conditions (see eq. (8)), yields
for sets of '). , and a:

\R-an=~(2n+I)

/\

tan(\Rc -aJ=-~,
''!.Re
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From eq. (9) the constants A.,, and ex,, can be determined. For each n, there is a
function p,, (r) (see part (II) of eq.(7)) satisfying part (II) of eq. (6) and eq. (8). The
linear combination of the set {p,,(r)} satisfies part (II) of eq. (6) and eq. (8). Thus,
for the concentration as a function of time and distance from the particle centre, it
follows:

~

C(r, t) =

I

~l A

11

B 11 exp(-A,,2 Dt)

cos( Ai, r - ex ) l
"
r

J

( 10)

The constants A,, and B,, have to be determined. Multiplication of part (II) of eq.
(6) by

r2, yields for each p(r):

dp,,(r))
r p (r)
- +Ai, 22
-d( r 2 "
dr
dr

=0

( 11)

The combination of eq. (8) and (I 0) falls into the class of the Sturm-Liouville
systems [7] with eigenvalues A.,, and ex,, (as given in eq. (9)). Multiplication of eq.
(11) for two different values of n, i and j with plr) and p;(r) respectively,
subtraction and intergration over the interval R<r<Rc
functions {p(r)} are orthogonal with respect to

reveals that the set of

r2. Substitution

oft= 0, the initial

situation, into eq. (10), yields:

c"'-ca '~

( 12)

=IA,,p,,(r)
n=O

It is convenient to determine the coefficients B,, such that the functions p( r) are

R

orthonormal, that is

Jr 2 p (r)p (r)dr=0
11

111

R
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Kronecker delta, because each (piecewise) continuous function can be decomposed
into an infinite linear combination of orthonormal eigenfunctions. Then, from the
orthonormality of the set of functions {p(r)} and eq. (12), the coefficients A 11 are
determined by:

R.
A 11 = (c "' - cat P)

J p (r)dr
r2

(13)

11

R

Evaluation of the integral and substitution eq. (9) into eq. ( 13), yields for the
coefficients A 11 :

R
A,, =(cat p - c"' )B,, \(-I) "

(14)

The orthonormal ity of the functions p( r) requires for the coefficients B,, :

(15)

Combination of eqs. (10, 13,14), using the backward substitution c(r,t)=C(r,t)+ca!ll
and some elementary algebra yield:

I

at p 2R(catp - c"' ) ~
~ (-ll"{ 1+A,,2R/ ) cos{\ r-a.)exp{-\ 2 Dt)
c(r , t) = c

+

r

n=O

\

{{

){

2

2)

Re - R 1+ \ Re - Re

)

lJ

(16)

Substitution of eq. (16) into eq. (4) yields the following equation for the interface
velocity:
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(I 7a)

in which k is defined as:

(17b)

As far as known, eq. ( 17) is the first semi-analytical equation to describe the
dissolution with equilibrium at the particle's interface in a finite cell with radius Re:
with oo>R.>R0 . . According to eq. (17), the kinetics of dissolution, dR(t)ldt, depend
111
on ca1l, ci}tt and c , and the long-distance volume diffusion coefficient. The factor on

the right hand side of the summation symbol results from the geometrical and
physical constraints: dissolving has to take place in a finite space while fulfilling the
law of mass conservation, i.e. the amount of B-atoms in the cell remains constant
during dissolution. Furthermore, it follows that for increasing annealing time, t,
2
ldR 2(t)ldtl decreases, implying that for very small dissolution times ldR (t)ldtl is

maximal, as can be expected intuitively. It can be shown that for

dR 2(t)ldt and dR(t)!dt does not depend on

R

d.o,

the value of

(see Appendix). Clearly, in the first

stages of homogenisation, the dissolution proceeds as if the cell size were infinite.
Since the eigenvalues A.,, and a,, are taken for a constant position of the given
boundary condition at the interface, the eigenvalues have to be calculated for each
value of R(t). From this, it is obvious that if the eigenvalues are known, eq. ( 17) can
only be solved numerically . Combination of both parts of eq. (9) yields:

/)+~(Re - R))= 0
tan(~(2n+
-!-+
2
,.,.R,

(18)
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From eq . (18) the eigenvalues A.,, can be calculated for each value of R by the
Newton-Raphson zero point iteration method [7] with an accuracy only limited by
computer capacity. Subsequent substitution into eq. (9) yields the eigenvalues a,, .
By substitution of the eigenvalues into eq. (17), the interface velocity dR(t)ldt can
be calculated. The value of R can be obtained by numerical integration of eq. ( 17)
applying a Runge-Kutta method [8].

Results and Discussion
The dissolution of the spherical particle has been calculated for a number of
different starting conditions characterized by the parameters k (which is a measure
for the concentration difference between interface and matrix, see eq. (17b).) and b,
which is measure of the possibility of full particle dissolution at infinite annealing
times and which is defined as

c 0 -c"'

b = c cx1 p -c "'

( 19)

The normalized particle area, (R 2!R0 2), is plotted in Figs. 2.2 and 2.3 as a function
of the normalised dissolution time, 2kDt!R/, for various values of b for k=0 .01 and
k=0.25 respectively .
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Fig. 2: Values of (R !R/) as a function of 2kDt!R/ with k=0.01 for various values
of b. The thick solid lines indicate the results of the semi-analytical model. The thin

lines indicate the corresponding results of the Tundal and Ryum approach.
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Fig. 3: Values of (R 2!R/) as a function of 2kDt!R/ with k=0.25 for various values
of b. The thick solid lines indicate the results of the semi-analytical model. The thin
lines indicate the corresponding results of the Tundal and Ryum approach .

The results of the calculations based on the analytical solution are indicated by the
solid lines. The figures show that the dissolution rate dR 2/dt has a maximal value at
t=O and that the dissolution rate dR 2/dt decreases monotonously during the

dissolution process. The decrease in dissolution rate is due to the finite dimensions
of the cell in which the particle dissolves. In the case of particle dissolution in an
infinite cell with a stationary concentration profile a linear dependence between the
particle area and the dissolution time exists.
Furthermore, both figures show that for b values smaller than one, the particle
dissolves completely, as is to be expected. The dissolution time increases rapidly
when b approaches one. For b values larger than one the particle dissolution is
incomplete but the final state is obtained after a relatively short annealing time. The
final particle size depends on b. Comparison of the curves of Figs. 2.2 and 2.3
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shows that the dissolution kinetics do not vary strongly with k when plotted against
the normalised time 2Dkt!R/. Of course, when plotted against the time t the
dissolution rate will accelerate with increasing k value or increasing concentration
gradient.
The dissolution kinetics predicted by the semi-analytical approach have been
compared to those predicted using the numerical approach for particle dissolution
as developed by Tundal and Ryum [2]. The results of these calculations, using the
same set of k and b values as for the calculations with the analytical model, are also
shown in Figs. 2.2 and 2.3 respectively. The results of the numerical model are
indicated by the thin lines. For small dissolution times both dissolution rates
coincide. However, for larger dissolution times it can be seen that the analytical
approach and the numerical deviate. The deviations between the analytical. and
numerical approach are caused due to the assumption underlying eq. ( 12). This can
be explained as follows : for each iteration step in the calculation the position of the
interface, i.e. the boundary condition, changes. Formally, a new boundary value
problem should be introduced at each time step, in which the initial condition is not
be given by c"'-c~ but by the concentration profile during the last iteration step.
This means that eq. ( 12) has to be changed into:

(20)

c(r,t)-calP =!AnPn(r)
n=O

where A 11 represents the integration coefficients at the time t+timestep. From this
and the orthonormality it follows that the coefficients A 11 can be determined by:

R

An= f(c(r,t)-c alP )pn(r)r 2 dr

(21)

R

Such a modification would result in a significant extension of the computation time.
However, eqs. (12, 13) provide a good approximation as long as the concentration
profile in the Al-rich has not changed significantly. This effect of the deviation of
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the concentration profile becomes more important as the dissolution proceeds and
the concentration profile changes. In the numerical approach for each time step the
concentration profile from the last iteration is used as the initial condition for the
new boundary value problem as introduced by the movement of the interface
position. The time at which the concentration profile changes significantly becomes
smaller as the ratio between the initial particle size and the cell size becomes
smaller. That is the reason that for large b-values the deviation between the
dissolution rates as predicted by the analytical approach and the numerical
approaches starts earlier. The dissolution times predicted by the analytical approach
are most accurate for small b-values.

Conclusion
A semi-analytical model has been derived for the dissolution of spherical particles in
finite media assuming long-distance diffusion as the only rate limiting step. The
model allows the prediction of the dissolution kinetics as a function of the initial
concentration

differences between

particle

and

matrix

and

the

interface

concentration during dissolution. The model is applicable to the case of complete
dissolution and to the case of incomplete dissolution. The predictions of the
dissolution kinetics by the analytical model in its present form correspond well with
those of a more complex numerical model, provided the the final concentration in
the matrix does not differ significantly from the initial concentration profile.

Nomenclature
A,,

Fourier constant with index n

B,,

normalization constant with index n
solid solubility of element B in aluminium at the initial temperature

c{r,t)

atomic fraction of element B as a function of time and space

C(r,t)

atomic fraction of element B relative to the solid solubility at the
homogenization temperature

c"1l

solid solubility of element B in aluminium

c~

atomic fraction of element B in the particle
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c0

average concentration of element B

D

2 1
diffusion coefficient of element Bin aluminium in m s·

MA

molar mass of aluminium in kg

M8

molar mass of element B in kg

n

index

r

distance from the particle center in m

R(t)

particle radius as a function of time in m

Re

cell radius, i.e. half the distance between two centers of particles in m

R0

initial particle radius in m
annealing time in s

Th om

homogenization temperature in °C

T;,,;

initial temperature in °C

a,,

eigenvalue, following from boundary conditions with index n

~"

eigenvalue, following from boundary conditions with index n

/..,,

eigenvalue, following from boundary conditions with index n

p,,

eigenfunction with index n

e,,

eigenfunction with index n
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Appendix
At t=O, the concentration profile can be written as:

c(r, t

= 0) = cPla

- (cP/a - c"' )u(r - R), \fO $ r $ Re,

Differentiation of eq. (A I) and using u('t ) =

with u('t)

J()

={

I \f't ~O
O
0 \f't <

(Al)

(0 )d0 , with 0(0) the unit pulse

function, yields for the concentration gradient at t=O:

ac(r, t = 0)
ar

= -(cPla

_ c"' )O(r _ R)

(A2)

Substitution of eq. (A2) into eq. (4) yields:

dR(t = 0)
dt

(cp1a - c"')

hcPla -~ clP

Mo

D~

(A3)

MA

MA

Eq. (A3) shows that the initial interface velocity dR(t=O)ldt is independent of the
cell size, as can be expected intuitively.
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CHAPTER3

A NUMERICAL MODEL FOR THE DISSOLUTION OF SPHERICAL
PARTICLES IN BINARY ALLOYS UNDER MIXED MODE CONTROL

Abstract
A general numerical model is described for the dissolution kinetics of spherical
particles in binary systems for any combination of first order reactions at the particlematrix interface and long distance diffusion within the matrix. The model is applicable
to both finite and infinite media and handles both complete and partial particle
dissolution.
It is shown that interfacial reactions can have a strong effect on the dissolution
kinetics, the solute concentration at the particle-matrix interface and the solute
concentration profile in the matrix .

Introduction
Heat treatment of metals is often necessary to optimise their mechanical properties
both for further processing and for final use. During the heat treatment the
metallurgical state of the material changes. This change can either involve the phases
being present or the morphology of the various phases. Whereas the equilibrium phases
often can be predicted quite accurately from thermodynamic models, there are no
general models for microstructural changes nor general models for the kinetics of these
changes. In the latter cases both the initial morphology and the transformation
mechanisms have to be specified explicitly. One of these processes, which is both of
large industrial and scientific interest and amenable to modelling, is the dissolution of
second phase particles in a matrix with a uniform initial composition.
To describe this particle dissolution in rigid media several physical models have been
developed, incorporating the effects of long-distance diffusion [ 1,2,3] and nonequilibrium conditions at the interface [4,5]. The long-distance diffusion models imply
that the processes at the interface between particle and matrix proceed infinitely fast.
Therefore, these models provide an upper boundary for the dissolution rate.
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Whelan [I] considered particles dissolving in an infinite medium using the stationary
interface approximation. He derived an analytical solution of the diffusion equation in
an infinite medium for spherical co-ordinates by the use of the Laplace-transformation
in time. The accuracy of the model increases with increasing interparticle distance, i.e.
with increasing cell size.
Baty, Tanzilli and Heckel [2] were the first authors to apply a numerical method using
a finite difference method to evaluate the interface position as a function of dissolution
time. Their model is also applicable to situations in which the interparticle distance is
small, i.e. when soft impingement occurs. Their model was based on the assumption of
local equilibrium at all stages of the dissolution process. They applied their numerical
analysis to dissolving AhCu-particles in aluminium. The poor fit with the experimental
data is probably due to the interface reactions, which were not incorporated into their
numerical model.
Tundal and Ryum [3] considered the effects of a finite cell size as well. They too
applied a numerical method using a finite difference method to predict the dissolution
kinetics. Their model was based on the assumption of local equilibrium during the
entire dissolution process. They introduced a lognormal distribution for both the
particle and cell size and showed that macroscopic dissolution rates depend strongly on
the shape of the particle size distribution curve and possible interactions between the
neighbouring cells.
Nolfi's model [4] did not include the interface migration, but as far as known it is the
first model which incorporated non-equilibrium conditions at the interface. In the Nolfi
model non-equilibrium conditions at the interface were incorporated by the
introduction of a Robin-condition, which relates the concentration gradient at the
interface with the concentration at the interface. This semi-analytical solution consists
of an infinite series solution for the concentration profile. Their method, however, is
only accurate in the early stages of the dissolution process.
Aaron and Kotler [5] incorporated the non-equilibrium conditions at the interface too.
However their approach is only applicable for those situations in which the interparticle
distance is sufficiently large, i.e. the diffusion fields do not impinge. They transformed
the Robin problem of Nolfi into a Dirichlet problem, in which the concentration is fixed
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at all stages of the dissolution process. Combining Whelan's [I] analytical approach for
the interface velocity as a function of the annealing time with a relation between the
interface concentration and the interface position, they evaluated the interface position
using a zeropoint iteration method. Aaron and Kotler also incorporated the effects of
the particle curvature into their model using the Gibbs-Thomson equation [5] . In their
model both the interface position and the interface concentration were taken
momentarily stationary during the evaluation of the interface position as a function of
time.
The present model attempts to combine in a mathematically rigid manner the effects of
both the finite cell size in which the particle can dissolve and the finite rate of
interfacial processes on the dissolution kinetics of spherical particles. As the effect of
the particle curvature on the total dissolution time was shown to be small [5], except
for very small starting particles, this effect is ignored in our model. Furthermore, as this
work concentrates on the effects of processes occurring at or near the particle-matrix
interface, interactions between neighbouring cells are excluded.

The model
The model treats a binary system with limited solubility of B-atoms in the a phase (see
Fig. I .a.) . For compositions corresponding to the two phase region at the starting
temperature T; 11 ;

,

the material with average composition c0 is assumed to consist of

equally sized spherical P-phase particles of uniform and constant composition c~ and
radius Ro , in a uniform matrix consisting of an a phase of composition c'". Upon
raising the temperature to the homogenisation temperature
increases provided

Td;.1

Tdis

is lower than the eutectic temperature

to dissolve.
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I
I
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I
I

l''rz.

m

c

c

R
(a)

(b)

Fig. I: A schematic binary phase diagram for system A-B (a) and a spherical particle in
a spherical cell (b).

The solubility at the homogenisation temperature is denoted as ca13. Assuming a
uniform spatial distribution of particles the average interparticle distance L can be used
to calculate the radius of the equivalent spherical cell in which the particle dissolves:

v;;

(I)

R =V/3
c

Assuming that the total number of B-atoms in each equivalent cell is constant, net
transfer of B-atoms between the cells can be excluded. This implies:

(2)
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In this model particle dissolution is assumed to proceed by the following sequential
mechanisms: 1. decomposition of the

~-phase

compound, 2. crossing of alloying

elements through the interface between the ~-phase particle and the a-matrix and 3.
diffusion of the alloying element inside the solvent matrix (see Fig. 2).

'

0

~--

interface crossing

...,.___o

Long-distance diffusion

decomposition of (intermetallic) compound

Fig. 2: A schematic overview of the steps that determine particle dissolution .

Each of these mechanisms consumes time. The slowest mechanism controls the rate of
the entire process. The combination of the first two mechanisms is referred to as the
interface reactions or interface controlled mechanisms. If du ring the whole dissolution
process the first two mechanisms proceed sufficiently fast with respect to the longdistance diffusion, then the concentration of the solute at the interface will be maximal
and equal to the solid solubility. Therefore, long-distance diffusion controlled
dissolution implies local equilibrium at the interface. However, during the initial stages
of the dissolution process the concentration at the interface between a- and

~-phase

is

not likely to change like a step function when the material is up-quenched. The more
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complex the compound of which the particle consists and the higher the diffusion
coefficient of B in a is, the more likely the interface reactions are to contribute to the
total dissolution rate.
To incorporate the effects of the interface reactions as well, the number of B-atoms
that flow out of the particle into the A-rich phase, dN(t)ldt is assumed to be finite and
to depend on c( R(t),t)-ca1l where R(t) is the particle radius at time t. Generally, each of
the potential functions describing dN(t)ldt, can be written as an infinite series:

at~)"

(
~
2
dN(I)
(t)£,.,K.(I)· c(R(t),t)-c
--=41tR
n=O
dt

(3)

It is of little use to apply this whole infinite series since the coefficients of this series
are unknown and therefore it would complicate the mathematical approach of the
problem needlessly. To obtain a useful boundary condition at the interface, a first order
reaction at the interface has been assumed. This assumption, which has also been made
by Nolfi et al [4], leads to:

dN(I)

2
- - = 47tR (t)K 1 (t) ·( c(R(t),t)-cat~)
dt

(4)

The parameter Ki(t) can be regarded as an atomic transfer coefficient of the interface.
Equalling the flux of atoms out of the particle to the flux of atoms into the A-rich
matrix, the following boundary condition at the interface is obtained:

K · ( c(R(t),t)-c

at~) = ~dc(r,t)
---a;- J

(5)

riR(IJ
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With K .,,,/!..£.. Kp Ma. and Pa. respectively are the averaged molar mass in kg and density
Pa.
of phase a in kg/m 3 • Dis the diffusion coefficient of B in A in m 2/s. The parameter Kin
m/s is a measure of the rate of the interface reactions relative to the rate of longdistance diffusion in the alloy. So with increasing values of K , the interface reactions
proceed more rapidly relative to long-distance diffusion and long-distance diffusion
controls the rate of dissolution to a larger extent. For the case that local equilibrium at
the interface exists (c(R(t),t)=ca!Jl), the parameter K has to be infinite to have a nonzero mass flow .
During dissolution B-atoms migrate away from the interface. No diffusion inside the
particle is assumed. Application of Fick's Second Law for a spherical geometry with
axial symmetry yields:

(6)

The diffusion coefficient is taken to be independent of composition. The initial
boundary value problem, stated by eqs. (2,5,6) has a solution, if and only if c(r,t) has at
least continuous derivatives up to the second derivative with respect to r, at the
interval R<r<Rc and up to the first derivative with respect to t for all t >0. Moreover,
it can be proven that the solution of eq. (6) is unique [6] . As the number of B-atoms in
the cell is constant, it can be derived that:

dR(t)

Vt

dt

~o

In which: Pa. and p~ are the averaged densities of phases a and ~.
Ma. and M~ are the averaged molar masses of phases a and~·
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From eq. (7) it follows that the value of dc(R,t)ldr determines the value of dR(t)ldt.
Apparently, the amount of B-atoms present in the immediate vicinity of the dissolving
particle governs the rate of the interface velocity dR(t)!dt. The initial boundary value
problem combined with eq. (7) falls into the class of Stefan problems with a free
boundary [7].

The Numerical Treatment
The mathematical problem is to solve an initial boundary value problem in which the
position of one of the boundaries moves as a function of time. Formally this means that
when evaluating the particle radius at each time step during the iteration process, a
new initial boundary value problem has to be solved, in which the initial condition is
given by the concentration profile at the last iteration. The stationary interface
approach uses the initial concentration profile as the last iteration during the whole
iteration process, whereas the numerical approach indeed uses the concentration
profile as a subsequent initial condition for the evaluation of the concentration at the
next time step. To relax the stationary interface approximation a finite difference
method has been used. A finite difference method is secure since the concentration
profile in the a phase is continuous at least up to the second derivative to position and
the first derivative of time. The grid that has been used has been shown in Fig. 3. The
grid is adjusted after each iteration such that the zeroth gridsurface coincides with the
position of the interface (See Fig. 3).
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Fig. 3: The grid which has been used to solve the spherical diffusion equation with
appropriate boundary conditions and moving interface.

This has been done for the following reasons: 1. The interface can be used as a
gridpoint, which can be used in the boundary condition at the interface (see eq. (4)). 2.
The grid is enlarged after each iteration. One could argue that the error becomes larger
due to the larger gridspacing. This is not true, since errors smooth out with iteration
time, in other words the errors become smaller after some iterations. To reduce the
inaccuracy the integral mass balance is used to determine the interface position at each
iteration. This integral mass balance is given by:

(8)
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Discretisation of eq. (6) for the a phase, taking the movement of the grid-surfaces into
account, yields:

j
0
_
j+I
(')
C;
-a, ( l' ) C;+i j+I -a
C;_ 1
al' ( 1') C; j+I -awl
1,

(9)

i and j represent the indices of position and time respectively. Here an implicit

difference scheme has been used to guarantee numerical stability. For the case that

t:.r=drw=dr., the coefficients ap(i), aJi), a.(i) and a/ are defined as follows:

I

a o=-Dt'>t
1'
r

2

(

N-i YfRj

a..,(i)=-2_w_ _ - -

r /:;.rdr..,

I
---

N - 1 dt 2Dt:;.r

V iE { 1,2,3, ... ,N-I}
2

(N-i yRj 1

r
a,(i)=-2_£_+ - -

---

N -1

dt 2D/:;.r

r MdrE

(10)

The parameters r, r..., , r£, , t:.r, drw and drE are defined in Fig. 3 (here drw=dr,=t:.r). At
the particle/matrix interface the boundary condition can be discretised as follows:

(11)
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The discretisation at the cell boundary is given by:

cj-c
n

n- 1

j

=O

( 12)

tJ.r j

As errors smooth out as the calculations proceed, the time step is enlarged during each
iteration. The concentration profile and the interface position are determined during
each iteration. After the determination of the interface position the grid spacing is
determined such that the first grid point is fixed on the interface during the whole
calculation. This procedure is repeated until the particle has dissolved either completely
0

0

(c <ca1l) or partially (c >ca1l).

Results and Discussion
To observe the influence of the interface reactions on the total dissolution behaviour,
the dissolution rate of a spherical particle has been calculated for a number of K values
using otherwise identical starting conditions. To describe the starting conditions in
general manner, the following dimensionless parameters have been introduced:

k

catp -cm
co - cm
c~la _ cal~ andb= al~
m
c
-c

(13)

The parameters k and b represent a normalised concentrational difference in the vicinity
of the interface and the degree of supersaturation respectively. Together these
parameters fully define the normalised system. The parameter b is used to distinguish
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the cases in which a particle can dissolve either completely (b< I) or partially (b> I).
The normalised particle area R 2(t)!R/ is plotted in Fig. 4 as a function of the
normalised time 't=2kDt!R/ for different values of K for the starting conditions k=0.01
and b=0.8.

K R /(k D)=0.05
0
0.9

K R /(k D)=0.5
0

2 0.8
...IL
0.7

~

0.6
K R /(kD)=5
0

0.5
0.4

~

K RJ(k D)=50
0.3

8

0.2
0.1
0

2

3
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5

6

7

8

9

10

Fig. 4: Values of (RIR 0 )2 as a function of the normalised time 't with k=O.O I and b=0.8
for several values of the reaction rate parameter KRr/(kD).

From eqs. (5) and (7) and using the chain rule for differentiation, it can be shown that
the quantity d(R!R 0 )/d't is proportional to the dimensionless parameter KR,/(kD) .
Therefore, this normalisation factor has been used in the figures describing the
influence of the reaction rate parameter K. These various curves correspond to
different rate-controlling dissolution processes. As can be seen from Fig. 4 the lower
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the value of K, in other words the more rate-controlling the interface reactions are, the
slower dissolution proceeds. This reduction in dissolution kinetics is due to the extra
time which is needed for the B-atoms to leave the particle (decomposition of chemical
bonds and interface crossing). The interface reactions cause a lower absolute value of
the concentration gradient in the vicinity of the interface. Note that the slopes of the
normalised dissolution curves in Fig. 4 at the start of the dissolution process depend on
K. For particles consisting of chemical compounds (for instance particles consisting of

AhCu in aluminium alloys) interface reactions are more likely to be rate-controlling
than for the simple systems in which the precipitates consist of one element only.
To characterise the influence of the interface reactions on the shape of the
concentration profile, the concentration profiles have been calculated for three different
values of K , namely K= oo, KR</'(kD)=50 and KR<l'(kD)=5.0, using the same starting
conditions (k=O.OI , b=0.8). In Fig. 5 the calculated normalised concentration profiles
are plotted versus the normalised position r/R0 for three fixed normalised dissolution
times.
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Fig. 5: Subsequent concentration profiles for KRr/(kD)=oo (a), KRr/(kD)=50 (b) and
KRr/(kD)=5 .0 (c) for k=0.01 and b=0.8. Curves I, II and III respectively are for
2
2
(R 2!R/)=0.9, (R2/R0 )=0.8 and (R !R/)=0.7. The parameter'C indicates the normalised

dissolution time required to reach that particular R!R0 ratio. R!Ro= I at 'C=O.

To highlight the differences in the evolution of the concentration profiles for different
values of the reaction rate parameter, K, only the most relevant part (0 .5<r/R0 <3 .5) of
the concentration profiles is plotted (As (Rr/RcJ3=bkl(k+l), the situation in Fig. 5
corresponds to R/R0 =5.02). When local equilibrium at the interface is maintained at all
stages of the dissolution process (i.e. K=oo), the profiles at subsequent times have to
2
intersect. This is because dc(Rc.t)Jdr=O and <J c(Rc,t)ldr2 >0, the concentration at the

cell edge increases with time (See eq. 6) while at the interface c(R(t),t)=c<kfl, and the
interface is moving in the negative direction during the whole dissolution process (See
Fig. 5.a.). This means that c(R(t-dt),t)<c(R(t-dt),t-dt)=c<kfl and c(Rc. tJ>c(R0 t-dt).
Using the Intermediate Value Theorem of Weierstrass [8] for this continuous function,
it is clear that there must be at least one intersection. Due to the monotonous decrease
of the concentration as a function of the distance from the particle/matrix interface, it is
clear that the intersection point for two subsequent concentration profiles is unique
(See Fig. 5.a.). For interface controlled particle dissolution the interface concentration
increases with time while the position of the interface moves towards the negative
direction . This means that for interface controlled dissolution c(R(t-dt),t)<c(R(t-dt),tdt) does not have to hold a priori. However, at the cell boundary the same boundary
2
conditions (dc(Rc,t)Jdr=O and <J c(Rc.t)ldr2 >0) still apply. This implies that for

subsequent times the concentration profiles do not intersect in all cases (See Fig. 5.b
and c.).
To quantify the influence of the interface reactions on the value of the interface
concentration, the interface concentration has been plotted as a function of the
normalised time. At the start of the dissolution process the interface concentration
increases towards the equilibrium concentration c<kfl (See Fig. 6) for finite K values.
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Fig. 6: The interface concentration as a function of the normalised time for b=2 and
k=0.25 for different values of the reaction rate parameter K.

Here, only the situation that the particle dissolves partially has been considered
(starting conditions k=0.25 and b=2.0), since the interface concentration then has to
increase up to the equilibrium concentration. This has been done for various values of
the parameter K. It is clear that the time it takes for the interface concentration to
reach the equilibrium concentration strongly increases with decreasing K. In this case
dissolution is delayed considerably by the interface reactions.
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Fig. 7: The normalised interface concentration as a function of the normalised particle
radius.

Finally, the normalised interface concentration has been plotted in Fig. 7 as a function
of the normalised particle radius for different values of KRr/(kD) but for the same
starting conditions k=0.25 and b=2.0. While the particle dissolution proceeds the
interface concentration increases towards the solid solubility and the particle radius
decreases towards the final and minimal particle diameter.

Conclusions
It has been shown that interface reactions can significantly affect the dissolution

kinetics for spherical particles in a uniform matrix of finite dimensions. These interface
reactions also control the interface concentration and the concentration profiles. These

48

Mathematical Models for Particle Dissolution in Extrudable Aluminium Alloys

3. A numerical mode/for the dissolution of spherical particles in binary alloys under mixed mode
control

parameters can be predicted quantitatively by the numerical model for dissolution
under mixed mode control presented here.
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4. The apparent activation energy for the dissolution of spherical Si-particles in A/Si-alloys

CHAPTER4

THE APPARENT ACTIVATION ENERGY FOR THE DISSOLUTION OF
SPHERICAL SI-PARTICLES IN ALSI-ALLOYS

Abstract
The apparent activation energy for the dissolution of spherical silicon particles in an
aluminium matrix is analysed using a numerical dissolution model in which local
equilibrium at the particle-matrix interface is assumed. The model takes into account
long range diffusion, the temperature dependent solid solubility of silicon in aluminium,
the shape of the particle, the finite cell size in which the particle can dissolve and the
statistical distribution of the particle size. It is shown that the apparent activation
energy can deviate substantially from the activation energy for diffusion, which is the
only rate limiting process. The model is validated using isoconfigurational annealing
experiments at various temperatures for a high purity Al-1.35 mass% Si alloy. An
excellent agreement between theory and experiments is obtained. With minor
modifications the model can be adjusted to predict the apparent activation energy of
(spherical) particle dissolution in other binary systems too.

Introduction
Heat treatment of metals is often necessary to optimise their mechanical properties
both for further processing and for final use. During the heat treatment the
metallurgical state of the material changes. This change can either involve the phases
being present or the morphology of the various phases. Whereas the equilibrium phases
often can be predicted quite accurately from thermodynamic models, there are no
general models for microstructural changes nor general models for the kinetics of these
changes. In the latter cases both the initial morphology and the transformation
mechanisms have to be specified explicitly. One of these processes, which is both of
large industrial and scientific interest and amenable to modelling, is the dissolution of
second phase particles in a matrix with a uniform initial composition.
To describe this particle dissolution in solid media several physical models have been
developed, incorporating the effects of long-distance diffusion [ 1,2,3] and non-
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equilibrium conditions at the interface [4,5). The long-distance diffusion models imply
that the processes at the interface between particle and matrix proceed infinitely fast.
Therefore, these models provide an upper boundary for the dissolution rate.
Whelan [I] considered particles dissolving in an infinite medium using the stationary
interface approximation. He derived an analytical solution of the diffusion equation in
an infinite medium for spherical co-ordinates by the use of the Laplace-transformation
in time. The accuracy of the model increases with increasing interparticle distance, i.e.
with increasing cell size.
Baty, Tanzilli and Heckel [2] were the first authors to apply a numerical method using
a finite difference method to evaluate the interface position as a function of dissolution
time. Their model is also applicable to situations in which the interparticle distance is
small, i.e. when soft impingement occurs. Their model was based on the assumption of
local equilibrium at all stages of the dissolution process. They applied their numerical
analysis to dissolving AliCu-particles in aluminium. The poor fit with the experimental
data is probably due to the interface reactions, which were not incorporated into their
numerical model.
Tundal and Ryum [3] considered the effects of a finite cell size as well. They too
applied a numerical method using a finite difference method to predict the dissolution
kinetics. Their model was based on the assumption of local equilibrium during the
entire dissolution process. They introduced a lognormal distribution for both the
particle and cell size and showed that macroscopic dissolution rates depend strongly on
the shape of the particle size distribution curve and interactions between the
neighbouring cells.
The effect of interfacial reactions on the rate of particle dissolution in both infinite and
finite media, i.e. the dissolution of particles under non-local equilibrium conditions,
was examined by Vermolen and Van der Zwaag [6] . It was shown that interfacial
reactions can have a significant effect on the dissolution rate and hence on the solute
concentration profiles in the matrix during particle dissolution.
In all these articles the attention was focused on describing the dissolution kinetics at a
single transformation temperature and no attention was paid to the apparent activation
energy for particle dissolution as determined from isoconfigurational annealing

52

Mathematical Models for Particle Dissolution in Extrudable Aluminium Alloys

4. The apparent activation energy for the dissolution of spherical Si-particles in AlSi-alloys

experiments (i.e. annealing treatments aimed at dissolving a certain fraction of the
original particles present). It is this apparent activation energy which is of great
technological importance, a.o. for predicting the annealing conditions required for
homogenisation of as-cast Al-alloy billets prior to hot extrusion.
The present article describes the apparent activation energy for particle dissolution
using a detailed particle dissolution model in which the temperature dependent solid
solubility, the shape of the particle, the finite cell size in which the particle can dissolve
and the statistical distribution of the particle size are taken into account. As in other
models [ 1,2,3] local equilibrium at the particle-matrix interface is assumed at all times,
i.e. rate limiting interfacial reactions are excluded. The model is of a general nature but
the effects of the various parameters in the model on the dissolution kinetics are shown
explicitly for the Al-Si system. From the work by Tundal and Ryum [3] and our own
preliminary experiments [7] it can be concluded that in the Al-Si system Si particle
dissolution

proceeds

under

local

equilibrium

conditions.

Furthermore,

thennomechanical treatments can be designed to generate a microstructure of
approximately spherical Si particles in an aluminium matrix with a unifonn Si
concentration, making the Al-1 .35 mass% Si system an excellent system to validate the
model predictions.

Theory
The model used to determine the kinetics of particle dissolution is based on several
physical assumptions. For completeness the physical assumptions and the originating
initial boundary value problem are sketched first. Subsequently, the influence of each
assumption in the model on the apparent activation energy for particle dissolution is
shown.

The model
The model treats a binary system with limited solubility of B-atoms in the a phase (see
Fig. I .a.) and no solubility of A-atoms in the ~-phase (i.e c!Ytx = I 00 % ).
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Fig. I: A schematic binary phase diagram (a) and a spherical particle in a spherical
cell (b).

For compositions corresponding to the two phase region at the starting temperature
0
T;,,; , the material with an average composition c is assumed to consist of equally sized

spherical

~-phase

particles of radius Ro , in a uniform matrix consisting of an

a phase

of composition cm. Upon raising the temperature to the homogenisation temperature
Tdis

the solubility of B in

temperature T."'"

a increases, provided

Tdis

is lower than the eutectic

and the particle starts to dissolve. The solubility at the

homogenisation temperature is denoted as ca1l. Each ~ particle is assumed to dissolve
in a surrounding spherical cell of radius Re·· The average interparticle distance L can be
used to calculate the radius of the equivalent spherical cell in which the particle
dissolves:

v;;

=LJT

R
c

(I)
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Assuming the total number of B-atoms in each cell to be constant, net transfer of Batoms between the cells is excluded. This implies:

(2)

The assumption of local equilibrium at the wj3 interface yields the following boundary
condition:

c( R(t ),t)=ca 1 ~

(3)

During dissolution B-atoms migrate away from the interface. No diffusion inside the
particle is assumed. Application of Fick's Second Law for a planar (m=O), cylindrical
(m=I) and spherical (m=2) symmetry yields:

a c(r,t)
at

()

D[

2

c( r,t)

() r 2

m () c(r,t)J
() r

+r

VR(t) < r <Re
Vt;;:: 0

(4)

The diffusion coefficient, D (in m2!s), is taken to be independent of composition.
The initial boundary value problem, defined by eqs. (2,3,4) has a solution, if and only if

c(r,t) has continuous derivatives at least up to the second derivative with respect to r,
at the interval R<r<Rc and up to the first derivative with respect to t for all t >0.
Moreover, it can be proven that the solution of eq. (4) is unique [8]. As the number of
B-atoms in the cell is constant, it can be derived that:

dR(t)

Vt 2:0

dt
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In which Pa and

p~

neglected), Ma and

are the densities of the pure phases a and
M~

~

(Vegards Law has been

are the molar masses of the pure phases a

and~·

From eq. (5) it follows that the value of de( R,t)/dr determines the value of dR(t)ldt.
Apparently, the amount of B-atoms present in the immediate vicinity of the dissolving
particle governs the rate of the interface velocity dR(t)ldt. The initial boundary value
problem thus defined falls into the class of Stefan problems with a free boundary
[9, 10].

Summarising, the parameters in the model which affect the dissolution kinetics are the
diffusion coefficient D, the temperature dependent solubility, cw~. the geometry of the
system as defined by the shape of the particle and the ratio of the particle to cell size.
Furthermore, as small particles are known to dissolve faster than large particles, the
initial particle size distribution will have an effect on the apparent dissolution kinetics
too. The effects of these parameters are considered in succession, using numerical
values for the Al-Si system where appropriate.

The activation energy for diffusion
The diffusion coefficient of Silicon in Aluminium is given by an Arrhenius relation
which has been experimentally determined by Fujikawa [11], and which is given by:

D=D

0

ex_(_ Qdiffusion
P\,_

(6)

)

RT

For the system considered the activation energy for diffusion of silicon in aluminium,
Qdiffusion ,

2
is 136 kJ/mol and D 0 . equals 2.02 cm /s. This contribution to the activation

energy of particle dissolution is referred to as the diffusional activation energy. The
other components of the activation energy are determined by the refinement of the
dissolution models by the step by step incorporation of the different relevant aspects
into the dissolution model.

The activation energy due to the temperature dependent solid solubility
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The solid solubility of Silicon in Aluminium can be obtained as a function of
temperature from the binary AISi-phase diagram reported in literature [ 12]. To
determine its effect on the dissolution kinetics, all contributions caused by geometry,
finiteness and particle size distributions have to be excluded. Therefore, the dissolution
of an infinite plate of finite thickness in an infinite medium has been considered first.
For this case it can be derived that [5]:

ty

n(l-y )2~02
4k 2 D

(7)

In which t1 is the time needed to dissolve the

~-phase

into the a-phase such that the

ratio between the final and initial ~-phase volume fraction equals y, ~o

and ~(t)

respectively are the initial and residual plate thickness in m. c"'1l is the solid solubility of
Silicon in Aluminium in mass fraction, cl}tx is the mass fraction of Silicon in the particle,
which equals unity and c"' is the initial mass fraction of Silicon in the Aluminium rich
matrix (See Fig. lb) .
Taking the logarithm of eq. (7) yields:

In (ty )=21

{ (1-y)./it~o}
2

k

(8)

ln(D)

In eq. (8) only the factors k and D depend on temperature, therefore eq. (8) can be
read as:

In ( ty ) =C-21n(k)

Qdiffusion
RT

(9)

Here C is a constant which is determined by the ratio of the final and initial plate
thickness. The effect of the solid solubility c"'1l is incorporated in the parameter k.
Fitting the discrete values of the solid solubility, provided by Mondolfo [ 12] to a fourth
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order polynomial with respect to the dimensionless reciprocal temperature, TeulT one
obtains:

(10)

Where T is the absolute temperature in Kelvin and Teut is the eutectic temperature in
Kelvin. The above equation is valid over the temperature range 573K < T < 850K.
Eqs. (9, I0) show a clear dependence of the activation energy of particle dissolution on
the boundary conditions that are imposed by thermodynamics. From eq. (9) it also
follows that for the case of a flat infinite plate the activation energy for dissolution
does not depend on the fraction dissolved.
Fig. 2a displays the time required to reduce the plate thickness to 99 % of its initial
thickness as a function of the reciprocal temperature for three initial matrix
compositions. The asymptotic behaviour of the dissolution time for high reciprocal
temperatures is due to the decrease of the solid solubility with decreasing temperature
such that the solid solubility, c<>1l, approaches to the initial mass fraction of Silicon in
111
the Aluminium rich phase, c • From eqs. (7) and (9) it can be seen that there is a
111
singularity at ca1l=c • Fig. 2b displays the apparent activation energy for the same initial

conditions as used for calculating the curves in Fig. 2a.
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Fig. 2: The logarithm of the dissolution time (a) and the apparent activation energy (b)
as a function of the reciprocal temperature for a flat plate dissolving in an infinite
medium for three different values of the initial Si concentration in the matrix with y =
0.99.
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The figure shows that the activation energy is more or less constant for temperatures
well in excess of the temperature at which cw~= cm. Even in this temperature range the
apparent activation energy (200-260 kJ/mol) is considerably larger than that for
diffusion of Si in Al (136 kJ/mol) due to the temperature dependence of the solid
solubility. It can be shown that the weak minimum in Fig. 2b is related to the
polynomial fit used to describe the solid solubility.

The activation energy due to the spherical geometry of the particle

The next refinement of the dissolution model consists of the consideration of the
geometrical contribution to the activation energy. To illustrate this effect, spherical
particles have been considered. The dissolution time of a spherical particle in an
infinitely large medium can be determined by [I]:

-In R2(t)+2bR(t)./i+2at}-

(

Ro2

2b

~2a-b2

r~2a-b 2 ]

arctan - - -

R(t) +b

wit·h a= kD an db =

k~-

(11)

7t

..fi

With the above equation, particle dissolution times have been calculated as a function
of the dissolution temperature. Fig. 3a displays the logarithm of the dissolution time as
a function of the reciprocal temperature for different residual particle volume fractions.
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Fig. 3: The logarithm of the dissolution time (a) and the apparent activation energy (b)
as a function of the reciprocal temperature for a sphere dissolving in an infinite medium
for an initial matrix concentration of 0.06 mass %. ~nat I ~o = 0.0 I for various values
ofy.
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The initial matrix concentration, c'", was 0.06 mass % for all curves. The apparent
activation energy for the cases considered in Fig. 3a has been plotted in Fig. 3b. As
dissolution proceeds the particle area decreases. As a result of this, to dissolve a fixed
volume of the particle, the radial translation of the particle surface required must
increase. This explains the decrease of the activation energy for the dissolution of a
spherical particle with proceeding dissolution as can be seen in Fig. 3b for different
residual fractions of the original particle volume. The differential geometrical
contribution to the apparent activation energy (Qd;1) can be defined as the energy
needed to increase the dissolved fraction of a spherical particle from /-y to 1-y-dy. y is
the ratio of the residual and the initial volume fraction of the particle. In other words,
the differential geometrical contribution to the activation energy is related to the
geometrical contribution to the apparent activation energy as follows:

1-y

(12)

Q geometric = JQdif ( f )df
I

Differentiation of the activation energy with respect to the fraction dissolved yields the
differential activation energy.
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Fig. 4: The differential geometrical contribution to the apparent activation energy as a
function of the fraction dissolved for three different temperatures and an initial matrix
concentration of 0.06 mass %.

The differential geometrical contribution to the apparent activation energy has been
plotted as a function of volume fraction dissolved in Fig. 4, for the same set of input
parameters as in Fig. 3.

The activation energy due to the finite cell size
The alloy has been assumed to consists of a set of discrete cells in each of which only
one particle dissolves. To investigate the influence of the interaction between diffusion
fields, i.e. soft-impingement effects, a finite difference discretisation technique has been
used to solve the diffusion equation with a moving boundary and finite cell size [I 3].
The logarithm of the dissolution time for a sphere until y = 0.90 has been plotted as a
function of the reciprocal temperature in Fig. 5a for different cell sizes taking into
account the temperature dependent solid solubility. The initial matrix concentration, c'",
was 0 .06 mass % and the initial particle radius, R0 , was 5 µm for all curves.
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In Fig. Sb the activation energy for the dissolution of a sphere until y

= 0.90

with

respect to the reciprocal temperature has been plotted using the same cell sizes as in
Fig. Sa. The difference between the curves in Fig. Sb and Fig. 3b can be regarded as
the contribution of the effects of soft-impingement to the activation energy
Q soji-impi11geme11t· ·
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Fig. 5: The logarithm of the dissolution time (a) and the apparent activation energy (b)
as a function of the reciprocal temperature for a sphere dissolving, until a residual
volume fraction of 0.90 has been reached, for four Re I R0 -ratios. The initial matrix
concentration was 0.06 mass %.

The activation energy due to the statistical distribution of the cell size
As shown in the previous paragraph the dissolution kinetics depends on the size of the
particle and the cell in which it dissolves. Since in practice materials will contain
particles with a distinct size distribution, the width of the distribution will affect the
temperature dependent dissolution kinetics and hence the apparent activation energy. A
commonly observed particle size distribution is the log-normal distribution function
given by:

(13)
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In which

µg eo

and

O gw

respectively are the geometrical mean and the geometrical

standard deviation of the particle size. In the calculations this distribution function has
been replaced by an equivalent set of I 00 particle size classes. In each class the cell
size was taken such that the average composition in each cell was equal to the nominal
composition.

In figure 6a the effect of the width of the geometrical standard deviation of the particle
size distribution, taking the average particle size constant, is shown. The residual
volume fraction, a, was 0.95 for all curves. All particles dissolve in cells such that the
initial matrix concentration and the average concentration of B-atoms are equal to 0.26
mass % and 1.35 mass % respectively. As the concentration of B-atoms equals 100
mass % in the particle, there is a unique correspondence between the cell size and the
particle size.
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Fig. 6: The logarithm of the dissolution time until a residual volume fraction of 0.95
has been reached (a) and the apparent activation energy (b), for an alloy with an initial
silicon concentration in the matrix of 0.26 mass % and a total silicon concentration of
1.35 mass %, as a function of the reciprocal temperature for different standard
deviations of the particle size distribution .

In figure 6a the effect of the width of the geometrical standard deviation of the particle
size distribution, taking the average particle size constant, is shown. The residual
volume fraction, a, was 0.95 for all curves. All particles dissolve in cells such that the
initial matrix concentration and the average concentration of B-atoms are equal to 0.26
mass % and 1.35 mass % respectively. As the concentration of B-atoms equals 100
mass % in the particle, there is a unique correspondence between the cell size and the
particle size.
The figure shows that the time required to dissolve 5% of the total particle volume
clearly depends on the width of the particle size distribution . As expected, the effect of
the width of the distribution on the apparent activation energy is negligible at
sufficiently high temperatures and only becomes significant for temperatures where the
average concentration equals the solid solubility.
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Validation of the model
The model is validated using a high purity Al-1.35 mass% Si alloy. The Al-Si system
was selected on the basis of the earlier work by Tundal and Ryum [3] from which
could be concluded that interfacial phenomena have no effect on the dissolution
kinetics, i.e. local equilibrium prevails at all stages of the dissolution process. This was
confirmed by our preliminary isothermal dissolution experiments and measurement of
the Si concentration profile in the vicinity of Si particles after partial dissolution [7].
To obtain a microstructure which resembles the microstructure assumed in the model,
i.e. spherical Si particles in an Al matrix with a uniform Si concentration, a
thermomechanical pre-treatment on the as cast material has been carried out prior to
the dissolution experiments. The experimental conditions during the pre-treatment and
subsequent dissolution experiments are described below.

Pre-treatment
The Al-1.35 mass% Si alloy was obtained by melting the appropriate mixture of
99.99% pure aluminium and 99.999% silicon and metal mould casting. Spectroscopic
analysis of the as-cast material revealed an average Si concentration of 1.35 mass%
and a Fe concentration of <0.005 mass%. No other trace elements were found at
concentration levels in excess of 0.005%.
After casting, the as-cast material was annealed during 120 hours at 840 K. To avoid
surface oxidation the alloy was contained in a stainless steel bag flushed with deoxidised nitrogen gas during this annealing treatment. Optical observation of the
annealed material, using a Keller and Wilcox solution as etchant, revealed that almost
all Si particles had dissolved, leaving a homogeneous dendritic microstructure. To
break up the dendritic microstructure and to generate large spherical grains, a 6-pass
cold

rolling

and

intermediate

recrystallisation

treatment

was

applied. The

recrystallisation temperature was 623 K with an annealing time of I hour.
Following these deformation and recrystallisation treatments the sample received a
final heat treatment to generate large spherical Si particles in an Al matrix of uniform
composition. This final treatment is shown in Fig. 7.
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Fig. 7: The temperature-time diagram for the thermal pre-treatment of the experimental
alloy.

First, the sample was annealed for 4 hours at 838 K to dissolve any particles formed
during the interpass recrystallisation treatment. Subsequently, the sample was cooled at
a rate of I K/hour to a temperature of 803 K. This temperature is just below the
temperature at which 1.35 mass % Si will stay in solid solution. The sample was
annealed at this temperature for another 48 hours. The slow cooling and the
intermediate annealing aimed at generating a low nucleation site density for Si particle
formation. Then, the sample was cooled to 673 K at a rate of I K/hour. This cooling
rate and the subsequent final annealing for 423 hours at this temperature was selected
on the basis of a separate computer model, to obtain a condition of a low but uniform
Si concentration in the matrix surrounding each Si particle in as short a time as
possible. After annealing at 673 K the sample was air cooled to room temperature and
the sample was cut into smaller pieces.
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The Si concentration profile around the Si particles in the pre-treated material was
measured using Electron Microprobe Analysis (EPMA). A typical result of such a
measurement is shown in Fig. 8.
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Fig. 8: The Si concentration profile in the matrix surrounding a spherical particle as
determined by E.P.M.A. for the pre-treated sample.

As shown in the figure a uniform Si concentration of 0.26 mass % has been obtained in
the Al matrix. The apparent increase in Si concentration in a small region near the
interface is an artefact due to the lateral dimension of the electron beam (typically 2
µm) . It should be pointed out that this Si concentration in solid solution is considerably
higher than Si solubility at room temperature, which is negligible. The Si concentration
in solution is clearly kinetically determined.
The Si particle size distribution and the total area fraction of Si particles was
determined using quantitative optical microscopy techniques and a computerised image
analysis system (Leitz CBA 8000) on etched samples. The recorded 2-D particle size
distribution was converted into the true 3-D particle size distribution using the method
outlined in [ 14]. The particle size distribution in Table I resulted.
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Table I: The actual particle size distribution present in the alloy.

size

2

6

10

14

18

22

26

30

34

38

1230

5720

1280

422

122

232

398

199

4

29

(µm)
number
per mm 3

The particle size distribution resembles a log-normal distribution (geometrical mean µ=
4.515 µm and geometrical standard deviation cr = 1.64 ).
The initial volume fraction Si particles determined metallographically is f; 11 ;,

= (1.37 ±

0.21) vol %, which is in agreement with the volume fraction calculated on the basis of
the overall composition and the Si concentration in solid solution determined by

EPMA.

The iso-configurational experiments
Using the initial particle size distribution and the initial Si concentration in the matrix
as input parameters in the model, the isothermal dissolution kinetics could be
calculated. From these calculations the times required at each temperature to reach a
certain fraction of the total initial volume of Si particle (i.e. an iso-configurational
state) could be determined. A residual fraction, y of 64% was selected as the target
residual fraction for the dissolution experiments. At this residual volume fraction the
experiments can be performed over a wide temperature range within reasonable
annealing times, while the reduction in total particle volume can be determined with
sufficient experimental accuracy.
The appropriate isothermal annealing conditions derived from the calculations which
were used in the experiments are listed in table 2.
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Table 2: Isothermal annealing conditions and the residual volume fraction Si particles
determined experimentally.
Temperature

Time

f final

y

(K)

(s)

(vol.%)

(-)

783

1.2· 10

5

0.93±0.26

0.68±0.16

823

l.4· 10

3

0.92±0.25

0.67±0. 17

833

9.0· 102

0.88±0.21

0.64±0.12

843

2

0.88±0.25

0.65±0.16

5.8· 10

Heating and cooling times were of the order of I minute and I 0 seconds respectively
and can be ignored with respect to the annealing times
Following the dissolution treatment the remaining particle size distribution and the
remaining particle volume fraction were determined using the metallographic
techniques just described. A surface layer of approximately I mm was removed
mechanically prior to specimen preparation to get rid of any surface reaction effects
during homogenisation. The remaining volume fraction silicon particles,

IJ;11a1 ,

experimentally determined is also listed in table 2.

Results
The results of the metallographic measurement of the remaining total Si particle
volumes at the four annealing temperatures are listed in table 2 and are shown in Fig.
9.
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An excellent agreement between the measured and the intended residual volume
fraction y

= 0.64

is observed. The experimental data lead to an apparent activation

energy for particle dissolution of (280±5) kJ/mol.
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Fig. 9: The dissolution times for various iso-configurational states versus the reciprocal
temperature taking into account the initial experimental particle size distribution. The
squares indicate the annealing conditions used in the experiment yielding y = 0.64 (a)
and the apparent activation energies (b).

Discussion
The excellent agreement between experimental results and theoretical predictions is in
strong support of the model presented, in particular as there are no (arbitrarily)
adjustable parameters in the model. As the time required to dissolve a certain fraction
of the Si particles clearly depends on several other factors apart from the dissolution
temperature, it is instructive to examine the influence of each of these factors on the
annealing time required using the range of annealing temperatures and the alloy
composition employed in the experiment. This is shown in Fig. 10 which shows the
dissolution times required to reach y = 0.64 for various situations to be just described.
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In the figure the conditions leading to

'Yexperime111au"

= 0.64 are indicated too. In all

subsequent calculations the Si concentration in the matrix was kept at 0.26 mass%.
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1000/T (K )

1.45

1.5

Fig. I0: Predicted dissolution times to obtain y = 0.64 for various model assumptions
(see text). All parameter values as determined on the experimental alloy. Squares
indicate the conditions used in the experiment.

Curve I in Fig. I 0 applies to the case of a single planar particle of finite thickness but
of infinite width dissolving in an infinite medium assuming the solid solubility of Si in
the matrix to be constant at ca1~

= 0.655 mass %. This model clearly overestimates the

experimentally verified times required to reach the condition y

= 0.64. Of course the

degree of overestimation depends strongly on the value of the solid solubility chosen.
As in this case the diffusion is the only temperature dependent factor, the apparent
activation energy for particle dissolution is constant and equal to that for volume
diffusion of Si in Al ( 136 kJ/mol). Curve II applies to the si·uation of curve I but taking
the solid solubility of Si in Al to be temperature dependent (Eq. ( 10)). Due to the
temperature dependence of the solid solubility the slope of curve II is steeper than that
of curve I and the activation energy is no longer constant. However, the dissolution
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times required are still overestimated considerably. Curve III applies to the situation of
curve II but taking the particle to be spherical rather than planar. Due to the higher
interfacial area to particle volume ratio the dissolution is significantly accelerated. For
these conditions the dissolution times are underestimated, as can be expected for the
case of dissolution in an infinite medium. Curve IV applies to the situation of curve III
but taking into account the finite cell size in which the particle dissolves. The soft
impingement effects at the cell boundary lead to an increase in the annealing time
required to reach the desired fres value. It should be pointed out that in the transition
from the conditions applying to curve III to those of curve IV the overall composition
changes. In the case of curve Ill the average composition of the system approaches the
initial matrix concentration (0.26 mass % ), while in the condition of curve IV the
average composition is taken to be equal to the true alloy composition, 1.35 mass %.
The difference in average composition in the system explains why the dissolution times
according to curve III become infinite at T= 653 K (the temperature at which the solid
solubility is 0,28 mass%) while those according to curve IV do so at a temperature of
738 K (the temperature at which the solid solubility is 0.655 mass%). The dissolution
times according to curve IV still underestimate the dissolution times required
experimentally but the apparent activation energy is already predicted more or less
correctly.
Finally, curve V describes the situation in which all factors, including those of the
particle size distribution, are taken into account. At this degree of particle dissolution,

a = 0.64, the width of the particle size distribution leads to a deceleration of the
dissolution process, in accordance with the results shown in Fig. 6, and a perfect
agreement between experimental and predicted dissolution times is obtained. It is clear
that all the factors mentioned above should be taken into account to predict the
prevailing particle dissolution times and apparent activation energy correctly.
The theoretical results presented earlier indicate that the activation energy for
dissolution of Si particles is by no means a constant but depends on a large number of
parameters as well as the temperature range investigated. Such a variable activation
energy for a diffusion phase transformation has also been observed and analysed in
other studies, such as that of Berkenpas [ 15], who considered the case of simultaneous
nucleation and growth, and that of Biglari et al [ 16], who considered the case of
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simultaneous precipitate formation and a phase transformation in the precipitate
formed. In those studies the overlap or transition between two different processes, i.e.
two rate limiting processes, was shown to be important in explaining the variations in
activation energy. In contrast, the present case only deals with a single rate limiting
process, the long range diffusion of silicon.
Okuda et al [ 17, 18) used both the diffusion equation and Monte Carlo simulations to
investigate the formation and dissolution of G.P. zones in binary AlZn-alloys. As the
solubility of Al in Zn is not negligible, the concentration profile in the precipitate
delayed the dissolution kinetics considerably during the early stages. This could
contribute to the apparent activation energy as well. Since the solubility of Al in Si is
negligible, this effect has not considered here.
Finally, although the model has been derived explicitly to describe the dissolution of Si
particles in Aluminium, the model is applicable to any binary system with partial
solubility for at least one of the components provided the temperature dependence of
the mutual solubilities is known and the reaction proceeds under local equilibrium.

Conclusions
The dissolution kinetics of Si particles in an aluminium matrix can be described
accurately by a model which takes into account long range diffusion of silicon, the
temperature dependence of the solid solubility of silicon in aluminium, the shape of the
particle, the finite cell size in which the particle can dissolve and the statistical
distribution of the particle sizes. All factors have a significant effect on the dissolution
kinetics and on the apparent activation energy for particle dissolution. The final
apparent activation energy can deviate considerably from that for the diffusion of
silicon in aluminium.
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CHAPTERS

A CONSERVING DISCRETISATION FOR THE FREE BOUNDARY IN A
TWO-DIMENSIONAL STEFAN PROBLEM

Abstract
The dissolution of a disk-like AhCu particle is considered. A characteristic property is
that initially the particle has a non-smooth boundary. The mathematical model of this
dissolution process contains a description of the particle interface, of which the
position varies in time. Such a model is called a Stefan problem. It is impossible to
obtain an analytical solution for a general two-dimensional Stefan problem. So we use
the finite element method to solve this problem numerically. Firstly we apply a classical
moving mesh method. Computations show that after some time steps the predicted
particle interface becomes very unrealistic. Therefore we derive a new method for the
displacement of the free boundary based on the balance of atoms. This method leads to
good results, also for non-smooth boundaries. Some numerical experiments are given
for the dissolution of an AhCu particle in an Al-Cu alloy.

Introduction
Heat treatment of metals is often necessary to optimise their mechanical properties
both for further processing and for final use. During the heat treatment, the
metallurgical state of the material changes. This change can either involve the phases
being present or the morphology of the various phases. Whereas the equilibrium phases
often can be predicted quite accurately from thermodynamic models, there are no
general models for microstructural changes nor general models for the kinetics of these
changes. In the latter cases both the initial morphology and the transformation
mechanisms have to be specified explicitly. One of these processes, which is both of
large industrial and scientific interest and amenable to modelling, is the dissolution of
second phase particles in a matrix with a uniform initial composition.

To describe this particle dissolution in rigid media several physical models have been
developed, incorporating the effects of long-distance diffusion [20], [3], [14] and non-
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equilibrium conditions at the interface [8], [I]. The long-distance diffusion models
imply that the processes at the interface between particle and matrix proceed infinitely
fast. Therefore, these models provide an upper bound for the dissolution rate.

Whelan [20] considered particles dissolving in an infinite medium using the stationary
interface approximation. He derived an analytical solution of the diffusion equation in
an infinite medium for spherical co-ordinates by the use of the Laplace-transformation
in time. The accuracy of the model increases with increasing inter-particle distance. i.e.
with increasing cell size.

All references discussed below, transform the cell in which the particle dissolves into a
cell which is equally shaped as the particle, requiring the transformed cell volume to be
equal to the original cell volume. This allows a one-dimensional treatment of the
moving boundary problem which can be solved easily using a finite difference
discretisation method. This method can be used for planar, cylindrical and spherical
geometry.

Baty, Tanzilli and Heckel [3] were the first authors to apply a numerical method using
a finite difference method to evaluate the interface position as a function of dissolution
time. Their model is also applicable to situations in which the inter-particle distance is
small, i.e. when soft impingement occurs. The model they proposed, is based on the
assumption of local equilibrium at all stages of the dissolution process. They applied
their numerical analysis to dissolving AhCu-particles in Aluminium. In their models the
AbCu-particles were assumed to be spherical. The poor fit of their calculations with
the experimental data is probably due to the interface reactions or to the non-spherical
shape of the regular particles, which were not incorporated into their numerical model.

Tundal and Ryum [ 14] considered the effects of a finite cell size for spherical particles
as well. They too applied a numerical method using a finite difference method to
predict the dissolution kinetics. Their model is based on the assumption of local
equilibrium during the entire dissolution process. They introduced a log-normal
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distribution (logarithm according to normal distribution) for both the particle and cell
size (i.e. the logarithm of the size is distributed according to a normal distribution).
They showed that macroscopic dissolution rates depend strongly on the shape of the
particle size distribution curve and possible interactions between the neighbouring
cells.

Nolfi's model [8] did not include the interface migration, but as far as we know, it is
the first model which incorporated non-equilibrium conditions at the interface. In the
Nolfi model non-equilibrium conditions at the interface were incorporated by the
introduction of a Robbins condition, which relates the concentration gradient with the
concentration at the interface. This semi-analytical solution consists of an infinite series
solution for the concentration profile. Their method, however, is only accurate in the
early stages of the dissolution process.

Aaron and Kotler [I] incorporated the non-equilibrium conditions at the interface too.
However their approach is only applicable for those situations in which the interparticle distance is sufficiently large, i.e. the diffusion fields do not impinge. They
transformed the Robbins problem of Nolfi into a Dirichlet problem, in which the
concentration is fixed at all stages of the dissolution process.

Combining Whelan's [20) analytical approach for the interface velocity as a function of
the annealing time, with a relation between the interface concentration and the
interface position, they evaluated the interface position using a Picard-type iteration
method.

Aaron and Kotler also incorporated the effects of the particle curvature into their
model using the Gibbs-Thomson equation [I]. In their model both the interface
position and the interface concentration were taken momentarily stationary during the
evaluation of the interface position as a function of time.
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The effects of interfacial reactions on the rate of the dissolution of spherical particles in
both infinite and finite media was examined by Vennolen and Van der Zwaag
numerically [ 15]. Using a finite difference method it was shown, that interfacial
reactions can have a significant effect on the dissolution rate and hence on the
concentration profiles in the matrix during particle dissolution.

Due to surface tension, the dissolving particles may have a disk-like geometry. Due to
the difference in the crystal structures of the particle and its surroundings the total
surface energy may be minimal for a disk-like geometry. Hence, an algorithm capable
of solving two dimensional moving boundary problems is desired. In the present work
we introduce a general algorithm that can be used to solve two-dimensional problems.
It is based on the application of the finite element method on two-dimensional moving

boundary problems. A reason to use finite elements is that it allows the use of
unstructured grids. Hence the finite element method is more flexible than other
discretization methods using structured grids only. Especially in moving boundary
problems as the ones that will be demonstrated in the remainder of this paper,
unstructured grids are essential.

Before we derive our numerical algorithm, we present the mathematical model.
Actually, it turns out that this is a standard Stefan problem [4] , [17] , [12], [18] . We
repeat the derivation of the Stefan condition at the free boundary, since this derivation
is needed to improve the numerical method.

Subsequently we specify a classical numerical scheme to solve the Stefan problem. It
will be shown, that straightforward discretization of the equations and boundary
conditions, may lead to unrealistic interfaces. These problems are investigated and
subsequently a new algorithm which produces nice results is presented. This improved
algorithm is based on the derivation of the Stefan boundary condition. This is followed
by the description of some details of our re-meshing technique.

82

Mathematical Models for Particle Dissolution in Extrudable Aluminium Alloys

5. A conserving discretisationfor the free boundary in a two-dimensional Stefan problem

Subsequently some results of the new algorithm applied to some practical problems,
will be demonstrated. Finally, the conclusions are formulated.

A mathematical model for a dissolution process
Consider an AhCu particle in an Al-Cu alloy at a given temperature. The initial
0
concentration of AhCu in the Aluminium phase is equal to c (mol!m\ whereas d'art

denotes the concentration of Al 2Cu in the particle. When the temperature is increased,
dissolution of the A(zCu particle sets in. At the interface the A(zCu concentration is c"''
(d'art > c"'' > co) .

Al

O(t)

S(t)
Al Cu

2

Fig. I : Geometry of an Al 2Cu particle in aluminium.
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Al

li.t

- -- ------- - ------,----------71
Al Cu
2

S(t+-li.t)

x

Fig. 2: The control volume.

To describe the mathematical model we use the geometry as given in Fig. I. The
domain filled with

Aluminium is denoted by Q(t). The boundary of this domain

consists of the interface S(t) and the outer boundaries r;, i

E

{

1,2,3,4}. The outer

boundaries are fixed in time, except the intersections of 1 1 and l4 with S(t). In the
Aluminium-rich phase Q(t), the Cu concentration c(x,y,t) satisfies the diffusion
equation

~=Dt!. c

at

(x,y)

E

Q(t), t

E

(0,T}.

(I)

The diffusion coefficient D (m 2/s) is supposed to be independent of concentration. As
initial condition we use

c(x, y ,0) = c 0 (x, y )

(x,y)

E
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where 0.(0) is prescribed. We assume no flux of Cu through the outer boundaries, so

ac(x, y,t)
an

0

(x,y)

E

f';, i

E {

/ ,2,3,4}, t

E

{0, TJ.

(3)

At the interface the concentration satisfies the equation

c(x, y, t) = c"'1

(x,y)

E

S(t),

tE

(0,T].

(4)

To determine the position of the interface one extra condition is necessary. To derive
this boundary condition for a spatially three dimensional problem, we consider a small
part of the interface. Suppose that the interface is smooth, which means that it can
locally be described by differentiable functions. For a small time step !:l.t the interface
moves in the direction perpendicular to the interface. The x-axis is chosen along the
normal. With this choice the position of the interface is locally described by the relation
x

= S(t).

We consider a control volume of width !:l.y and /:l.z. The intersection of the

control volume with the surface y = 0,

z = 0 is shown in Fig. 2. The balance of Cu

atoms leads to the following equation:

(5)

Dividing (5) by !:l.y !:l.z !:l.t and taking the limit !:l.t

~

0 one obtains

So the extra boundary condition at the interface is

(c 1'"" - c"' 1 ) · vn(x,y,t)=D~~(x,y, t) ,

(x,y)E S(t), tE (0,T].
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where n is the unit normal vector on the interface pointing outward with respect to
D.(t) and v11 is the normal velocity of the interface. The moving boundary problem given

by ( 1), (2), (3), (4), and (6) is known as a Stefan problem [4] .

0

The normalised concentration

c
c= c -~'~-c

0

,

together with a characteristic length scale

2
L , and time scale L ID are used to make the problem dimensionless. After replacing

c

by c we obtain the following Stefan problem: find a concentration c and an interface S
such that

c(x, y,O) = 0

dc(x,y,t)

an

0

c(x,y, t )= I

de

vn(x,y,t) = A · a,;- (x,y,t),

(x,y) E Q(t), t E (0, T].

(7)

(x,y) E Q(O),

(8)

(x,y) E f;, i E {J ,2,3,4}, t E {0,T}.

(9)

(x,y) E S(t), t E (0,T].

(10)

(x,y)E S(t), tE (0,T].

( 11)

501
Where the dimensionless number A. is given by A=(c

-

c0 )!(d'"" - c'.111 ). An extensive

review of literature on Stefan problems is given in [ 13] . This bibliography contains
2500 titles on moving boundary problems. In [9] a recent overview is given of
numerical methods to simulate convection/diffusion phase change problems.

Various numerical methods are known to solve Stefan problems. In Crank [4] the
following types of method are distinguished: front-tracking, front-fixing, and fixeddomain methods. The latter two methods can only be used when the concentration on
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the interface is a constant. In a front-fixing method a transfonnation to body fitted
curvilinear coordinates is used (a special case is the Isothenn Migration Method
(IMM)). A drawback is that such a transfonnation can only be used for a relatively
simple geometry. Fixed-domain methods are the enthalpy method (EM), and the
variational inequality method (VI). Various methods are compared in [19] and [23].
The latter methods (IMM, EM, VI) are only applicable when the interface is an equiconcentration line. In the near future we want to simulate also dissolution processes
with a varying concentration on the interface (e.g. first order reaction at the intetface
[ 15], or dissolution in ternary Al-alloys [22]. Therefore we choose a front-tracking
method to solve our problem numerically, although the current problem can also be
solved by other methods (IMM, EM, VI). The front-tracking method we apply, is a
two-dimensional extension of the method of Murray and Landis [7] as described in
[ 10], [5], [6] and [ 19] . A detailed description of the adaptation of the interface in time
is lacking in most of the literature on front-tracking methods, except [5]. We present
various methods in the next section.

Solution of the Stefan problem
Our method to solve the Stefan problem runs as follows. In the first time-step the
diffusion eq. (7) together with the initial (8) and boundary conditions (9) and (I 0) is
solved. On the free boundary S only the Dirichlet condition (I 0) is used. In the next
time steps first the boundary is moved using the boundary condition ( 11 ). This means
that the co-ordinates of the free surface at time t+tlt are approximated by:

C!c

(13)

x(t+iit)=x(t)+vniit · n=x(t)+A.a-;;·M n.

Once the boundary is moved, the concentration c can be computed in the new region
using eq. (7). However, the computation of the concentration implies that we have to
compute c(t+iir)-c(t) . We do not know c(t) in the nodal points, since due to the
ii t

displacement of the boundary also all nodes have been moved [2]. So either we have to
interpolate the concentration to the new nodes, or we have to make a correction for
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the displacement. Interpolation is of course possible, but relatively expensive. The
correction is much more simple. If we compute the time-derivative based on the old
and the new points, then it is clear that we actually use a material derivative

(14)

where the so-called mesh velocity is defined by

!:!: me.<h

=

x(t+~t ) - x(t )

( 15)

~t

with x the co-ordinate vector in a point. Substituting eq. (14) into eq . (7) leads to:

c -u- me.vh · V'c =O .
Dc_~
Dt

(16)

This approach is common practice in fluid mechanics, where it is known as the
Arbitrary Lagrangian Eulerian Approach (ALE) (see for example [24-28]). The
discretisation of eq. (16) is performed by a standard Galerkin finite element method
using linear triangles. The time-discretization is performed by an implicit Euler method.
Appendix B in [21] discusses several alternatives with respect to the combination of
Euler implicit and the moving boundary.

Algorithm I is a straight-forward method to compute the new position of the free
boundary: Compute the gradient of the concentration in the elements connected to the
free boundary. Compute the gradient of the concentration and the normal in the
vertices at the free boundary by averaging over neighbouring elements. Compute

~:

in the vertices by the inner product of the gradient and the normal vector. Apply
formula ( 13) to compute the new positions of the vertices.
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Algorithm 1: Straight-forward computation of the displacement of the free boundary.
Compute the gradient of the concentration in the elements connected to the
free boundary.
Compute the gradient of the concentration in the vertices at the free boundary
by averaging over neighbouring elements.
Define the normal in the vertices by
FOR all i DO
)•
1(
,
!l = !! ;+ 112 + !l ;-1 12 , !!;

2

fl;

= la; I

END FOR
Compute

~:

in the vertices by the inner product of the gradient and the

normal vector.
Apply formula ( 13) to compute the new positions of the vertices.

At the start of the computation we are faced with the fact that initially the normal of
the interface is not defined in the middle point of S (see Fig. I), where the boundary
has a comer of 90°. Note that in fact the normal is not defined in vertices at the
boundary unless the two surrounding line elements have the same direction. For that
reason the outward normal in a vertex point is defined as the normalized mean value of
the normals at the two line elements adjacent to that point. Using this definition of the
normal vector, the displacement of the vertices of the boundary can immediately be
deducted from eq. (13) .

A different way of computing the normal in the vertices is presented by Lynch [5]. He
proposes to take a weighted average of the surrounding normals, where the weights
are defined by the length of the adjacent boundary elements. A clear disadvantage of
this approach is that the normal depends on the local grid size. For example, if at a 90°
comer the mesh size at one side is larger than at the other one, the normal will not be
defined under an angle of 45° as in our method.
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Fig. 3: The free boundary in the first 10 time steps.
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Fig. 4: The mesh used.

Fig. 3 shows the computed free boundary during the first I0 time steps. The
corresponding mesh is shown in Fig. 4. It is clear that in the middle point of the free
boundary, where we start with the 90° corner, the free boundary moves more slowly
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than in the other points. However, from the physical point of view one would expect
this point to move faster than the surrounding points. To investigate this strange
behaviour we consider the artificial case where all the equi-concentration lines are
parallel to the free boundary. Fig. 5 shows the boundary (solid line) and one such a
concentration line. The dashed line denotes the new position of the free boundary, one
would intuitively expect, after one time step !it

=I

with the parameter A equal to I.

Let the difference in concentration between free boundary and the plotted equiconcentration line be equal to tic . Let the distance between the points x and x' be equal
to !ix. Then the value of

~

an

is approximately

~.
~x

However, the distance between the

points y and y' is equal to ;J2.11x. Hence along the line x", x' the value of

1y
.
approximate

~:

is

· t hat
. 11es
~c . s·mce the average norma I 1s. equa1 to n =-J2 ·(1) th.1s imp
I
2
-

~
..,2~ x

the free boundary in the pointy does not move to y", but only to the point precisely in
the middle of y and y". Although in practice the concentration lines are not parallel to
the free boundary; the pointy' will be closer to y, still this effect is visible in Fig. 5.
The reason for this inconsistency is in fact, that the Stefan boundary condition is
derived under the assumption of a smooth boundary. In the case of a non-differentiable
boundary, the limit does not exist and only the integral form (5) of the Stefan boundary
condition makes sense.
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Fig. 5: Assumed position of the free boundary in case of parallel concentration lines.

A natural solution of the problem mentioned above is not to use the gradient and the
nonnal in the vertices, but only those in the mid-side points of the elements. Since the
gradient of the concentration is constant per triangle, the value of both the nonnal and
the nonnal derivative in these mid-side points, is unique. So one can compute the
displacement of the mid-side points by eq. (13) . The only remaining problem is to
define how the vertices must be moved. An obvious choice is to choose the new
positions of the vertices right in the middle of the new positions of the mid-side points.
This method is denoted as Algorithm 2.

Computations show a very smooth progress of the free boundary. There is one serious
drawback in this method. Suppose that none of the mid-side points are moved, for
example because /...

=0. In that case one

would expect that the vertices also will be

kept at their old positions. However, as can be seen immediately from Fig. 5, after the
first time step the vertex corresponding to the 90° corner has been moved inwardly. In
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the next step an extra smoothing is applied and if this process is repeated we end up
with a straight line. For an initial corner larger than 180°, the boundary even moves
into the wrong direction. So we are looking for a method that keeps the vertices fixed
as long as the mid-side points do not move, but also lacks the behaviour shown in Fig.
3. In the next section we will introduce such a method.

Before considering our new method we consider a variant of a method proposed by
Lynch [5]. Lynch suggests to use a weighted average method to compute the position
of the new boundary. However, for an equidistant mesh size along the boundaries his
method is identical to our Algorithm I and for non-equidistant mesh sizes it is even
worse. Nevertheless, his derivation based on a weak formulation of the Stefan
condition ( 11 ), inspired us to use a Galerkin approximation of eq . ( 11 ). The idea is that
this is more an integral approach than a differential approach. The Galerkin formulation
ofeq. (11) is given by

ac
an

(17)

f v,,<1>dT=fl.. ·-<PdT
s

s

with

<!>

an arbitrary test function . Exact integration of eq. ( 17) leads to a tridiagonal

system of equations, where the matrix to be inverted is the standard mass matrix along
the free boundary. Lumping of this matrix reduces this method to Algorithm I. Fig. 6
shows the free boundary during the first I 0 time steps, using the consistent mass
matrix. Indeed the boundary is better than the one shown in Fig. 3, but still the corner
problem is visible.
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I

Fig. 6: Free boundary in the first I0 time steps computed by the "weak approach"

95

Mathematical Models for Particle Dissolution in Extrudable Aluminium Alloys

5. A conserving discretisation for the free boundary in a two-dimensional Stefan problem

A new method to compute the free boundary position
Before deriving our new approach for the computation of the free boundary, we first
formulate two demands a good numerical method should satisfy.

*

Let & be a measure for the displacement of the boundary. It is
necessary that &

*

~O

when l1t ~o.

Suppose that the comer between two adjacent elements at the moving
boundary, measured with respect to the dissolving material, is equal to

a .. If a< 180° then one expects that this comer increases as soon as
the material dissolves. The reason for such a behaviour is that in the
case of a straight boundary, diffusion can take place in one direction
only, whereas in a comer, diffusion is possible in various directions. So
a numerical method should satisfy this property too.

It is clear that the methods mentioned in the preceeding section do not fulfil these two

demands at the same time. Algorithm I does not satisfy the second demand, whereas
Algorithm 2 does not fulfil the first demand.

Fig. 7: Area occupied by the region defined by the displacement of the vertex.
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x.

x.1- 1

I

x.1+ 1

Fig. 8: Area occupied by the region defined by the displacement of both mid-side
points.

We propose the following method:

Algorithm 3: Improved scheme for the computation of the free boundary.
Compute the gradient of the concentration in the elements connected to the
free boundary.
Compute

~ in the mid-side points of the elements at the free boundary, by

an

the inner product of the gradient and the normal vector.
Apply formula ( 13) to compute the new positions of the mid-side points.
Define the new positions of the vertices along the normal, in such a way that,
the area occupied by the region defined by the displacement of the vertex and
its surrounding mid-side points (Fig. 7) is equal to the mean value of the areas
defined by the displacement of both mid-side points (Fig. 8).
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This method combines the smoothing properties of Algorithm 2 with the nondisplacement of the vertex in case the mid-side points remain unchanged. The
motivation for this approach is the following. From the derivation of the Stefan
boundary condition it follows that the area of the particle that has been dissolved is
equal to the amount of diffused material. The flux through the element (x;. 1, x;) is
approximately equal to:

( 18)

with l; the length of the line element (x;. 1, x;). Hence the amount of diffused material
through the boundary (x;.112,X;+112) is equal to

( 19)

1
The amount M of material dissolved, is approximately equal to (ca"-c"" ) 0, where 0 is

the area defined in Fig. 7. Due to the balance of atoms M must be equal to the amount
of diffused material given in eq. ( 19). Making this equation dimensionless this is equal
to

(ac (

) ac (

) )

'A ·M an Xj-1 /2 f;+an Xj+l/2 ii+ I •
0=-2-·

(20)

The right-hand side of eq. (20) is the mean value of the areas defined in Fig. 8.

There is a drawback of Algorithm 3, which can be explained as follows. Once the
displacement of the vertices has been computed by means of Algorithm 3, the mid-side
points are moved to new positions, since they are always in the middle of two vertices.
As a consequence the amount of dissolved material is no longer equal to M. If we want
to have a displacement which gives an amount of dissolved material that is exactly

98

Mathematical Models for Particle Dissolution in Extrudable Aluminium Alloys
5. A conserving discretisation for the free boundary in a two-dimensional Stefan problem

equal to M, the situation is more complex. Consider two adjacent line elements (x;.i.X;),
and (x;,X;+ 1), with length/; and 1;+ 1 respectively

x.1- 1

x.

1

x.1+ 1
/
/

Fig. 9: Two adjacent elements in the free boundary.

The mid-side points of these elements are denoted by x;.112 and x;+ 112 • Let the from
formula (13) computed displacement in the mid-side points, be equal to l.!.x;.112 and
&;+ 112 •

The new position of vertex x; is denoted by .X; . The length of the displacement

is given as l.!.x; = 11.X; - x;l I. Once the displacement in the vertices is computed, also the
displacements in the mid-side points change. In order to get both a local and global
equilibrium in the amount of dissolved material, it is necessary, that the new area is
equal to

L1 ·u~ X; - 112 +2·I l i+l ·u~ X;+l/2 ·
2

(21)

1
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The area 0 depends on &;, &;. 112 and &;+ 112 , where & ;. 112 is the adapted length of the
displacement in x;. 112 • Since &;.112 and & ;+ 112 depend on&;." & ; and & ;+ 1 the relation
is non-linear. In order to solve this system of non-linear equations we propose the
following algorithm:

Algorithm 4: "Exact" satisfaction of balance between dissolution and diffusion
FOR all i
Compute &; from Ox;.112 and 8x;+ 112 according to algorithm 3

END FOR
WHILE (not converged) DO
FOR all i

=1I ('X;-1 +X;
A

A

X;-1/2

)

.

Compute &; from Algorithm 3 using the areas occupied by the

A

)

X;=X;+W X;+L'>x;·n-X;.
A

A

(

END FOR
END WHILE

All formulae from this algorithm can be found in appendix A of [21].
Numerical experiments showed that, in the case of a relaxation parameter ro = I,
Algorithm 4 did not converge. The free surface switched between two states, for
successive iterations. This behaviour is caused by an overestimation of the correction
in each iteration. To solve this problem an under-relaxation factor ro < I has been tried.
Practical computations show that the iteration process is rather insensitive for the value
of the ro. For ro

= 0.5 we usually got convergence within 5 iterations. The process is

stopped as soon as the difference between the area due to the mid-side displacements,
as defined in eq. ( 19) and the final area is Jess than I%.
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Fig. 10: Free boundary during the first I0 time-steps using Algorithm 3.
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Fig. 11 : Free boundary during the first I 0 time-steps using Algorithm 4.

In first instance we did not expect much difference between Algorithm 3 and
Algorithm 4. But from Figs. I 0 and 11 it appears that, especially during the first timesteps, the results from Algorithm 3 and Algorithm 4 are quite different. To get an idea

102

Mathematical Models for Particle Dissolution in Extrudable Aluminium Alloys
5. A conserving discretisation for the free boundary in a two-dimensional Stefan problem

of the mesh, Fig. 12 shows the original coarse mesh in the neighbourhood of the free
surface.

Fig. 12: Coarse mesh in the neighbourhood of the free boundary.
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In order to compare the accuracy of both algorithms we halved the space-step (Figs.

13 and 14), i.e. we increased the number of elements by a factor 4. In Fig. 14 the free
boundary computed by Algorithm 4 is plotted, whereas Fig. 12 gives the free boundary
after the first time-step, using Algorithm 3.

Fig. 13: Free boundary during the first time-step using Algorithm 3, mesh-size has been
halved.
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Fig. 14: Free boundary during the first time-step using Algorithm 4, mesh-size has been
halved.

It is clear from these figures, that the boundary of Algorithm 3 is unacceptable,
whereas that of Algorithm 4 seems reasonably good. The reason for this strange
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behaviour is that the new positions of the two mid-side points around the sharp corner,
are very close to the line x

= y (Fig. 15). As a consequence the first estimate is very

inaccurate. Iteration as used in Algorithm 4, however, is able to solve this problem
nicely .

Fig. 15: Displacement of the mid-side points is too close to the line x

=y.

If we enlarge the time-step, the displacement of the mid-side points may even cross the

= y. In that case both algorithms fail, since they produce a negative displacement
for the vertex at y =x.
line x

This implies that when the space-step is reduced, one also has to decrease the timestep. Figs. 16 and 17 show the free boundaries for the finer mesh with the halved timestep. The boundaries are plotted at the same time-levels as the ones in Figs. 10 and 11.
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Fig. 16: Free boundary during the first I0 even time-steps using Algorithm 3;mesh-size
and time-step have been halved.
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Fig. 17: Free boundary during the first JO even time-steps using Algorithm 4;mesh-size
and time-step have been halved.

Further halving of the space- and time-steps leads to nice pictures for Algorithm 4.
However, Algorithm 3 again produces in the first time-step, a free boundary as the one
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depicted in Fig. 13. Of course, at that moment the mesh generator fails to create a new
mesh.

Remarks concerning the mesh generation during time-stepping
At the start of the computation a mesh is generated using the initial boundary. In each
time-step the boundary is updated according to one of the given algorithms. The free
boundary itself consists of a number of curves (in the previous example 2 curves) and
each curve at the free boundary is approximated by a spline. The number of nodes is
not changed. The nodes along the splines are distributed in such a way that local
refinement in the initial free boundary is kept. Hence the relative distribution of nodes
along the initial boundary is maintained during the whole process. Once the boundary
is changed, the mesh is updated. In first instance all points in the mesh are repositioned
by taking the mean value of the co-ordinates of neighbouring nodes. This averaging
process is performed in a number of steps in a Gauss-Seidel like procedure.

When the mesh is created, the quality of the mesh and the distances at the free
boundary are checked. If the angles of the triangles in the new mesh are too large, or if
the distances between nodes at the free boundary differ too much from the original
distances, the mesh is completely regenerated. In that case also the nodes at the free
boundary are recomputed and the number of nodes at this boundary may be changed.
After that, the just computed solution is interpolated to the new mesh. Of course this
re-meshing technique is quite expensive and so it is only carried out if necessary.

If we do not re-mesh the elements in the neighbourhood of the free boundary become
very distorted. Fig. 18 shows a part of the mesh at t = 60 seconds, when no re-meshing
is applied. Due to the large distortions, the derivatives of the concentration along the
free boundary are very inaccurate and the free boundary has got an unnatural shape.
For that reason re-meshing has been applied. Fig. 18 shows the same part of the mesh
at t = 60 seconds as before, and it is clear that the boundary is much more realistic.
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Fig. 18: Free boundary without re-meshing.
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Fig. 19: Free boundary with re-meshing.
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Fig. 20: Position and velocity of the singular point (---) and the intersection of the free
boundary with a fixed boundary( ... ).

In Fig. 20 the position and velocity of the free boundary versus time is given. The
points considered are the singular point and the intersection of the free boundary with a
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fixed boundary. Re-meshing occurs at 22, 35.5 and 55.5 seconds. Note that at these
times small bumps appear in the velocity graphs.

The interpolation used is not conservative and mass may be created or lost. Indeed the
mass before and after interpolation (only used when re-meshing is applied) differs
somewhat but in our computations it is less than 0.2 \%. A more accurate approach
would be for example an L 2 -projection. However, even in ID such a projection is quite
complex due to the fact that basis functions defined over elements in the new mesh are
discontinuous in the old mesh. See for example [29) for a discussion on this subject.

Although our interpolation technique is not the most sophisticated one, still the
previous results show that re-meshing is a necessary option once the mesh is largely
deformed.

Numerical experiments
An algorithm has been developed, suitable for use to investigate the dissolution
kinetics for a two-dimensional case. This algorithm has been implemented in our finite
element code SEPRAN [ 11]. One of the goals of the algorithm is to determine the
dissolution kinetics of disk-like particles. Before two-dimensional problems are
considered, we compare the outcomes of our algorithm to a one-dimensional axisymmetric problem. Numerical experiments show that the differences between the
results obtained from the one-dimensional finite difference method [ 15) and the twodimensional finite element method are very small. Disk-like particles are treated using
axi-symmetry as well. In all our examples we have chosen the following parameters:

diffusion coefficient

D

= 0.04858,

concentration in the particle

d'art

= 54,

concentration at the interface

dml

= 3.88,

initial concentration

co

=0.0011,

Stefan factor

D
c pan - c .wl

= 0.000969.
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Disk-like problems
The dissolution of disk-like particles is in fact a three-dimensional problem. Due to the
axi-symmetry it can be solved as a two-dimensional problem. We suppose that a disk
with radius I and disk length d dissolves into a cell with radius 5 and cell length L.
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Fig. 2 I: Radius of cross-section of the dissolving cylinder with the OXY-plane.
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Firstly we consider the special case of d = L. The resulting problem is again onedimensional. In Curve I corresponds to the 1D axi-symmetric finite difference method
(fdm). From a comparison of this method with an analytical method

[ 16] the fdm

method appears to be reliable. The results from the finite element method are shown as
Curve II. Both results are nearly the same.

Secondly we consider the position of the intersection of the free boundary and

r4 as a

function of time for various disk-heights. Curves III, IV, V and VI correspond to a
disk-length of 0.99 L, 0.95 L, 0.90 L and 0.75 L, respectively (See Fig. 21 ). In the
limit (Curves III and IV), the position approaches that of the one-dimensional case
with axial symmetry. Note that for a small value of d (d

= 0. 75 L), the final position of

the intersection is close to 0.65, whereas the final position in the one-dimensional
problem is approximately equal to 0.75. So the behaviour of a disk-like particle is
different from a cylindrical one, especially when the time increases.
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Fig. 22: Concentration at

r = 5, z = 0 as function of the disk-length.

Fig. 22 gives the concentration c at r = 5 and z

= 0 as a function of the disk length for

different dissolution times. It can be seen in Fig. 22 that the influence of the disk length
on the concentration at r

=5

increases with increasing dissolution time. This is in
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accordance with what one expects physically, because at early stages of the dissolution
process the diffusion fields are small, so the shape of the particle hardly influences the
concentration at the intersection of f' 3 and 1 4

.

Dissolution in a bar
In metallurgical literature only one-dimensional algorithms are used to investigate
dissolution kinetics. This requires the use of an equally shaped cell in which the particle
dissolves such that the cell volume equals the real volume around the particle. Since
the two-dimensional algorithm has been developed, the error of the last mentioned
approach may be analysed.

The dissolution kinetics of a cylinder, dissolving in a bar, has been compared to the
dissolution of a cylinder dissolving in a cylinder with an equal volume. As can be
expected for cases in which the cell size is large, the approach with an equally shaped
cell is most accurate. The average distance between the free boundary and the origin
does not differ much for both geometries of the cell. However, for the case of a barlike cell, the movement of the free boundary near the intersections with the co-ordinate
axes, will be smaller than the movement of the free boundary near the intersection with
the line y

= x,

causing a shape change during dissolution. These effects will be more

pronounced as dissolution proceeds.

Reducing the cell size with respect to the particle size, would reveal a larger difference
between both approaches. However, such small cell sizes are not likely to occur in
metallurgy, so the approach made in literature can be considered as reasonable.

The free boundary of a square dissolving in a square has been sketched at different
stages of the dissolution process in Fig. 23. The edge of the particle has length I; the
edge of the cell has length 4.
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Fig. 23: Free boundary of a bar dissolving in a bar at various stages of the dissolution
process.

One sees that the shape of the free boundary becomes more rounded as dissolution
proceeds. The shape of the free boundary even becomes almost circular at later stages
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of the dissolution process. The same has been done for the dissolution of a disk in a
disk in Fig. 24. In this axi-symmetric case d = I, L = 4, the particle radius is equal to I
and the cell radius equal to 4. Furthermore we used d

=I

and L

= 4. The same shape

transition is observed. Moreover, it is observed that the displacement of the interface is
larger at the r-axis than at the z-axis (see Fig. 24).

Fig. 24: Free boundary of a disk dissolving in a disk at various stages of the dissolution
process.
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Two particles dissolving in one cell
In metallic systems the particle size is nonuniform. Most authors in literature
incorporate a particle size distribution using the assumptions

*

All particles dissolve in an equally shaped cell ,

*

The average concentration of alloying element is equal in each cell.

This implies a unique correspondence between the cell size and the particle size.
Furthermore, most authors assume that there is no mass transfer between the cells.
Tundal and Ryum [ 14] consider the approach that when the smallest particle is
dissolved completely, the cells related to the residual particles are enlarged by them
such that the volume of the cells equal the sum of the volumes of the original cells.

In our two-dimensional numerical method, these assumptions can be released.
Therefore we compute the dissolution of two particles in one cell. In this problem the
length of the edge of the square is equal to 5, whereas the radii of the particles are
equal to 2 and 0.5 respectively. The movement of the free boundaries is visualised in
Fig. 25.
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Fig. 25: The movement of two circular free boundaries in a cell in which two particles
dissolve.
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Fig. 26: !so-concentration lines in a cell in which two particles dissolve.

As soft-impingement occurs, i.e. the interaction of the diffusion fields around the
particles, movement of the free boundary is influenced by the presence of different
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particles. !so-concentration lines for this case have been sketched in Fig. 26. It is a
straightforward exercise to extend these calculations to a system with more cells.

Conclusions
Particle dissolution in binary alloys is investigated by numerical techniques. The
mathematical model used is that of a free boundary problem of Stefan type. This
problem is solved by a two-dimensional finite element method. It has been shown that
this approach leads to an accurate solution of the problem.

With respect to the adaptation of the free boundary during time-stepping it has been
demonstrated that sharp corners require a special algorithm. Several algorithms have
been developed. From these algorithms, the non-linear approach, based on the
discretization of the integral balance between dissolution and diffusion, has proven to
be superior.

The finite element method applied is based upon a displacement of all nodes. The free
boundary is approximated by a spline and the nodes are redistributed in order to
maintain the original coarseness of the nodes. Re-meshing is applied if necessary.

It has been shown that for some types of particles two-dimensional effects can not be

neglected. For those cases it is not sufficient to run a one-dimensional code and our 20
finite element method gives a very attractive alternative.
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CHAPTER6

THE DISSOLUTION OF A STOICHIOMETRIC SECOND PHASE IN
TERNARY ALLOYS: A NUMERICAL ANALYSIS

Abstract
A general numerical model is described for the dissolution kinetics of stoichiometric
second phases for one-dimensional cases in ternary systems. The model is applicable to
both infinite and finite media and handles both complete and incomplete dissolution.
It is shown that the dissolution kinetics of stoichiometric multicomponent second phase

particles can differ strongly from that of the mono-element particles. The influence of
the soft-impingement, ratio of the diffusion coefficients, stoichiometry, composition
and the geometry of the dissolving stoichiometric phase is shown. The model is applied
to an AlMgSi-alloy.

Introduction
Heat treatment of metals is often necessary to optimise their mechanical properties
both for further processing and for final use. During the heat treatment the
metallurgical state of the alloy changes. This change can either involve the phases
being present or the morphology of the various phases. Whereas the equilibrium phases
often can be predicted quite accurately from thermodynamic models, there are no
general models for microstructural changes nor general models for the kinetics of these
changes. In the latter cases both the initial morphology and the transformation
mechanisms have to be specified explicitly. One of these processes, which is both of
large industrial and scientific interest and amenable to modelling, is the dissolution of
second phase particles in a matrix with a uniform initial composition.
To describe this particle dissolution in solid media several physical models for binary
alloys have been developed, incorporating the effects of long-distance diffusion [ 1,2,3]
and non-equilibrium conditions at the interface [4,5,6] . These articles did not cover the
technologically important dissolution of stoichiometric multicomponent particles in
ternary alloys.
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The phase transformations in steels for cases with a second alloying element has been
studied in [7,8] . Reiso [9] has investigated the dissolution of Mg2 Si-particles in
aluminium alloys mainly experimentally. He compared his results to a simple
dissolution model based on analytical considerations holding for dissolving particles in
infinite media. All analyses indicate that the addition of a second alloying element can
influence the dissolution kinetics strongly.
However, in none of these articles any attention was paid to the effect of the particle
geometry to the dissolution of particles in ternary alloys. The present article describes
the dissolution of spherical and needle shaped particles, a planar medium and a
segregration layer around a sphere. In many metallurgical situations, the thermal
treatment also aims at the dissolution of the segregation layer around the grains. The
latter two geometries may then be used to estimate the dissolution time of a
segregration layer around a grain. In the mentioned articles no attention was drawn to
the impact of all physical parameters on the overall dissolution kinetics.

Basic assumptions in the model
The model is based on the concept of local equilibrium, i.e. the interfacial
concentrations are those as predicted by thermodynamics. The thermodynamics of the
general case of a ternary alloy containing a single intermetallic compound is illustrated
in Fig. I.
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Stoichiometric compound

G

c

a.-phase

curve of common tangents

c

P, denoting the minimal free energy of the
stoichiometric compound

Fig. I: A hypothetic Gibbs Free energy surface in the Gibbs space.

The Gibbs free energy of the matrix is indicated by the convex threedimensional
surface. The Gibbs free energy curve of the stoichiometric compound is needle shaped
and has a very sharp minimum in point P (see Fig. I) . Equilibria between two phases
are determined by an equal chemical potential in the phases, i.e. by a common gradient.
Each plane including point P and tangent to the Gibbs surface of the a-phase can be
described by:

(I)

with Ga k the intersections of the planes with the k-axes (kE {A,B,C} ). The requirement
that all these planes include the stoichiometric phase, yields:

(2)
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in which I, m and n correspond to the stoichiometric phase A1BmCn and G$ corresponds
to the Gibbs free energy of the stoichiometric compound, i.e. point P. As the values
G'\ are related to the Gibbs free energy of the pure component via the thermodynamic
activity and for dilute solutions the laws of Henry and Raoult hold, hence the following
hyperbolic relationship holds for a stoichiometric phase:

(CB ')'"( Cc ')n = K(T)

(3)

The isothermal intersections of a ternary phase diagram for two different temperatures
have been sketched in Fig.2, in which T 1 < T 2•

B

Isothermal intersection of the ternary
phase diagram for T=T2

Isothermal intersection of the ternary
phase diagram for T=T
1

Fig. 2: A hypothetic isothermal intersection of a ternary phase diagram.

If the alloy composition is such that its position is outside the regions a, ~ and y, then

the matrix composition can be obtained by the use of tie-lines. Increasing the
temperature imposes a translation of the lines between subsequent phases further away
from the corners of the triangle, which can imply that given a fixed composition a
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different phase may become thermodynamically more favourable. If, after increasing
the temperature such that the composition falls into one of the regions a,

p or y,

then

the second phase dissolves.
The ternary phase diagrams can predict quite accurately what phase and to what
amount it will dissolve, they, however, can not predict the dissolution rate. An
hypothetic case of an isothermal section of a ternary phase diagram is shown in Fig. 2.

For convenience an alloy is considered with a composition near point A. Suppose that
this composition falls into the three phase region a+p+y for the initial temperature T 1
and suppose that the alloy is heated up to temperature T2 such that the alloy
composition falls into region a . Assuming diffusion to be the only rate-controlling
process then the interfacial concentrations have to be maximal. Therefore the
interfacial concentrations of both alloying elements then have to lie on curve k. Having
two unknown interfacial concentrations to be determined, an additional constraint is
needed for a unique determination of these concentrations. In many situations the
particles remain stoichiometric during dissolution [9], i.e. the translation of the
interface due to both alloying elements is equal, resulting in:

Dn
dR(t) I
~
dt - en-en

n]
[Ve
B . - R(r) -

n]
[Ve
De
- e . - R(t )
I
e ~ c -ec

(4)

In which ep8 and ep e remain constant constant during the entire dissolution process. D;
represents the diffusion coefficient of the i-th alloying element in the alloy, eP;
1
represents the concentration of the i-th element inside the particle. e ; is the interfacial

concentration of the i-th element (iE {B,C}). Eq. (4) requires the knowledge of the
concentration profile as to be obtained by the integration of Fick's second Law for
multi-component diffusion. The basic formulation of Fick's second Law describing
multi-component diffusion reads as:

(5)
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In the above equation c;(r_, t) denotes the concentration of the i-th element at position r
and time t. Du represent the diffusion coefficients. The use of eq. (4) combined with eq.
(3) yields sufficient boundary conditions at the interface.
For most technologically interesting situations the cross-diffusion coefficients Du are
negligible compared to the "diagonal'' diffusion coefficients D;;. For lack of knowledge
about the relation between the diffusion coefficient and the matrix composition the
diffusion coefficient is taken to be independent of the matrix composition.

The numerical treatment
For each time step the diffusion equation for both alloying elements has to be solved
simultaneously. As a result of eq. (4), the problem is non-linear. Therefore an iterative
method has to be used to solve this problem.
To provide a clear description of the iteration method, the description of the algorithm
is split into a description of the solution method of the moving boundary problem and a
subsequent description of the determination of the interfacial concentrations of both
alloying elements.

The solution of the moving boundary problem
The numerical approach of the moving boundary problem for each diffusion equation
has been carried out for a planar, cylindrical and spherical geometry and a spherical
segregation layer around a spherical grain. For all these ideal geometries the problem is
reduced to a one dimensional problem. Numerically these geometries only differ in the
exponential factor of the position (which can be seen easily by a simple mass-balance).
When evaluating the interfacial position at each time step during the iteration process,
a new initial boundary problem is solved, in which the initial condition is given by the
concentration that was evaluated at the last iteration. A finite difference method is
applicable since the concentration profile in the matrix is continuous at least up to the
second derivative to position and the first derivative of time. The mesh is adjusted after
each iteration such that the zero-th meshsurface coincides with the interfacial position.
This has been done for the following reasons: I . The interface can be used as a
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meshsurface, which can be used in the boundary condition at the interface, 2. The mesh
is enlarged after each iteration. As the error smoothes out with iteration time and the
absolute value of the concentration gradients decreases with iteration time it is
beneficial to have a coarser mesh which allows a higher computational speed.
The numerical procedure is also based on a mass balance in each meshsurface. This is
to avoid the occurrence of singularities for curved surfaces as the particle size tends to
zero or at the grain centre when describing the dissolution of a spherical segregation
layer. For reasons of accuracy a virtual gridpoint has been used behind the interfacial
position and behind the cell edge or the grain centre. The introduction of the virtual
gridpoints guarantees an overall accuracy of O(d/), also at the boundaries. To avoid
instability as much as possible, an implicit discretisation scheme has been chosen.
As the mesh is moving, the evaluation of the concentration profile can be summarised
to proceed according to the following coarse algorithm:

I.

The concentration profile at all meshsurfaces is evaluated according to the
diffusion equation using an implicit method from the former iteration.

2.

The Stefan-condition at the interface is applied, causing a movement of the
interface.

3.

Distribution of the new meshsurfaces, i.e. creation of the new mesh such that
the zeroth meshsurface coincides with the moving boundary.

4.

Determination of the concentration at the new meshsurfaces by linear
interpolation (a convective derivative yields the same results and is more
suitable for two/three dimensional moving boundary problems).

5.

Return to step I, until the phase has dissolved.

Under the assumption that the diffusion coefficient is independent on the composition,
Fick's Second Law, i.e. the diffusion equation for one-dimensional geometries is
generally given by:

DP

a { a cp(r,t)}
i1r
a

7ar r

ae {0,1,2),pe {B,C}
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In which a is a geometric parameter, which equals 0, I and 2 for respectively planar,
cylindrical and spherical geometry. In the remainder of this subsection the equations of
the discretisation will be given, in these equations i refers to the meshsurface and j
refers to the time step. The subscript p, denoting the alloying element p, will be
omitted in the remainder of this section. Moreover, the following definitions have been
used:

R<. -Rj

/1r . =~-1

n

= Rj
r:j
I

+ i · 11rJ
(7)

Here R and K respectively refer to the interfacial position and to the cell radius.
Algebraically the discretisation can be formulated as follows, for the bulk material:

l
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The previous equation is not necessary for the computation of the concentration profile
in the bulk material but it is used to determine the concentration gradient at the
interface which is used to determine the interfacial velocity. In the vicinity of the
interface we have:
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--+

1

D!lt
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;+I
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and at the cell edge:
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Into eqs. (9) and (I 0) the boundary conditions

cd = c/

and c11 _/ = c11 +/ have been

substituted.
For the case of a layer of segregation around a spherical grain, the numbering is
reversed and low numbers correspond to grid surfaces near the layer of segregation.
The above equations are maintained except the following:

(12)
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The above system of linear equations that result from the finite difference discretisation
can be arranged into a matrix equation, which can be solved using a three diagonal
pivoting algorithm.

The determination of the interfacial concentrations
The solid solubilities of both alloying elements are linked by ternary phase diagrams,
their relationship can considered as approximately hyperbolic, i.e. by eq. (3). This must
hold at the same time as eq. (4). As the concentration profiles of both alloying elements
depend on the interfacial concentrations, the concentration gradients of the elements
also depend on the interfacial concentration. Hence, we are faced with the following
non-linear problem:

f

D C
f ) - _Jl_
( CB

-

De

p

I ( I )
C- C C C B

p

I

c n-c n

[Ve
.n]
B - R(t)
_
-1-0
[Vcc·n]
- R(t)

(13)

From the combination of the initial boundary value problems and the relationship
between both interfacial conditions for both elements it is clear that S'._c 8 and S'._cc also
depend on the interfacial concentration

cl S(t) denotes the interfacial position at time

t. So the problem has been reduced to obtaining a root for the above function f. Nor
any discontinuities, nor any singularities are to be expected for this function . Setting c8 1
very large, minimises cc', maximises S'._c8 ·11 and sets S'._cc n_ very negative, thenf > 0, for
the case of setting c 8 1 such that S'._c8 ·11 is sufficiently small, it follows f < 0. For this
continuous real function follows that at least one real root exists. To solve the above
equation, a "discrete Newton Raphson" iteration scheme is proposed and described in
the remainder of this section.
The analytical approximate solution for the interfacial concentrations for the infinite
planar medium in which a particle dissolves [9] can be used as the initial value for the
iteration procedure at time t

=0

+ dt. For the subsequent times the interfacial

concentrations from the former iteration are used. These initial guesses that are put
into the iteration process, guarantee a fast iteration process. As the function! can only
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1
be evaluated at discrete values of c 8 , the function is evaluated at c 8

for

E

1

-f.,

1
1
c8 and c 8 +E ,

>0, obtaining the following iteration scheme, with an accuracy for the

1
differentiation off with respect to c8 of0(£

2

):

Iterate:
1

1

c 8 (p+l)=c 8 (p)-

2cf(c/(p))
)
(
)
f c/(p)+f. -! c/(p)-E
(

In which the concentration profiles of both elements have to be evaluated at each

iteration step, p , until

le a' (p + I) - c a' (p )I < E ,

I

I

corresponding to J(c/(p)) <O(E)=

IJ<c/ (p)+f.)-f(c/ (p)-E)I

2

E is a measure for the accuracy for c8

1
,

·

the interfacial concentrations and O(E) is a

measure for the deviation off from zero, which depends on E. From a numerical point
of view it is important to note that

E

has to be sufficiently small but beyond the

accuracy of the numerical scheme to evaluate the concentration. In most cases the
above iteration scheme converged within 4 iteration steps.

Results of computations
To observe the behaviour of the dissolution kinetics due to the addition of a second
alloying element, a few sets of calculations have been carried out using the algorithm
described in the previous section. In the first set of calculations the influence of the
ratio of the cell radius and the initial particle size on the dissolution kinetics has been
investigated. The ratio Dc/D8 has been set equal to I 0, in which the diffusion
coefficient of the first element has been set equal to the diffusion coefficient of Si
according to Fujikawa [13] for 803 K and the solubility product K(T) has been set
equal to 0.35. The initial matrix concentration has been set equal to zero for both
elements and the stoichiometry has been set BC. The calculated results are shown in
Fig. 3 for spherical geometry.
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Fig. 3: The dissolution kinetics of a spherical stoichiometric particle for different Rc/R0 ratios: The interfacial concentrations (a) and the concentrations at the cell edge (b) of
both alloying elements and the particle radius (c) as a function of time.

In Fig. 3a the interfacial concentrations of both elements have been plotted as a
function of the dissolution time. From Fig. 3a can be seen that the interfacial
concentrations diverge from each other during the first stages of the dissolution
process. In the calculations diffusion has been assumed to be the rate determining step.
This means that the interfacial reactions like the decomposition of the intermetallic
compound in the particle are assumed to proceed infinitely fast for both elements. To
maintain the stoichiometry of the particle, the number of atoms of both elements
leaving the particle are uniquely coupled. For the case in Fig. 3 in which the weight
percentages of both elements are equal, the number of atoms leaving the particle is
similar for both elements. The atoms of the faster element move away very fast from
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the particle, while the sluggish atoms move slowly away from the particle. Due to the
slow atomic movement of the sluggish element, the slower atoms accumulate at the
interface as the interfacial area decreases, whereas the faster atoms move rapidly
deeper into the matrix. This causes the diverging behaviour between both interfacial
concentrations in the early stages of the dissolution process.
As dissolution proceeds the faster atoms accumulate at the cell edge, the concentration
gradients at the interface of both alloying elements decrease. As the interfacial
reactions are assumed to proceed infinitely fast and the diffusion rate is lowered due to
the accumulation of the alloying atoms at the cell edge, especially of the faster atoms
now, an accumulation of the faster atoms at the interface results. Thereby and due to
the maintainance of the particle stoichiometry the interfacial concentrations converge
towards each other. This effect becomes more pronounced for smaller R/Ro ratios. Fig
3b displays the normalised particle radius as a function of time for different R,/R0
ratios. This in combination with the accumulation of the sluggish atoms at the interface
during the early stages of the dissolution process, causes the global extrema for the
interfacial concentrations for both alloying elements.

For a further investigation of the occurrence of the influence from the addition of a
second element, a set of calculations has been carried out for the case that R,/R0 =8
and for different values of DdD8 . The dissolution kinetics for the case of a AIMgbased alloy are shown in Fig. 4. For this case B
additional alloying element.
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= Mg, i.e.

D8

= DM~.

and C is the
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Fig. 4: The dissolution kinetics of a spherical stoichiometric particle for different D2/D1
ratios. The interfacial concentrations of both alloying elements (a), the particle radius
(b) as a function of time.
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Again the particle stoichiometry was BC and the initial matrix concentrations was for
both elements 0. The solubility product was again 0.35. Curve I corresponds to the
case that the second element is Si. The diffusion coefficient of Si is about 0.67 times
the diffusion coefficient of Mg. For the diffusion coefficient of Mg, the diffusion
coefficient of Yamane [ 14] corresponding to 803 K has been used. Curve II
corresponds to the case that the diffusion coefficient of the second alloying element
equals the diffusion coefficient of Mg, i.e. this case corresponds to a binary alloy.
Curves III, IV respectively corresponds to the cases that the diffusion of the second
element equals 5 and I 0 times the diffusion coefficient of Mg. It is observed that the
dissolution times do not depend linearly on the diffusion coefficient of the second
element.
Due to the addition of a second faster element the interfacial concentration of the
sluggish element is rather large (see Fig. 4a), causing a larger absolute value of its
concentration gradient. This causes a higher effective driving force for the dissolution
of the sluggish element and thus an enhancement of the dissolution kinetics. Thereby
the dissolution kinetics are enhanced by the addition of a faster element (see Fig. 4.b).

The next numerical experiment considers the influence of the stoichoimetry of the
dissolving particle. It has been assumed here that the solubility product does not
change with stoichoimetry, i.e. the Gibbs Free Energies of the pure alloying elements
are equal. The results have been plotted in Fig. 5.
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Fig. 5: The dissolution kinetics of a spherical stoichiometric particle for different
stoichiometries. The interfacial concentrations of both alloying elements (a) and the
particle radius (b) as a function of time.
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All curves correspond to the same ratio of the diffusion coefficients: Dd D 8
stoichoimetries have been varied such that c~ 8

= I 0. The

= 10, 35 and 50 wt.%. The calculations

have been done for the spherical geometry with initial particle radius of I micron and
cell radius I0 micron. The solubility product was 0.35 and the initial matrix
concentrations of both elements was set zero. The interfacial concentrations of both
elements have been plotted as a function of time in Fig. Sa. For this cell size the
concentrations at the cell size have not changed very much. Therefore the diverging
behaviour of the interfacial concentrations can be observed exept for the case of c~8

=

I0, here the curves even intersect. From the theory of Reiso for the dissolution of a
binary precipitate in an infinite medium [9:Page 5.23], two approximate limits can be
deduced for the ratio of the interfacial concentrations of both elements:

( 14)

The lower and higher limit respectively correspond to the initial and final stages of the
dissolution process. From this it follows that the ratio of the interfacial concentrations
for the case that the ratio of diffusion coefficients DdD8 = I0 and the stoichiometry of
1/9 (here the concentration of the faster element in the particle is largest), that here the
limits for the ratio of the interfacial concentrations are given by approximately: 0.35
and I. I I , explaning that an intersection behaviour of the corresponding curves. For
this case it can also be observed that the interfacial concentration concentration of the
fast element now starts beyond the interfacial concentration of the slow element. This
may be explained as follows: Due to a much larger amount of fast atoms leaving the
particle to maintain the particle stoichiometry. In the later stages of the dissolution
process the atoms at the interface of the faster atoms diffuse into the matrix very
rapidly, causing a decrease of the interfacial concentration of the faster element. As the
slower atoms are accumulated at the interface, their interfacial concentration therefore
increases. For stoichiometries with either relatively many A or B atoms the dissolution
kinetics approach the dissolution kinetics of a unary precipitate.
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Figure 6 considers the influence of the initial matrix composition on the dissolution
kinetics. The calculations have been carried out for R/R"

=8

(R"

=I

micron) and

DdD 8 =5. The solubility product, K(T), was set 0.35. The matrix composition has been
varied such that all curves correspond to the same total amount of alloying elements.
Thereby the stoichiometry in the matrix varies and the overall composition of alloying
elements in the alloy is either stoichiometric or non-stoichiometric. At the very early
stages of the dissolution process, we have:

1

dR(t)

--;;t=

c8 -c8
C

B

p

111

-C I

B

B
~
;(

1

"'t:

cC -cC
=

C

C

p

- C I

C

C

( 15)

;(

and of coarse between the interfacial concentrations the hyperbolic relationship holds
(viz. Eq. 3). For these cases that the total amount of alloying elements is similar, it can
be proven that the derivatives of both (cs'(c 8

111
)

-

c8 111 ) and c8 1 with respect to c8 "' are

1
positive. As cl>>c8 , it can be seen from the last equation that the dissolution kinetics

will be more rapid for a larger amount of sluggish alloying element in the total
composition, as long as the particle remains stoichiometric.
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Fig. 6: The dissolution kinetics of a spherical particle for different initial matrix
compositions. The interfacial concentrations of both alloying elements (a) and the
particle radius (b) as a function of time.
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Application to an AISiMg alloy
The described algorithm has been applied to the dissolution of a stoichiometric Mg 2Siphase. In commercial alloys this phase may have different geometries. The phase can
either be present in the grain, except in the precipitate free zone near the grain
boundary, or at the grain boundary. The dissolution kinetics of the Mg2Si-phase at the
grain boundary can be approximated one-dimensionally either by a spherical
segregation layer around a grain or by an infinite plate of finite thickness. Both
approaches provide a higher and lower limit of the dissolution time.
The Mg 2Si-phase may also be present in the form of needles. For this case to have a
one-dimensional, the dissolution kinetics of the needles have been approximated by an
infinitely long cylinder. Here it has been assumed that dissolution proceeds radially.
However, due to surface tension effects, especially at the very sharp angle of the
cylinder, the decrease of the cylinder length of the Mg2Si-phase might be important as
well.
For the cases that an AIMgSi-alloy has been cooled very slowly, the precipitates may
be large and have a rounded geometry. A comparison in the dissolution kinetics for all
these one-dimensional geometries has been given in Fig. 7.
All curves correspond to the same initial size of the dissolving stoichiometric Mg 2Siphase of I micron, dissolution temperature of 803 K and same composition (0.34 mass
% Si and 0.54 mass % Mg) and solubility product, K(T), 0.35. The values of the cell
sizes are given in table I. The initial matrix concentrations of Si and Mg have
respectively been set equal to 0.06 and 0.025 mass%.
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Fig. 7: The dissolution kinetics of different geometries of stoichiometric Mg 2Si phase
for a temperature of 803 K. The initial size is I micron and the overall composition is
0.34 mass % Si and 0.54 mass % Mg.

Table 1: The cell sizes for the different geometries.

Cell size

Curve I

Curve II

Curve III

Curve IV

5µm

11.5 µm

125 µm

373 µm

For the cases of a spherical and cylindrical shape of the Mg 2Si-phase, the dissolution
kinetics is enhanced by the decrease of the free surface. However, for the case of a
spherical segregation layer the dissolution kinetics are delayed as a result of an increase
of the free surface and the increasing difficulty for the alloying elements to diffuse
deeper into the aluminium matrix.
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Conclusions
A model has been developed suitable for the dissolution of a stoichiometric phase in a
ternary alloy. It is shown quantitatively that the dissolution kinetics of a stoichiometric
phase in a ternary alloy is determined by physical parameters (the diffusion coefficient
of both alloying elements, solid solubities, particle composition and stoichiometry),
compositional parameters (the ratio of the cell size and the initial particle radius, initial
matrix concentrations of both element) and particle geometry (spherical, cylindrical,
planar or a spherical layer of segregation).
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CHAPTER 7

A NUMERICAL METHOD TO COMPUTE THE DISSOLUTION OF
SECOND PHASES IN TERNARY ALLOYS

Abstract
Dissolution of stoichiometric multi-component particles in ternary alloys is an
important process occurring during the heat treatment of as-cast aluminium alloys prior
to hot-extrusion. A mathematical model is proposed to describe such a process. In this
model an equation is given to determine the position of the particle interface in time,
using two diffusion equations which are coupled by nonlinear boundary conditions at
the interface. Some results concerning existence, uniqueness, and monotonicity are
given. Furthermore, for an unbounded domain an analytical approximation is derived.
The main part of this work is the development of a numerical solution method. Finite
differences are used on a grid which changes in time. The discretisation of the
boundary conditions is important to obtain an accurate solution. The resulting
nonlinear algebraic system

is solved by the Newton-Raphson method. Numerical

experiments illustrate the accuracy of the numerical method. The numerical solution is
compared with the analytical approximation.

Introduction
Heat treatment of metals is often necessary to optimise their mechanical properties
both for further processing and for final use. During the heat treatment the
metallurgical state of the alloy changes. This change can either involve the phases
being present or the morphologyof the various phases.
Whereas the equilibrium phases can be predicted quite accurately from the
thermodynamic models, there are nogeneral models for microstructural changes nor
general models for the kinetics of these changes. In the latter cases both the initial
morphology and the transformation mechanisms have to be specified explicitly. One of
these processes that is amenable to modelling is the dissolution of second phase
particles in a matrix with a uniform initial composition.
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To describe this particle dissolution in solid media several physical models for binary
alloys have been developed, incorporating the effects of long-distance diffusion
[ 18,2, 13] and non-equilibrium conditions at the interface [8, I, 14]. These articles did
not cover the technologically important dissolution of stoichiometric multi-component
particles in ternary alloys.

The phase transformation element in steel has been studied in [5, 17] . Reiso [ 11]
investigated

the

dissolution

of

Mg 2 Si-particles

in

aluminium

alloys

mainly

experimentally. He compared his results to a simple dissolution model valid for
dissolution in infinite media. All analyses indicate that the addition of a second alloying
element can influence the dissolution kinetics strongly. However, in none of these
articles attention was paid to the effect of the particle geometry on the dissolution of
particles in ternary alloys. The present article describes the dissolution of spherical and
needle shaped particles, a planar medium, a spherical layer of segregation and the
combination of a dissolving particle and a dissolving spherical layer of segregation. In
many metallurgical situations, the thermal treatment also aims at the dissolution of the
segregation layer around the grains. In the articles mentioned, no attention was paid to
the impact of all physical parameters on the overall dissolution kinetics.

The present work covers a detailed numerical analysis of a coupled Stefan problem in
which two boundaries either move or are fixed. The diffusion equation is solved using
a finite difference discretisation. The displacement of the boundary is computed with a
front-tracking method. The concentration of both chemical elements are linked via the
hyperbolic relation between the Dirichlet conditions corresponding to both diffusing
elements. The disappearance of a moving boundary is incorporated and modelled by a
transition of a Dirichlet condition to a Neumann condition. The calculation can then be
continued until complete homogenisation has been reached. We expect that our
approach is applicable to a much wider class of Stefan problems involving more
equations or other coupling conditions. This is a point of current research.
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The mathematical model for the dissolution of second phases in ternary alloys is given
in Section. Some remarks about existence, uniqueness and properties of the solution
are given in Section. In section \ref{sec:method} the numerical method is specified.
Some properties of the numerical method are investigated in Section. In this section
also a number of metallurgical applications are solved and properties of their solutions
are given.

A model of dissolution in ternary alloys
Consider three chemical species denoted by A, B, and C. We investigate the dissolution
of an A 1BmC,. particle in an A-B-C alloy, where we assume that the concentrations of B
and C are small with respect to that of component A . The concentrations of B and C
are written as c0 , cc (mol/m 3) respectively. At a given temperature the initial
concentrations are equal to c0° and cc°. The concentrations of B and C in the particle
1
are denoted by c/0 " and cd'0 ". The interface concentrations (c 0"" and

c/"1)

are not

= {x E

R I M1

constant.

We consider a one-dimensional problem. The geometry is given by 0.(t)
:'.S;

Si(t)

:'.S;

x

:'.S;

Si(t)

:'.S;

Mi}. t

E

[0,T], where T is an arbitrary positive number. In some

applications there is a time t 1 and ti such that respectively Si(t) =Mi, t
~

Mi. t

~

t1 and Si(t) =

ti. For the determination of c0 , cc we use the multi-component version of Fick's

Second Law ([15], [22): p. 160):

aCpa(r,t) = ~aa
t

(DP B. ra. aCBa(r,t) +DP c ra. acca(r,1)) r

rr'

r

r'

E 0.(t), t E (0, T], p E {B,CJ (I)

where a is a geometric parameter, which equals 0, I, or 2 for respectively a planar, a
cylindrical, or a spherical geometry. Note that M 1 should be non-negative for

a-:/:

0. All

these geometries occur in metallurgical applications. For simplicity we assume Do,c

Dc. 8

=0, both species diffuse independently, and that Do.o = Do, Dc,c = De

constant. Hence, the equations given in eq. (I) reduce to:
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a

a( a
a
a

a cp( r,t))
cp( r,t) _DP
- - - - - - r ·- - r
ra r
at

rE

0.(t),tE (0,T},pE {B,C}

(2)

As initial conditions we use

r E 0.(0), p E {B,C}

c,,( r,O)= c/(r)

(3)

where c/ are given non-negative functions . When a moving boundary becomes fixed,
i.e. Sit) = M*, we assume that there is no flux through the boundary, so

Vt"C.t1o pE {B,C}, kE (1,2}(4)

On the moving boundaries a Dirichlet boundary condition is used:

t E {0,T], p

So, six unknown quantities remain: Sit), c8 /

01

E

{B,C}, k E

1

(t), and c8 / " (t), k

E {

{

1,2}

(5)

1,2}. To obtain a

unique solution six boundary conditions are necessary. We assume that the particle is
stoichiometric, which means that CAparr. c/art , cd'a" are constant. Using the Gibbs free
energy of the stoichiometric compound we get [ 15):

kE{1,2}

( c B.k sol (!))"' . (c C.k sol (t))" = K

(6)

where the exponents m, n correspond to the stoichiometric phase A 1BmC.. and K is a
constant depending on temperature. The balance of B and C atoms and the constant
composition of the particle lead to the following equations [ 12) for the moving
boundary positions:

tE (0,T},pE {B,C},kE {1,2}
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Condition (7) implies:

D0

. (co'"'" -co./"1(t))

ac 0 (Sk (t), t )
ar

k

E {

f ,2}

(8)

The moving boundary problem given by eqs. (2-7) is known as a Stefan problem [3] .
For a recent book where this type of problems is considered we refer to [ 16] (see for
instance p. 132 (2.5), (2.9)). There are some differences between the dissolution in a
binary alloy [ 15] and in a ternary alloy. In the first place, two diffusion equations have
to be solved, which are coupled through the conditions (5-7) on the moving
boundaries. Secondly, the problems are nonlinear due to the balance of atoms on Si.

Si. both in the binary and the ternary case. However, in the mathematical model for a
ternary alloy an extra non-linearity occurs in eq. (6). Survey papers and books on the
Stefan problem are: [3], [24] , [21 ], [25], [20] , and [26] .

Properties of the Stefan problem
After the description of a maximum principle we give some results concerning
existence, uniqueness, and monotonicity of solutions of the given Stefan problem. Also
an approximate solution is given for the dissolution of a particle in an unbounded
domain (M2

= oo).

The maximum principle f or the diffusion equation
First a few basic principles are formulated, which are used later in this section. The
Stefan problem is formed by the diffusion equation and a displacement equation for
one or more moving boundaries. For the diffusion equation it can be proved that the
solution satisfies a maximum principle, which we present for completeness.
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Maximum principle
Suppose c satisfies the inequality

2

aa r 2c -~>0
at -

rE

0.(t),

tE

(9)

(0,T},

then a local maximum has to occur at one or both of the sides S1, S2 (the moving
boundaries), or at t = 0 (the initial condition). Suppose that a local maximum occurs at
the point P on S 1, or S2 • If

l_ denotes the derivative in an outward direction from

av

ac
av > o at P.

0.(t), then -

This statement is referred to as the maximum principle and has been proved by Protter
and Weinberger for a general parabolic operator (see [ 1O] p. 168, p. 170).
This principle can also be applied for local minima (and

~ < 0)

av

when the inequality in

(9) is reversed. The principle thus requires the global extremes of a solution to the
diffusion equation to occur either at the boundaries S1, S 2 , or at t = 0.

Some limitations of the Stefan problem
In this section we consider some artificial problems, in order to investigate the
limitations of our mathematical model. In the first example we show that the model
breaks down when the concentration at the interface is equal to the particle
concentration. From the second example it appears that difficulties occur when the
initial concentration is equal to the particle concentration. Then the ternary model
should be replaced by a binary model.

The movement of the boundaries Si. S2 is given by eq. (7). This holds provided
Cp

parr

,

p

E

{

f ac,,(Sk(t),t)
. . b
B, CJ to prevent a d'IVISIOn y zero. I
ar

1'

h
0 t en a

c,;"'1 "#

. . by
d'IVISIOn

zero would imply an infinite displacement. Such a situation can occur, for example,
0
when we have an initial concentration profile in which c/(r) < c/ " for r E (Si(O),Si(O)
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+ Si(0))/2) and c/(r) > c/'"' for r
that then possibly

c/

01

((Si(O)

E

converges to

+ Si(0))/2,Si(O)). Simulations have shown

c/ rr, causing a division
0

by zero when computing

the displacement of the boundary. The examples show that in general it is impossible to
show global existence of the solution. A blow up in finite time is possible. This kind of
problems

have

been

a

popular

topic

in

recent

free

boundary

research

[23,29,27,28,31,32, 19,22]. However, in our metallurgical applications we never
encounter this kind of problem, because the initial concentrations are always less than
the concentration in the particle. For cylindrical and spherical problems blow up occurs
when the particle dissappears. From a practical point of view the effect of this blow up
is negligible.

We consider the following planar problem: cc0

= 0, en° = cl rr,
0

Si(t)

= M 2,

and for

simplicity eq.(4) is replaced by

p

E

(B,CJ

(10)

Suppose that S1, c8 and cc are a solution of the Stefan problem, where 0 ~ cc·'01 (t) ~

cd' rr. Then we have the following result:
0

Proposition
There is no i > 0 such that Si(t) is monotone on [O, i ], unless c8 " 01(t)

= cl rr.
0

Proof
Suppose there is a i > 0 such that dSi > o, t
dt

.
. cc ,,,1()
t
the mequa
11ty
implies that

c/01(t)

part
~cc
,

E

[O, i ]. This assumption together with

an d eq. (7).imp l y that accCS1{t),t)

ar

~

O, t E [O, r• 1. Eq. ( 6)

-:t 0. From the maximum principle it follows that the maximum

1·1ty
. the mequa
.
occurs at S1• However at sue h a pomt
to a contradiction.
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Now we assume that there is a
E

{0, f

l such that

r

> 0 such that dS, ::; 0, t
dt

CB'01( t) > c/°n. eq . (7) implies that

E

{0,

r ]. When there is a

aCc(!,:(), t) > 0.

I

Using the

maximum principle as before, we again obtain a contradiction. In the same way it can
1
be proved that cB·'° ( I ) < cl"" is impossible.

This proposition implies that the only physically acceptable solution occurs when
1
c/" (t) = cl"". In this case we are faced with a division by zero when computing the
displacement of the boundary. However, due to the maximum principle cB(r,t) =cl""

= cB

0

,

so

a c B (S, (t), () o.

ar

Hence we are faced with a zero-by-zero division. From a

thermodynamic point of view it is reasonable that for this case there is no change of the
concentration profile in the matrix. The boundary conditions are coupled via eq .(6).
The solution for this situation can be obtained using the solution of the concentration
profile of the element C only. We are thus faced with a binary diffusion problem, in
which the interfacial concentration of element C is then determined by the
concentration of element B by eq.(6).

Monotonicity properties
Consider the solution of the Stefan problem: S 1, cB and cc, where S2
replaced by (I 0) . We assume that

ea°

= M 2 and eq.(4)

< cl"". Suppose that at some time, t i.

cB(S1(t1),t1) < cl'"' and at a later time, t 3 > t,, we would have cB(S,(t3),t3) > cl"".

From the continuity of cB(Si(t),t), it follows that for some time, t2, such that t1 < t2 <
t3, cB(Si(t),t) < c/"", t

ac

B

(S, (1 2 ), t z) =

ar

o.

E

[t1,t2), and cB(Si(t2),t2)

= c/°".

According to eq.(7),

This violates the maximum principle. A similar situation can be

0
analysed for cB > c/"'', and cB(Si(t 1),t 1) > c/°". From this it can be concluded that the

sign of cp(Sk(t),t) - c/"" does not change with time, provided this sign is equal to the
sign of c/(r) - c/"" for all r.

An approximate solution

158

Mathematical Models for Particle Dissolution in Extrudable Aluminium Alloys
7. A numerical method to compute the dissolution of second phases in ternary alloys

For the classical one-phase planar Stefan problem (M 1 = -=, M 2 = 0, c0 = /, c(S(t),t) =

0 and A. dS(t) = _ aa c (S(t),1) ), a self-similar is already found by F. Neumann in 1860 [30],
dt

r

p. 122: S(t)

= k'J

l+eif(&r)

t and c(x,t)=I-

(k) , where k satisfies the transcedental

l+eif -

2

equation
2

k=

2

exp - ( -k )
(

( k)

. c ·

A.

..;rt

I + eif 2

J

. Our approximate solution is related to a self-similar solution as

given above.

For the case that diffusion takes place in an infinite medium with spherical symmetry
near a spherical particle, the Laplace transform can be used to solve the problem. The
diffusion equation for spherical symmetry determines the transport of matter:

j_(r

a cp(r,t) = DP
at
r2 ar

2.

acp(r, t))

p

ar

E

{B,CJ

The condition at the interface is given by:

At infinity and for t = 0:

where

c,,° are given constants. We approximate the function c/'1(t) by a constant value

c,,·"'1 • By means of the (inverse) Laplace transform an approximate solution [18) is
given by:
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-

_ o (- ·"' -c/I

c/l( r,t)- c/I + c/I

0)

(r-S (t)J .

1
S1 (t)
rn-;
·--eifc
2-vD"t
r

(I I)

This approximation is exact when S,(t) is constant. So we assume that the difference
between the exact solution and the approximation is small as long as S,(t) is a slowly
varying function . Substitution of

dS 1 (t)
dt

=

c"

into eq. (7), yields:

c11 -c"o ( D ro;;-J
c/"" - c/"'. s,~:>+V-:;;7 ·
:wt

(12)

Combination of both components to full fill the requirement as stated by eq .(8), it
follows that:

__!_ = (; c ·"'
~)
D
(; B ""' - c B o . ( _B_+

co''"" -c/"1 s, (t)

rt

t

1
-

cc o . ( _D c_+

cc""" -c/"1 s, (t)

J¥r)
_f._
rt

( 13)

t

Using eq.(6) as the relation between the concentrations at the interface S1, it follows
that fort

l

0
•sol
-CB
CB

0:

'""" _,,,,,

~ - [''
D

B _

-

part

IJ-1 [

Km

K

I

m

-[ (c,·"r J · [(c,·•r J _,,

0

J

( 14)

As has been remarked before, it has been assumed that the interfacial concentration is
constant in time. The variation of the interfacial concentration with time is most
significant at the early stages: the interfacial concentrations then change from c/ to

c/"' . In the later stages, the interfacial concentrations will vary less with time and the
above used approximation may be more accurate. As the diffusion of the chemical
elements proceeds, the elements reach the other boundary. Then, an accumulation of
atoms occurs there. However, this analytical model does not incorporate this effect
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since it is assumed that the domain in which the elements diffuse is infinite. Therefore
at the later stages this approximation will become less accurate as well.

For the case of a particle stoichiometry BC, i.e. n

= m,

the following quadratic

01
equation for c 8 ' results from equation (14):a·(c8 ""1) +~ · (c 8 ""1 )+y =0
2

, with A,B,C

given as:
a =ccpart -~·cco,

If (cc 0 - ccP"" . ~} ( c 8 """

-

c8

°·~) < O then there is only one root

inequality c/01 > 0 holds. If however (ccO - Ccparr

for which the

· ~}(cBparr -CBO · ~) > 0

and

the discriminant is positive then we have to keep in mind that the roots have to meet
the requirement that the Stefan problem is not degenerate, i.e. we may not have 0 :-::; c/

< c/0 " < c/01 or 0 <

c/'1 < c/art < c/, p

E

{B,C}. A root that does not satisfy this

requirement is rejected. In case of the existence of two real positive roots such that the
problem is not degenerate, it appears that indeed two non-negative, non-degenerate
01
solutions for the c/ can be obtained.

Consider the following example:

2-D8

= 2.10·

11

(c/

0
",

cd'"r'l = (50,/ l,

0

(c B ,

cc°)

= (2,30/,

De

=

2

m /s and the value of K is varied. The interface concentrations have

been calculated and substituted into Eq. (12) to obtain the interface velocity. The
interface velocity coefficient dS(t) ·
dt

~ has
iJD;

been plotted in Fig. 1.
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Fig. I: Interface velocity coefficient for various values of K.

For 0 < K < 50, it can be seen that the discriminant is positive and hence two solutions

= 50,
010
0101
it may be seen that one obtains for the roots of the quadratic equation: (c/ , c/ 1/
0 2
= (l.6586,30.1455l for the first root and (c/ 01121, c/ 1/ = (50,ll for the second

are obtained. One of the solutions is degenerate and is therefore rejected. For K

1(

root. The second root corresponds to a division by zero in eq. (14) . For 50 < K <

470.33 two non-degenerate, positive solutions exist for dS!dt, K

= 50 thus acts as a

point of bi-furcation. Both solutions have a negative boundary velocity, so the particle
1
dissolves. Consider for example the case K = JOO; the two solutions for c"° are:

(cn'°101, Ccsot(lll

= (3.4018,29.3959l

and (c/ 01121, cc'0112!/

= (48.7566,2.05/0l.

Substitution of both solutions into eq . (14) shows that the first and second solution
respectively are slow and fast solutions. For K

= 470.33,

the discriminant is zero and

the solutions coincide (see Fig. I). Considering the discriminant of the quadratic
equation, it follows that the discriminant is negative for 470.33 < K < 55681 giving
two complex solutions. The solutions for K > 55681 are both degenerate.
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It appeared from numerical (Finite Difference) experiments that the slower solution is

more stable numerically. It appears that this stability depends on the formulation of the
zero-point problem. For higher orders (different stoichiometries) it is very hard to state
any general remarks about the solution.

The numerical method
Various numerical methods are known to solve Stefan problems. In Crank [3] the
following types of method are distinguished: front-tracking, front-fixing, and fixeddomain methods. The latter two methods can only be used when the concentration on
the interface is a constant. We choose a front-tracking method to solve our problem
numerically, because in this problem the concentrations on the time-dependent
boundaries are variable. We use the front-tracking method of Murray and Landis [7].
First an outline of the numerical method is given. Thereafter each part is described in
more detail.

The equations are solved with a finite difference method in the r and t-direction . A
characteristic feature of a front-tracking method is that the interface positions are nodal
points in every time-step. So, the position of the grid points depends on time. An
outline of the algorithm is:

I . Compute the concentration profiles solving the non-linear problem given by

eqs. (2-6) and eq . (8),
2. Predict the positions of S 1 and S2 at the new time-step: S 1(t+t:i.t) and

Si(t+t:i.t),
3. Redistribute the grid such that Si(t+t:i.t) and Si(t+M) are nodal points,
4. Return to step I .

We introduce the following notation: the time-step is t:i.t
the interfaces are denoted by

s! = Sij

t:i.t), k

E

{

direction is t:i.I = (SJ - S/ )!N, and r/ = S/ + i t:i.I, i

= TINT, and the positions of

1,2}. The step-size in the space
E

{O,...,N}. In some expressions

r;±11J is used, which is equal to S/ + (i±l/2) t:i.l Finally, the concentration cp(r/, j t:i.t) is
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approximated by cp./ , p

[B,C}. In the remainder of this section we give a detailed

E

description of the various parts of our algorithm. In this paper we explain the method
for an equidistant grid. In practice one can save much computation time when the grid
is refined in the neighbourhood of the moving boundaries.

Discretisation of the interior region
In this paragraph we use the symbols c and D instead of CB, cc, DB, or De. We suppose

s/+'

that

c/

and

are given. The concentration on the new time-step satisfies the

following equation:

·•I +
-c)+
Dot

(r; j+ I

[

I
.

r (•r J·+i )2. C;

j+ l { (

r;+112

j+l ) "

+

(

r;-112

j+ l ) "

}-

j+l (

C; - 1

r;- 112

j+ l ) " -

C;+ 1

j+ l (

t;- +112

j+ l ) "

J
-

0

-- - 1- · ( C; j + C;+/

·(f ; j+ l_ fj
- c,_/)
.

2 · il r 1

DLll

j), l. E {1 ,2,3, ... , N-1} .

In this formula central differences are used to discretise the term

(15)

_!_~(r". ac( r,t )).
r"

ar

ar

The final term is caused by the changing mesh. The value of c/ is given in the point (r/.
1
j M). However, for the time derivative it is necessary to evaluate c/ at (r/+ , j .1t).

Linear interpolation is used to approximate this value:

·

·

·

(aa )

cl( r J+ I }Llt) =c ·' + I

I

'

I

C
f

·

·

·

·

'· (rJ+ 1 -rl ) =cl +

j

I

I

(

C· j _ C. j )
1- I
1+ 1

2~

I

r/

·

·

·(r1+ 1 -r1 )
I

I

'

For a > 0 a division by zero could occur in ( 15) when r/+' = 0. Since i ~ 1 and S/ ~
M 1 ~ 0, the value of r/+ ' is always positive, so eq. ( 15) is valid also for a> 0.

Discrete boundary condition at a fixed boundary
At a fixed boundary the Neumann boundary condition (4) holds. For a discrete version
of this condition we assume that eq. ( 15) is also valid for i = 0, and i = N. Note that
virtual concentrations
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c _/+',

and

occur. These concentrations are eliminated by using the discrete

CN+/+'

analogue of eq. (4):

cJ + l_c
( I
-1

2.1. rJ+I

(c N+I j+ l_ c N-1J+J)

J+I)
= 0,

( 16)

=0

2.1. r J+ I

An exception is made for the case i

= 0, and a > 0, because then eq.

( 15) contains a

division by zero. Now eq. (4) is replaced by a balance of atoms. For a= 2 the balance
1
is considered for a sphere with radius llr+ /2 :

Using cylinder coordinates a similar expression holds. After simplification for spherical
and cylindrical geometry the resulting equations are

C

}+ I
c j ( A __
o} +I -o._u_r

M

2(a+l)

J=D'c

}+ I

c }+ I
-o

D.r J+I

aE {

'

/ ,2}

( 17)

Discrete boundary condition at a moving boundary
In the numerical method we assume that the positions of the boundaries are known at

/+'

= (j+ 1) llt.

Hence, on each boundary (Si.S2 ) two boundary conditions, see eqs.

(6,8), are necessary. The derivatives used in eq. (8) are discretised with central

1
differences including the virtual concentrations c_/+ , and CN+t' . We assume again
that eq. ( 15) holds for i = 0, and i = N. Condition (6) is replaced by:

(c8 ,0 J+I )"' ·(c C. 0 J+I )" = K , (cB.N J+I ) "' · (c C, N J+l )" = K

( 18)

Summarising, we note that at the new time-step 2(N+3) unknowns are used, whereas
up to now only 2(N+2) equations are specified. This implies that the solution consists
of a two-parameter family . To determine a unique solution we assume that all
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1
concentrations are a function of c8 ,d+, and c8 ,i';+

1
•

These remaining unknowns are

determined by the following coupled nonlinear equations (compare eq . (8)):

fi(I c 8.0j+I , c8.N j+I)= D 8 (cCI'"" -

c C.Oj +l'{c
J1. 8,1j+l _ c 8,-1 j +I]+

( 19)

and

h(c8,0j +l, c8,Nj+I)= D8(cc P" rt - cc, Nj+IXc8,N+l j +l _ c8,N- l j +I]+
- Dc(c8P"" - c8,N j +I Xcc ,N+lj+I - cc, N- l j +I]

(20)

=0

So the problem has been reduced to obtaining a root for the vector function ifiJ2) . We
approximate this root by the Newton-Raphson method.

The p-th iterates of the concentrations are denoted by c8 ,;+ (p),
1

E

{O,N} . The

continuous Newton-Raphson method runs as follows

(21)

where J is the Jacobian . In practice it is impossible to compute J, so we use a discrete
approximation

},, . =

J . The elements of the 2 x

2 matrix

J are

[!k(c 8.0j+I +(2-i)e , c8 .Nj+ I +(i-I)e)-!k(c 8 .0 j+I -(2-i)e,c 8 .N j + I -(i-I)e)]

""

.
, k,IE{J ,2}.

2E

The discretization of the Jacobian is determined using a central difference in order to
2
guarantee an accuracy of 0(£ ) . From a numerical point of view it is important to note

that £ has to be sufficiently small, but larger than the accuracy of the numerical scheme
to evaluate the concentrations.
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To start the Newton-Raphson procedure an initial guess has to be found. To prevent
convergence to an undesired root, the initial guess is chosen as close as possible to the
root. For time-steps j > I, the boundary concentrations from the former time-step are
chosen as initial guesses. However, at time step j

= I, the roots of (see eq. (14))

(22)

{O,N}

are used.

In the section of the experiments it is shown that if for at least one element the initial
concentration in the matrix equals zero, then for Dirichlet condition of the other
element it is required that it resides between its particle concentration and its initial
matrix concentration. We terminate the iteration when

c j+ i(p+l)- c 8 ,0 j+l(p)l+lc 8.N j+l(p+l ) - c 8 ,N j+l(p)l < E .
l 8.0

The given approach is adapted for the case a > 0 and S/+' < t:i.r1+

1

•

In this case the

virtual grid-point near S 1 is released. The derivatives in eq . (8) are replaced by onesided differences, and eq. ( 15) is no longer used for i = 0.

Adaptation of the moving boundaries

We have only used one half of the boundary conditions given in eq. (7) to determine
the concentrations. The remaining conditions are used to adapt the positions of the
moving boundaries. The adaptation of S1 and S2 is comparable, therefore we only
describe the determination of S 1• Two different methods are described. An explicit time
(Euler forward) time integration yields:
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S j+I = S j +
I

I

DB. M .
c Bpar1 - c B,01

cB, lj - cB.- l j

(23)

2 . /j, ~

Due to the explicit nature of this adaptation it is important to choose the time-step not
too large relative to the grid-size. In our computations we choose t:.t such that

.

(ti.ro)2
MS 10 ·

(

max D 0 , Dc

).

The virtual concentrations c 0../, ca.N+/, are computed from eq.

( 15).

For a > 0 and

S/

< 1:i./+ 1 the central finite difference to approximate

a co~~(t),t)

is

replaced by a one-sided finite difference, as has been mentioned in the previous
paragraph. When the distance between a moving boundary and a fixed boundary is
S

j+I

small, ( k 0

-M

Sk -Mk

k < e, k e {1,2}) we fix

·+1

the boundary (S,/

= Mk),

k

E

{ 1,2} ),

and

change the boundary conditions accordingly.

The second method is the Trapezium method. Since this method is implicit the new
position of the moving boundaries are computed iteratively. The outline of the
algorithm is summarised as follows :
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1. p := 0 (p is the iteration number)
2. c;,kj+'

=cj

and ck./1'·J+J

= c/01J

(k is number of chemical element, i is node

number) ;
3 S
·

l.p

}+I

=Sj
I

+

CB

DB . M
j
part
-cB.O

CB.I} - c B.- IJ
~----;- ,
2 · /',.rj

S 2.p idem (determination of the

predictor);
4. Generate mesh, i.e. determine

r;.J+' ;

5. Carry out one Discrete Newton-Raphson iteration step (eq. (21 )) and solve
the diffusion equation to obtain
7 S

J+ I _

· l.p+I

SJ

- 1+

DB· M ·[

2

c;,k,p+t'

1 1
and ck,p+/" ·1+ using

1

cB. IJ - cB.- 1
2·(c8 par1 - c B.O i).jj.rl

cj;

]
cB.l.p+IJ+ I - cB.- 1.p+/+I
J+l)·/',.r J+ I
- c
p
B.0.11+ 1

+ 2·(cB parr

S2.p +1 idem (corrector);
j+ll+ lcB.N.p+I J+I - c B.N .p J+ll+
J+I c
c
l B.O.p+ I - B.O.p
J+I s J+1I Is2,p+I J+1 - s2,p J+il
s
I 1,p+I . - 1.p
>E
.
+

8. While

S2' - M2

S1' -Mi

p := p + 1 go to step 4;
9. c;/+/

= C;,kj+I' c/01·1 = Ck,/

11
.J+I ,

S/+/

= s,,;+/ and

sj+I

= S2./+I

do next

time-iteration .

Using the above algorithm improved the accuracy of the determination of the free
boundary position. Here the roots of the vector function (f1•.f2) in c0,d+' and c0_d+' are
determined within the same iteration as the free boundary positions s/+i and

sJ+'.

Since in step 5 of the algorithm only one Newton-Raphson iteration step is performed,
the order of the total amount of work done at each time-step was similar to the order
of the total amount of work done at one Euler forward time-iteration .

Numerical experiments
All computations are done with the Euler Forward method to determine the position of
the interfaces, except in the paragraph where the Euler Forward and Trapezium
method are compared.
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The accuracy of the space discretisation
In order to determine the accuracy of the calculations, grid-size and time-step
dependence tests have been carried out. The results for the grid-size are shown in
Figs. I and 2.
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Fig. 2: Relative position of the interface; with a virtual point.
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Fig. 3: Relative position of the interface; without a virtual point.

The following input parameters have been used: De = 2D8

c/arr

= 50, p E

{B,C} , K

= 2 .10·13 m 2 Is,

= 1,m = n = 1, S1(0) = 5-10·7 m, Mi = 5·10·6 m,

c,,°

= 0,

Si(O) =Mi,

and we enter spherical geometry. The grid-size and time-step were decreased until the
differences are negligible for the whole simulation. It can be seen in Figs. 2 and 3 that
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the distances between all curves are negligible for small times. For larger times the
differences increase. The use of a virtual point at the interface increases the accuracy
considerably. The observed rate is 0( t:i.?) with a virtual point and 0( !:i.r) without a
virtual point.

In case of the use of a virtual grid point, the central discretisation reads as follows :

Without the use of a virtual grid point we have the following one-sided discretisation:

In the vicinity of the interface we observe the following inequalities:

a
ar
cp

-- < 0

a2 cp
' ar

a3 cl'
ar

- -2- > 0, - -3- < 0 .

Therefore respectively in case of the presence of a virtual grid point and without a
virtual grid point, the discretization at the interface overestimates (Fig. 2) respectively
underestimates (Fig. 3) the interface velocity.

The accuracy of the time integration
We used the same input-parameters for the determination of the accuracy of the timestep except for Si(O) = 10-6 m. The time-step was varied until convergence was
reached. The results have been printed in Figs. 4 (Euler Forward) and 5 (Trapezium).
It can be well observed that the difference between the two methods is small as long as

the time-step is sufficiently small (!:i.t < I s, corresponding to !:i.t < 312.S.max(Ds,Dc) I
t:i.? ). It may be observed that the accuracy of the explicit Euler Forward method starts
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I0 s, whereas the iterative trapezium method still produces

to decrease for L\t
accurate results.

Generally the position of the free boundary is integrated from the free boundary
velocity as follows:

sj+J - s j

=

tj+I
f_v( t )dt
,1

For an explicit, implicit Eulerian and trapezium method this respectively becomes:

1

Sj+I - S j =

j+I

f_v( t )dt =
,1

j+I

1

J

( v(t j+ I) + O(t j - t j +I )~t = v(t j+I) · (t j+ I - t j )+ O(t j - t j+ I

)2

,1

Here it follows that the accuracy for the Eulerian time integration and trapezium
methods are respectively 0( L\t) and 0( L\r2 ). The observed rate is about 0( L\t) for the
iterative trapezium method and 0( L\t°- 75 ) for the explicit Eulerian method.
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Eulerian method for S(t)
1.0

t

S(t)
S(O)

0.5

50

100

200
150
Time ( s ) - - -..

Fig. 4: The relative position of the interface for different time-steps using the Euler
Forward time integration.
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Iterative trapezium method for S(t)

1.0

t

S(t)

S(O)
0.5

50

100

200

150

Time(s)---

Fig. 5: The relative position of the interface for different time-steps using the
Trapezium time integration.

A comparison of the analytical and numerical solution
As has been mentioned before, the initial guess for the interfacial concentrations is
based on some analytical considerations. The derivation

of this analytical

approximation is summarised in the section with the analysis. This expression holds for
spherical symmetry, but it can be used for planar geometry as well [I]. Unfortunately,
this derivation has to be done under the assumption that the interfacial concentration
remains constant during the entire dissolution process. At the early stages of the
dissolution process, the interfacial concentration does not remain constant (see Fig. 6).
To compute the interfacial concentration we iterate the analytical solution using the
following predictor-corrector method with a sufficiently small time-step:
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Predictor-corrector method
I. Compute c/"1(M) from eq. (14),j = I;

2. Substitute

c8"'1(!H )

in eq. (12) and compute S1U·M);

1
3. Using Si(f fl.t) , obtain c8 "' ((j+ /)- fl.t) from eqs. (8) and (13),j := j+ I , go to

2.

The results obtained with the analytic approach are of the same order of magnitude as
the results obtained using the finite difference scheme (see Fig. 3). The finite difference
results in Fig. 3 have been obtained using various M 2 I Si(O)-values.
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Fig. 6: Interface concentrations for various values of M2 I Si(O ).

Though there is a small difference between the results from the analytical and
numerical scheme already at early stages, it can be seen that for large Mi/S 1(0)-values
the match between the analytical approximation and the numerical solution is good.
This is as expected, because the analytical approximation is based on the dissolution of
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a spherical particle in an infinite medium. The differences at early stages are due to the
rather large variation of the Dirichlet conditions with time. At later stages, the Dirichlet
conditions vary less with time and the difference between the results stops increasing.
An advantage of the analytical approximation is that it costs a negligible amount of
CPU-time. However, in reality the effects of soft-impingement (a bounded domain) are
relevant. Then the analytical approximation is not reliable.

An analysis of the discretised Jacobian
In the section, where the method is described, the Newton-Raphson procedure to
obtain the Dirichlet conditions has been outlined. In this method the Jacobian plays an
important role. The Jacobian consists of the derivatives of both boundary functions f;, i
E

{ 1,2}

with respect to co'"'1 at both boundaries. Therefore during each zero point

iteration we determine ft,
1

01

(co'" (S 1), co" (S2)

± £),

fi at (c 8""1(S1),co'"'1(S2)), (co'"' 1(S1) ±

1

£, c8"' (S_2)),

and

which means that in every iteration the discretized equations

have to be solved 5 times. It is obvious that for the case that the diffusion fields
between the boundaries S 1 and S2 do not interact, the off-diagonal coefficients of the
Jacobian are negligible and could be set zero. In this case it is sufficient to evaluate fi.

Ji at (co""1(S1),co"'1(S2)),

01

(co" (S1)

+

£,

1
co'"'1(S2) + £), and (co'" (S1) -

1

£, co"" (S2) - £),

so

the discretized equations need only be solved 3 times, which speeds up the calculation.
For each time-step, about 4 Newton-Raphson iterations had to be applied to get the
desired accuracy.
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Fig. 7: Relative size of the Jacobian elements.
The off-diagonal Jacobian terms have been analysed relative to the diagonal Jacobian
terms (i.e.

11.2 I 11.1

and 1 2,1 I

li, 2.

It appeared that these values remained approximately

constant during an entire simulation, also when the diffusion fields of both phases
started to impinge. In Fig. 7 the off-diagonal Jacobian terms have been displayed as a
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function of the dimensionless time-step defined by: a=

~min(D8 ,Dc ) · ti.t
(

S2 (0)- S1(0)

)

. It can be

seen that the influence of the cross-terms in the Jacobian increases with increasing
time-step. This may be explained using the theory of penetration. It can be proved that
for a planar medium the penetration depth as a function of time is given by
L(t) = ~it · max( D 8 , D e ) · t . The penetration depth corresponds to the minimal distance

from one of the moving boundaries to the position where the concentration has been
unchanged. For the ternary case, the interfacial concentrations change during each
time-step l:.t. If U. l:.t) :o;;- (Si(O)-Si(O)) then the changes of the interfacial concentrations
do not influence each other, i.e. the off-diagonal terms of the Jacobian are negligible.

For the planar geometry, we have by symmetry 1 1,2 I li, 1 = 12, 1 I li, 2• In the cylindrical
and spherical cases we have the inequality 11.2 I 11,1 > li, 1 I li, 2 • This inequality
becomes stronger for the spherical case. The

inequality will be explained for the

spherical geometry . As the area of S 2 is larger than the area of S 1 and the area increases
from S1 to S2, the influence on the boundary condition at S1 by the boundary condition
at

S2

will be larger than the influence on the boundary condition at

S2

by the boundary

condition at S, . Therefore we have the inequality li, 2 I 11,1 > 12.1 I 12, 2 • A similar
explanation may be given for the case of cylindrical geometry.

For the planar geometry, the penetration depth may be written as

From this it follows that:

a=

min(D8 ,Dc )
L(ti.t)
it·max(Dn, Dc). Si(O)-S1(0)
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is an important dimensionless number. From Fig. 7 it can be seen that if a < 0. 1 the
off-diagonal terms of the Jacobian are negligible for all geometries.

Application to the movement of two boundaries in a ternary alloy

Some calculations for a ternary alloy have been carried out with two simultaneously
moving boundaries. Fig. 8 shows some results for the boundary position as a function
2
13
of time. The input parameters for these curves are De = 2 *D 8 = 2 -10· m Is, c,,° = 0,

c,,'wr' = 50, p

E

6
7
{B,C}, K = / , m = n = 1, Si(O) = 7.5 ·10" m, M 2 = 5-10" m, M2

-

2
S2(0) = 2·10·8 m, N = 500, lit= 100* M /max(D 8 ,Dc).

It can be seen in Fig. 8 that the dissolution time is largest for a spherical segregation

layer (S2 ) . For both cylindrical and spherical geometries the surface of the segregation
layer increases during the dissolution process. For the particle (S 1) it takes most time to
dissolve for the planar geometry, as the surface of the particle decreases during
dissolution for both cylindrical and spherical geometry. For a comparison the curve of

S 1, without the presence of S2 , versus time has been displayed for a spherical geometry.
It appears that the dissolution of a particle is considerably delayed by the presence of a

segregation layer. It can be observed as well that at the early stages there is no
influence on the dissolution kinetics of S1 from the boundary S2 •
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Fig. 9: The concentrations for a spherical geometry.

To illustrate the behaviour of the concentration profile, the concentration profiles of
both chemical elements at different times have been presented in Fig. 9 for the
spherical geometry. As is to be expected, at the early stages the profiles are very steep.
The interfacial concentrations at S1 converge during dissolution as a result of soft-
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impingement. For the concentration profile at t = 5 seconds, Dirichlet conditions are in
effect at both boundaries: both S1 and S2 are moving. Fort= 10 seconds it can be seen
that the boundary condition at S2 has changed into a Neumann condition: no mass
transfer is allowed through the boundary. Later, when S1 = M1 (dissolution of the
particle) a Neumann condition is applied at S1

too. Finally the profile becomes

homogeneous .

. .5
SOI

c

(0)

B

0 .5

0

·o

·o

0

0

Fig. I0: The concentration c/"' at t =0.

184

Mathematical Models for Particle Dissolution in Extrudable Aluminium Alloys

7. A numerical method to compute the dissolution of second phases in ternary alloys

The influence of the stoichiometry on the boundary conditions at S,

Fig. 10 shows the boundary condition at S 1 for the element B as a function of the
particle stoichiometry, i.e. B,,Cm. As input parameters we used De= 2 D8

Is, c/

= 0,

c/0 "

= 50, p E

{B,Cj, K

= 2 .10·13 m 2

= /. The results in the figure are obtained from

eq. ( 14) for various choices of n and m. From the figure it is clear that the
stoichiometry of the phase contributes significantly to the constitution of the boundary
conditions.

The influence of the diffusion coefficients of both elements

To illustrate the applicability of the model, some calculations have been carried out for
the case of a stoichiometric spherical second phase Mg 2Si and Mg 2X in a ternary
aluminium alloy. The diffusion coefficients Ds; and DM8 , taken from Fujikawa [4] and
2
13
2
13
Yamane [6] for a temperature of 793 K, are 2. 15 · 10- m I s and 3.24 .10· m I s

respectively. Furthermore, the initial particle radius, the cell radius, and initial matrix
· concentrations have been taken respectively as I0-6 m, 8· 10-6 m, 0, 0. For K the value
of 0.35 has been used. As the calculation concerns an Mg 2X particle, we have

c M/art

=

66.7 mass%.

In Fig. 11 the interfacial position for the case of dissolution of a spherical Mg 2X

particle in aluminium is given. Various choices for the diffusion coefficient Dx are used.
The special choice Dx

= DMg corresponds to the dissolution of an Mg particle, so this

is a binary alloy. Note that initially the interfacial velocity decreases. At the final stages
of dissolution, the interfacial area has become so small, that the interfacial velocity has
to be large to satisfy the Stefan condition. It can be seen from Fig. 11 that the addition
of a second element can influence the dissolution kinetics strongly.
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Fig. 11 : Relative position of the interface.

Fig. 12 represents the interfacial concentration at S 1 of both alloying elements as a
function of time. From Fig. 12 it is clear that at the initial stages the atoms of the
slower element accumulate near the interface. On the other hand, the atoms of the
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faster element diffuse deeper into the matrix. This causes the diverging behaviour of
the interfacial concentrations at early stages.

A more detailed analysis in which the stoichiometry, cell size and diffusion coefficient
have been varied can be found in [16] .
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Fig. 12: Concentration at the interface.
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Conclusions
A mathematical model is given to describe the dissolution of stoichiometric multicomponent particles in ternary alloys. Some results concerning existence and
uniqueness are given. However, a number of open questions remain.

An analytical approximate solution is given, valid when the dissolution takes place in
an unbounded domain. The results are cheap to calculate and they are reasonably
accurate. This analytical approximation can also be used for short simulation times in a
bounded domain, or as starting solution for the Newton-Raphson process used in the
numerical method.

The numerical method described is second order accurate when virtual points are used
to discretize the boundary conditions at the interface. The Trapezium method method
to compute the interface positions is more accurate than the Euler Forward method,
whereas the computational costs per iteration are comparable. A criterion is given to
estimate when the off-diagonal terms of the Jacobian are negligible. Then the
computational work can be decreased considerably.
The numerical solutions lead to valuable insight for metallurgical applications.

A number of open questions remain :
• Is the model valid when blow up occurs?
• A point of current research is an extension of the described model to alloys
with more chemical elements. A larger set of diffusion equations to be solved
is obtained then.
• The analytical approximation suggests that for some choices of parameters
the problem has more than one solution. Further research is needed at this
point, especially when different stoichiometries (n

* m) are used.
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8. A mathematical model for the dissolution kinetics of Mg 1Si-phases in Al-Mg-Si alloys during
homogenisation under industrial conditions

CHAPTERS

A MATHEMATICAL MODEL FOR THE DISSOLUTION KINETICS OF
MG2SI-PHASES IN AL-MG-SI ALLOYS DURING HOMOGENISATION
UNDER INDUSTRIAL CONDITIONS

Abstract
This study comprises a numerical analysis of the homogenisation treatment of
aluminium alloys under industrial circumstances. The basis of this study is a
mathematical model which is applicable for the dissolution of stoichiometric
multicomponent phases in both finite and infinite ternary media. It handles both
complete and incomplete particle dissolution as well as subsequent homogenisation of
the matrix. The precipitate volume fraction and matrix homogeneity are followed
during the entire homogenisation treatment. First, the influence of metallurgical
parameters, such as particle size distribution, initial matrix concentration profile and
particle geometry on the dissolution- and matrix homogeneity kinetics is analysed.
Then, the impact of the heating-rate and local temperature on the homogenisation
kinetics is investigated. Conclusions for an optimal homogenisation treatment of
aluminium alloys may be drawn . The model presented is general but calculations were
performed for AIMgSi systems containing an Al-rich matrix and Mg 2Si-precipitates.

Introduction
The

as-cast

microstructure

of

commercial

AIMgSi-alloys

contains

many

inhomogeneities such as segregations (concentration gradients), secondary phases and
grain size variations. These secondary phases may be present as needle-shaped Al-FeMg-Si compounds or as Mg 2 Si-phases. Due to these inhomogeneities the mechanical
properties may vary strongly throughout the alloy. This variation in microstructure and
local composition may cause heat cracking or other material failures during hotextrusion of billets of such extrusion alloys.
To prevent this material failure during hot-extrusion and to facilitate the extrusion
process, the as-cast alloys are annealed at a temperature just below their eutectic
temperature. This thermal treatment, called the homogenisation treatment, aims at the
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elimination of the microstructural segregation in the AlMgSi-alloy. Stable needleshaped precipitates may transform into more rounded particles and unstable secondary
phases may dissolve entirely or partly. Using thermodynamic models, it is possible to
predict the equilibrium of all phases in the microstructure of the alloy at the end of the
homogenisation treatment. However, these models cannot be used to predict the rate
at which the microstructural changes occur. The present work comprises an analysis of
the rate at which the most important secondary phases in Al-extrusion alloys, Mg 2 Siphases, dissolve under industrial circumstances.
To describe this particle dissolution in solid binary alloys several physical models have
been developed, incorporating the effects of long-distance diffusion [ 1,2,3,4,5] and
non-equilibrium conditions at the interface [6,7,8,9]. These models did not consider the
technologically important dissolution of stoichiometric multicomponent particles in
ternary alloys.
The phase transformations in iron-based ternary alloys have been studied in [I 0, 11].
Hubert et al [ 12] considered the precipitation of stoichiometric MnS and AIN
compounds in steels. Their analysis was carried out to predict the size of the
precipitates during hot-rolling of steel. Reiso et al [ 13] has investigated the dissolution
of Mg 2 Si-particles in aluminium alloys mainly experimentally. He compared his results
to a simple dissolution model for dissolving particles in infinite media. The influence of
the particle stoichiometry, geometry, composition and ratio of the diffusivities of both
alloying elements was studied numerically in [ 14]. That model has also been used for
the determination of the simultaneous dissolution kinetics of a particle and a layer of a
secondary

intermetallic

phase

at

the

grain

boundary

and

the

subsequent

homogenisation of the matrix in terms of vanishing concentration gradients [ 15] .
However, apart from Hubert's study [ 12], in none of these studies the influence of the
temperature gradients in the furnace on the kinetics of the dissolution of secondary
phases during the heat treatment was investigated explicitly. Moreover, the matrix
homogeneity during and after the secondary phase dissolution and the effects of the
presence of initial concentration gradients in the matrix prior to the heat treatment
were not investigated in either of these studies. The present article takes into account
all these parameters and can be used to determine the effects of the grain/particle size
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distribution, heat-up rate, homogenisation temperature and initial concentration
profiles on dissolution rates of secondary phases as well as on the subsequent
homogenisation of the matrix.
The model assumptions will be briefly described in the next section which deals with
the physical definition of the problem, its mathematical formulation and the numerical
solution procedure. Subsequently, results of calculations will be shown to reveal the
influence of some industrial parameters. Finally, some conclusions will be drawn from
the calculations.

The Model
Consider a ternary AIMgSi-alloy as a collection of unequally sized Al-rich grains each
surrounded by a layer of an Mg2Si along the grain boundary. To reduce this to a onedimensional problem the grains are assumed to be spherical. The logarithm of the
radius of the grain is assumed to be normally divided [3 , 16, 17, 18). Hence the
probability density function for the grain radius M2 is:

2

I

2

F( M 2' µ ,cr ) =

.fiiLn(cr ) M 2

exp

[ (Ln(M 2 ) -Ln(µ ))

2(Ln(cr))

2

l
•

(I)

Here µ and cr represent the geometric mean and standard deviation of the grain radius
respectively. The probability density function of the grain size is subsequently divided
into n discrete classes to facilitate later calculations. From a mathematical analysis of
the discretisation of the continuous distribution function with equal class widths

M2,

t>M 2 = -

n

•

with M 2the upper bound of the interval of confidence of 0.99 (i .e.

,;,

J

2

F ( M 2, µ ,cr )dM 2 = 0.99 ), it appeared that the discretisation error was negligible for

n~20 .

The Mg 2Si layer thickness for each grain radius M 2 was chosen such that the

average concentration of the two alloying elements Mg and Si is identical for all grains.
Moreover, the initial concentration of magnesium and silicon in the matrix of each
grain were taken to be uniform for all grains. In each grain, containing a Mg2 Si-
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compound layer at the grain boundary, the diffusion equation (Fick's second Law) is
solved and the rate of dissolution is calculated accordingly. After the dissolution of a
layer, the kinetics of the subsequent flattening of the concentration profile is calculated
too .
Mathematically, second phase dissolution in solid state alloys is considered as a
diffusion problem with a moving boundary: i.e. a Stefan problem. Second phase
dissolution is assumed to proceed sequentially by the decomposition of the
(intermetallic) compound, the crossing of the interface and long-range diffusion by the
solute atoms. For the cases considered in this paper it is assumed that diffusion is very
sluggish relative to the preceding steps, from which it follows that diffusion determines
the rate of secondary phase dissolution and local (thermodynamic) equilibrium is
maintained at the moving boundary at all stages during dissolution . Hence, a Dirichlet
boundary condition applies at the moving particle-matrix interface.

The underlying mathematical assumptions for each grain

Each grain is considered as a system with a second phase consisting of two chemical
elements at the grain boundary of an Al-rich matrix in which the chemical elements of
the compound are partially soluble. The initial concentration in the matrix of alloying
element p is c/(r) and the concentration of alloying element pin the secondary phase is
denoted as c/0 ''. When the temperature is increased dissolution of a secondary phase
sets in, if c/"" > cµ(S(t),t) > c/(S(O)), where cp(S(t),t) is the equilibrium condition of
element pat the moving interface S(t).
Outside the dissolving phase the concentration of alloying element p at distance r from
the grain centre at time t, cp(r,t), satisfies the one-dimensional diffusion equation (a=O
for planar geometry, a=l for cylindrical geometry, a=2 for spherical geometry):

D"(T)

a { "a c"( r,t)}

" -- r
-ar
r

ar

'tf(r,t)

E

G(t)x(O,tmax),

(2)

where Dµ(T) denotes the temperature dependent diffusion coefficient of the alloying
element through the matrix. G(t) denotes the matrix domain in which diffusion takes
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place at time t. For the case of a dissolving secondary phase at the grain boundary, we
have

G(t)={rERl~~(t)~i}

centre, we have

and for the case of a dissolving particle in the grain

G(t)={rERl~(t)<5,~i} .

M i represents the grain boundary. The

grain centre r=O is indicated by M 1• For c,,(r,t) continuous at least up to the second
derivative with respect to r in G(t) and the first derivative oft, the solution of eq. (2)
with appropriate boundary and initial conditions is unique. It has been proven by
Protter and Weinberger [23] that solutions of eq. (2) satisfy the maximum principle,
i.e. the global extremes of c,,(r,t) either occur at the boundaries and/or for t=O. In the
calculations, of which the results are presented here, the matrix material is taken to be
Al, which has a partial solubility for Mg and Si, and the compound layer is taken to be
composed of Mg2 Si. The binary diffusion coefficients of silicon and magnesium in
aluminium are taken respectively from Fujikawa [20] and Yamane [21 ]. The crossdiffusion coefficients are neglected as well the dependency of the diffusion coefficients
on the concentration for lack of knowledge about these parameters.
In the calculations the initial Mg and Si concentrations in the matrix have been varied.
The initial concentrations are taken to be uniform, unless stated otherwise. Nonuniform initial concentrations are denoted as:

(3)

In the later stages of the homogenisation process, the secondary phase can get fully
dissolved. Hence, S(t) coincides with the outer cell boundary M i or with the grain
centre M 1=0, respectively for the case of a dissolving secondary phase layer at the
grain boundary and a dissolving particle at the grain centre. No flux of either alloying
elements is assumed through a fixed boundary, resulting in a homogeneous Neumann
boundary condition:

0

(4)

'::lte(O,t max ) , me{l ,2 }.
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If only diffusion in the matrix determines the rate of dissolution, it follows from
thermodynamic considerations [ 14] that, for a stoichiometric Mg 2Si particle, the
concentrations of both alloying elements at the moving Dirichlet boundary, c,,(S(t),t)
(pE {Mg,Si},), are coupled by the following hyperbolic relation :

(5)

The factor K(T) is the solubility product. It depends on temperature according to an
Arrhenius relationship.
The interface between the second phase and surrounding matrix, S(t), moves due to the
balance of atoms of alloying element p at the interface. For the case that the second
phase remains stoichiometric, this yields the following relations for the interfacial
velocity and interfacial gradients:

dS(t)
dt

a Cs; (S(t ),t )
ar
Cs/'"" - Cs; (S(t),t )
provided that c/"" - cP(S(t ), t )

(6)
;t

0, 'tt

E

(o,tmaJ·

The above set of equations, eqs. (2-6), constitute a classical Stefan problem [22] which
consists of two diffusion problems with coupled Dirichlet conditions at the moving
boundary. We thus have to find two concentration profiles c,,(r,t) such that eqs. (2-6)
are satisfied at all times.

The numerical solution procedure

Various numerical methods for solving Stefan problems are known. Crank [22]
roughly distinguishes three types of methods: front-tracking, front fixing and fixeddomain methods. In this work a front tracking method is applied.
The algorithm for each time-step is summarised as follows:
For the interfacial concentration of one alloying element, say cMg(S(t),t), a starting
value is chosen: cM/ (S(O))<cMg(S(t),t)<<cM/
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other alloying element, c5;(S(t),t), is obtained from eq. (4). The iteration procedure to
obtain the Dirichlet concentrations at the moving boundaries in each cell, such that the
concentration profiles of both alloying elements satisfy eqs . (2-6), is done by rearrangement of eq. (6) such that a zero-point problem results. The roots are
determined using a discrete Newton-Raphson procedure. This is repeated until the
desired accuracy is reached. More details about the numerical solution procedures can

be found in [ 15].
Using these two Dirichlet boundary conditions at the moving boundary, the diffusion
equations for both alloying elements, eq. (I), are solved using a finite volume method
with a geometrically divided grid, i.e. between subsequent integration nodes i-1, i and

i+ I we have r;+rr;=a(r;-r;.1). A geometrically divided grid allows local mesh
refinement and coarsening and thus improves the efficiency of the calculation. The
whole concentration profile is determined using virtual gridpoints at the boundaries to
guarantee a global accuracy of 0( t,.? ). In case of fixation of a moving boundary, i.e.
S(t) =Mm, the Dirichlet boundary condition changes into a homogeneous Neumann

boundary condition.
The above described scheme is carried out for each time-step. At each time-step the
gradient at the interface from the obtained concentration profile is used to determine
the displacement of the interface (i .e. eq. (6)) . After the determination of the new
interfacial position, the mesh is adjusted such that the interface coincides with the same
gridpoint during the whole simulation. Subsequently the concentration profile at the
new points are determined using a linear interpolation (i .e. a convective derivative).
This whole iteration procedure is done until

L

2

pe( Mx.SiJ

with

l

max (c 1, (r ,t))- min (cP(r,t)))

2_

r eG(I)

r eG( t )

arbitrarily

< O'

max (c) r,t))
r eG(t)

()

=

10·5

and

G(t)

denotes

the

matrix

domain,

G(t)=

{rE Rl~r.SS(t)~2 }, for a dissolving secondary phase at the grain boundary and G(t)=
{ rE Rl~(t)5'~2 }

for a dissolving particle at the grain centre.
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Results
Some calculations have been done to highlight the influence of several industrially
relevant parameters: the grain size distribution, the initial Mg and Si concentrations in
the matrix, the second phase geometry and local temperatures in an industrial furnace .
The results of the calculations show the evolution of the second phase volume and the
matrix inhomogeneity as a function of time. The matrix inhomogeneity has been
quantified using the so-called dimensionless inhomogeneity parameter, l(t). This
parameter is a measure for the maximum concentrational difference in the matrix
relative to the maximum of the concentration present in the matrix, G(t), at time t. This
parameter has been defined as follows:

I

l(t)=-

L

2 {JE{ Mg.S;)

l(t)

l

max (c,, (r ,t))- min (c,, (r,t)))

(

r eG(I)

ranges

)

reG(I)

max c,,(r,t)

.

.

, with max( c,, (r,t));::: mm (c,, (r,t));:::o.
r eG(I)

(7)

r eG( 1)

reG(l)

from

unity

(corresponding

the

to

situation

where

max,.cro(c,,(r,t))>min ,.cro(c,,(r,t))=O, i.e. the concentrations at the moving (Dirichlet)

interface and fixed (Neumann) boundary respectively are non-zero and zero) to zero
(corresponding to the situation where max,.c(t;(c,,(r,t))=min ,.c10 (c,,(r,t)) , i.e. uniform
concentration profiles of both alloying elements).

The idealised reference system

First an idealised reference system in which a spherical layer of Mg 2 Si dissolves in a
spherical grain has been chosen. The presence of other (Si-rich) phases has been
excluded. This reference system is then used to illustrate the influences of all model
parameters separately. The reference system represents an AlMgSi-alloy with an
average magnesium concentration, <cM8>
concentration, <cs;>

=

=

0.3 mass% and an average silicon

1.15 mass% and a grain radius M 2

=

1.65· I 0-4 m. The

concentrations of magnesium and silicon in the Mg 2 Si compound layer are respectively

cM/"" = 65 mass% and est"'' = 35 mass%. The alloy is assumed to be heated from 400
K to

T hom

= 833

K with a heating-rate of 0.05 K/s
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thickness of the compound layer and matrix concentrations are chosen such that they
correspond to thermodynamic equilibrium at 300 K. The hyperbolic relationship (see
eq. (5)) has been assumed to be valid for this combination of compositions and
equilibrium temperature. The solubility product, K(T), has been determined from the
thermodynamic software package MTDAT A.
0
The initial matrix concentrations of both alloying elements, cM/ . cs; and initial second

phase volume fraction,f, are related to the above given data by:

Cs; 0(1 -

f) +cs;"""f =<Cs;

(8a)

>,

(8b)
(8c)

0
The above system is solved to yield cM/. c5; and the Mg 2Si volume fraction. For the

selected overall composition and equilibrium temperature, this yields: cM/

= 2.539· I0-6

mass%, cs/ = 0.993 mass and f = 0.004615 (corresponding to a Mg 2Si thickness of
6
0.254· I ff m).

The results for the dissolution kinetics and the inhomogeneity parameter for this
reference system are shown in Figs. I and 2. Fig. I indicates the behaviour of the
normalised Mg2Si volume, the concentrations of magnesium and silicon at the moving
boundary between the Mg 2Si layer and the matrix and the concentrations of both
alloying elements at the grain centre. V(t) and V0 correspond to the volume of the
Mg2Si layer at time t and to the initial volume of the Mg 2Si layer respectively.
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Fig. 1: The normalised volume fraction of the Mg 2Si layer, the concentrations (in mass
%) at the moving boundary, c,,(S(t),t), and grain centre, c,,(O,t), of both alloying

elements. The homogenisation temperature is reached at t833 = 8.66 ks.

At very early stages, as shown in Fig. I, hardly anything happens: all parameters
remain constant. This is due to the very low concentration gradients (resulting from a
low solubility product) and low diffusion coefficients at the lower temperatures. From
eq. (6) it then follows that the displacement of the moving boundary is approximately
zero. As temperature increases, the solubility product and diffusion coefficients
increase too. Then, the interfacial concentrations start to increase and the Mg2Sicompound layer starts to dissolve. The atoms that diffuse from the compound layer
into the grain have not reached the grain centre yet, so the concentrations at the grain
centre remain equal to the initial concentrations. When the temperature has reached the
homogenisation temperature, the concentrations at the moving boundary remain almost
constant and a discontinuity of the derivative in the interfacial concentrations results at
the moment of temperature fixation. As the layer dissolution proceeds, the atoms from
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the compound layer start to reach the grain centre and accumulate there. Hence the
concentrations of the alloying elements at the grain centre start to increase. Due to a
larger diffusivity of silicon at 833 K, the silicon atoms accumulate at the grain centre
before the magnesium atoms do. At a later stage, t = 11 ks, the compound layer
dissolves entirely (S(t)=M2 ) and the Dirichlet condition at the moving boundary
changes into a homogeneous Neumann boundary. Now, the concentrations at this fixed
boundary start to decrease, causing a strong discontinuity for the time derivative of the
interfacial concentrations. The concentrations at the grain centre are not affected by
this discontinuity. At the latest stages after the dissolution of the compound layer the
concentration profiles flatten and for each alloying element the concentrations at the
grain centre and the outer grain boundary converge to each other.

i
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0.7

0.6
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Fig. 2: The evolution of the normalised Mg 2 Si volume and the inhomogeneity
parameter as a function of time. t833 indicates the time at which the temperature has
reached the homogenisation temperature of 833 K (t833 = 8.66 ks).
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Fig. 2 shows the evolution of the normalised Mg 2Si layer volume and the
inhomogeneity parameter as defined in eq. (7). The inhomogeneity parameter for this
case is initially zero as the equilibrium state was used as starting condition and the
initial concentration profiles for both elements were flat. During heating up, the
interfacial concentrations of Mg and Si increase, while those at the grain centre remain
constant. Hence, l(t) increases during heating up. A mathematical justification of the
complex shape of the l(t)-curve, before the maximum of l(t) is reached, is given in the
appendix. Just before the accumulation of the atoms from the Mg 2Si layer at the grain
centre, the inhomogeneity parameter is maximal. At that stage the magnesium and
silicon concentrations at the grain centre respectively are equal to approximately 0 and
0.993 mass%. Hence, the maximum of I(t) is equal to about 0.58. It is also clear that
silicon is more homogeneously distributed in the matrix than magnesium.
From Fig. I it can be seen that, when the homogenisation temperature is reached, the
Mg concentration at the moving boundary stays almost constant but the atoms start to
accumulate at the grain centre, hence the matrix becomes more homogeneous and the
inhomogeneity parameter starts to decrease. When the particle is fully dissolved, the
moving boundary becomes fixed and its Dirichlet boundary condition transforms into a
Neumann-condition. Due to the strong discontinuity of the time derivative of the
maximum/interfacial concentrations, a small jump in the time derivative of the
inhomogeneity parameter can then be observed (the time derivative of the
inhomogeneity parameter has a discontinuity). As can be seen from Figs. I and 2, the
matrix reaches homogeneity a long time (about 14 ks) after the dissolution of the
Mg2Si-layer.

The effect of the shape of the statistical particle size distribution
Due to the nature of the solidification process, the microstructure may differ over the
cross-section of the billet. The differences may be either in solute concentrations or in
particle size distribution. Therefore, the influences of the particle size distribution on
the dissolution and homogenisation kinetics are investigated. The analysis has been
done by variation of the mean grain size and the standard deviation of the grain size.
To enable direct comparison to the behaviour of the monodisperse reference system,
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all analyses correspond to the same initial Mg 2Si volume fraction, the same overall
alloy concentrations and same time-temperature profiles as in the reference system
from the preceding paragraph.
In order to deal with the grain size distribution in a proper way, the definition of the
inhomogeneity parameter (eq. (9)) is adjusted, to yield for a system of n classes:

,[ . . l

~

L..
i= J

l(t) =

ljl

(M 2 • µ,a 2)vmat '()t
I

I
2

~

m~x (cfJ(r,t)) - reGmip (cfJ(r,t)))]

reG (1)

(1)

(

L..

fJ=IMg.Sil

max c fJ (r, t)

~m

·
" ( M '· , µ ,cr 2)v,,,.,'(t)
Llj/
2

)

(9)

1=)

In which the matrix domain for grain size class i has been defined as G;(t)=
{rE RlrY-,r.:;5;(t).::;,M/ } and V,,,./(t) is the volume of G;(t), i.e. the matrix volume. The
function \jl(M/,µ,cr2) "'F(M/,µ,cr2)-!:.M 2 denotes the probability of the occurrence of a
particle in size class i, in which the logarithm of the particle size is statistically divided
according to a normal distribution. !:.M2 denotes the class width. In all calculations n
was set equal to 20.

The results, obtained for Mg2 Si-layers surrounding spherical grains, have been plotted
in Figs. 3-6. In Figs. 3 and 4 the influence of the geometric mean of the grain size, µ,
on the dissolution kinetics and the evolution of the inhomogeneity parameter is shown.
Figs. 3 and 4 show that the Mg2Si-dissolution and matrix homogenisation proceed
faster for smaller grains, as is to be expected.
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Fig. 3: The influence of the geometric mean of the grain size on the dissolution kinetics
of a spherical layer of Mg 2Si. The geometric standard deviation is 1.1. t833

= 8.66 ks

indicates the time at which the homogenisation temperature of 833 K is reached.
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Fig. 4: The influence of the geometric mean of the grain size on the evolution of the
inhomogeneity parameter in case of dissolution of a spherical Mg2Si layer. The
geometric standard deviation is 1.1. The homogenisation temperature is reached after
t833

=8.66 ks.

During the first stage of the heat-up, the evolution of the inhomogeneity parameter
coincides for all geometric means: the initial concentrations are similar and then the
evolution of the concentrations at the moving boundary roughly coincides for all
systems. At the later stages the evolution of the concentrations at the grain centre
starts to differ, and the decrease of l(t) becomes significantly smaller for larger grain
sizes.

The influence of the geometric standard deviation of the grain size on the dissolution
kinetics and inhomogeneity parameter have been illustrated in Figs. 5 and 6. For cases
of a large standard deviation of the grain size, it can be seen that at the later stages the
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few larger grains significantly delay the dissolution and the evolution of the
inhomogeneity parameter.
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Fig. 5: The evolution of the normalised Mg 2 Si layer volume with time for different
geometric standard deviations of the grain size. The geometric mean of the grain size is
1.65· 10-4 m. The homogenisation temperature is reached at t833 =8.66 ks.
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Fig. 6: The influence of the geometric standard deviation of the grain size on the
evolution of the inhomogeneity parameter in case of dissolution of a spherical layer of
4
Mg 2 Si. The geometric mean of the grain size is 1.65· l 0- m. The homogenisation

temperature is reached at t833 =8.66 ks.

It can be observed from Figs. 5 and 6 that the time to reach matrix homogeneity after

the dissolution of all compound layers is strongly influenced by the geometrical
standard deviation of the grain size. Moreover, it appears that the ratio between the
time to reach matrix homogeneity and the time to dissolve all particles varies nonlinearly with the standard deviation. More formally: If t1 is the minimal time to dissolve
all particles until Vprelt1)!Vprec(O)=E, for an arbitrary real E>O, and if t2 is the minimal
time to reach matrix homogeneity, l(t2) <

E,

then it appears that t2 I t 1 = F(cr). F(cr) has

been calculated for E =0.05, 0. 1and0.2, yieldingf(cr), g(cr) and h(cr) respectively. Fig.
7 depicts the evolution off( cr ), g( cr) and of h( cr) in the range of CJE { 1,3], in which the
geometric mean of the grain size is constant.
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Fig. 7: The evolution of the functions f(cr), g(cr) and of h(cr) as a function of cr for
reference conditions specified in the text.

Fig. 7 shows that the ratio of the time needed to obtain grain homogeneity and the time
needed until the Mg 2Si layer disappeared is approximately 1.5 and 6 for respectively cr

=I

and cr

= 3. So for larger geometric standard deviations of the grain size the alloy

has to be annealed relatively longer after the dissolution of the Mg2Si phases to obtain
a more homogeneous matrix than for lower geometric standard deviations. Therefore,
it may be concluded that the ratio of the time needed to obtain grain homogeneity and
the time until to dissolve Mg 2Si layer depends strongly on the statistical distribution of
the grain size.

The influence of the initial matrix composition
In the numerical experiments of this section the dissolution kinetics and matrix
inhomogeneity has been evaluated for three sets of initial matrix concentrations. In the
first set of calculations the initial matrix concentrations are chosen arbitrarily. The
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second set of calculations correspond to different homogeneous initial matrix
compositions but they all correspond to an identical overall composition. The Mg2Si
layer thickness then has been adjusted accordingly. The third set of calculations apply
to a fixed overall composition as well. However, they show the effect of the initial
matrix concentration profiles.

The effect of the arbitrary initial matrix concentrations
In these calculations the initial matrix concentration has been varied. This variation
yields a change of the overall concentrations. The conditions used in the first set of
calculations are listed in table I while the results are shown in Figs. 8 and 9. The rest of
the conditions were identical to those of the reference system.

Table I : The values used for the initial matrix concentrations in the first set of
calculations with varying initial matrix concentration and the indexing of the curves in
Figs. 8 and 9.
curve index

I

cs;0 (mass o/o)

0

cM/ (mass o/o)

<Cs;>

(mass

<CMg>

o/o)

o/o)

0.1615

0.3

5

0.6592

0.3

0

II

0.5

0.25· I0-

III

I

0.25· I0- 5

1.1569

0.3

IV

0

0.5

0.1615

0.7977

v

0

I

0.1615

1.2954

VI

I

I

1.1569

1.2954

(mass

Curve I in Figs. 8 shows a very fast decreasing volume of the compound layer due to
the low initial matrix concentrations. Its corresponding curve I for the inhomogeneity
starts at unity and decreases monotonously down to zero. Curves II and III in Fig. 8
correspond to an increasing initial silicon matrix concentration and thus to a decreasing
dissolution rate. The initial matrix concentration of magnesium was taken to be
0.25· I 0- 5 mass. It can be seen that at the initial stages the inhomogeneity parameter
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increases from zero up to 0.5. It then remains at approximately 0.5 for some time,
because for magnesium the initial concentration is small and therefore its contribution
to the inhomogeneity parameter is large. Whereas the initial concentration of silicon is
large and close to the maximum solubility, its contribution to the inhomogeneity
parameter is about zero. Thus, it can then be concluded that the concentration of
magnesium in the matrix is rather inhomogeneous while the concentration for silicon is
rather homogeneous.

1.2

t

VI
1.0

V(t)

-VO0.8

0.6

0.4

0.2

0
0

12

14
16
18
Time (ks) - - - - -

20

Fig. 8: The dissolution kinetics of a Mg2Si layer for different initial concentrations. The
curves are explained in the text and in table I . The homogenisation temperature was
reached at t = tx33 = 8.66 ks.

To distinguish between cases of zero and non-zero initial matrix concentrations, the
magnesium concentration has been set to zero for curves IV and V in Figs. 8 and 9. It
can be observed that now the inhomogeneity parameter equals 0.5 at the early stages
of the dissolution process. For later stages the difference in the behaviour of the
inhomogeneity parameter decreases. For curves 1-V the Mg2Si layer dissolves
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completely. The discontinuities of the inhomogeneity parameter are here caused by the
transformation of the Dirichlet condition into a homogeneous Neumann condition
when the Mg 2 Si layer disappeared.

1.2

I(t)

5

15

20

25

30

35

40

Time (ks) - - - -

Fig. 9: The evolution of the inhomogeneity parameter for different initial
concentrations. The curves are explained in the text and in table I. The homogenisation
temperature was reached at t = t833 = 8.66 ks.

For curve VI the initial matrix concentration of both alloying elements was set equal to
1 mass %. It can be seen that now the interfacial concentrations of both alloying
elements are smaller than unity and the Mg 2Si layer starts to grow (see Fig. 8). From
Fig. 9 it can be seen that the inhomogeneity parameter for curve VI starts well under
unity. This is caused by the large difference in the diffusion coefficients between silicon
and magnesium at the low temperatures. The inhomogeneity parameter of curve VI
shows a discontinuity of its time derivative when the temperature reaches its maximum.
As the temperature reaches its maximum, the solubility product stops increasing and
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reaches its maximum too, hence the inhomogeneity parameter for curve VI shows a
discontinuity of its time derivative. For the case of growth (curve VI in Figs. 8,9) the
compound layer grows until an equilibrium size is reached. When this equilibrium size
is reached, the concentration gradients are zero. So, also for the case of a growing
compound, matrix homogeneity is reached after a sufficient length of time.

The effect of initial matrix concentration at a fixed overall composition
The second set of calculations illustrates the influence of the initial matrix
concentration on the dissolution kinetics. The overall concentration of both alloying
elements are constant and equal to those of the reference system. To keep the overall
concentrations constant, the thickness of the compound layer has been adjusted
accordingly. The initial concentrations in the matrix and initial Mg 2Si layer thickness
correspond to equilibrium conditions at several temperatures. These conditions for
which the equilibrium is reached at temperature T,q may result during cooling after
solidification. The configurations that have been used as input for the simulations have
been summarised in table 2. As in the reference system, eq. (8) is used for the
determination of

cM/. est and M2 - S(O).

Table 2: The values used for the initial matrix concentrations in the second set of
calculations with varying initial matrix concentration and the indexing of the curves in
Figs. 10 and 11.

est

(mass M2

o/o)

o/o)

(m)

I

0.449-10-5

0.993

II

0.399· 10-3

0.993

2.539· I0-

III

0.793· 10'2

IV

v

curve index

0

T,q (K)

K(T.q)

2.542· I0- 7

400

2.002· I 0- 11

7

500

1.58132· 10-

0.997

2.475· 10' 7

600

6.2718· I 0- 5

0. 15229

1.0727

1.2537· 10' 7

750

0.02488

0.22889

1.1128

6.04049· l 0-

775

0.05383

CMK

(mass

214

-

S(O)

8

7
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The results of the calculations with the input of table 2 are given in Figs. 10 and 11 .
Fig. I 0 displays the dissolution kinetics of the Mg2 Si layer.

t

12

I 10~-~~~~~--:;;;;;;;;;;;;;~~;;;~
V(t)

VO 0.8

0.6

0.4

0.2

0

0

2

4

1
Time (ks)- - - - - - 833

12

Fig. I 0: The dissolution kinetics of a Mg 2 Si layer for different initial concentrations.
The curves are explained in the text and in table 2. The homogenisation temperature is
reached at t

= ts33 =8.66 ks.

Curves I and II in Fig. I 0 look like the reference system due to the low initial matrix
concentrations and (almost) equal initial shell thickness. Curves III, IV and V show a
significant stage of growth at the early stages during the heat-up. Now the interfacial
concentrations are significantly smaller than the initial concentration. This growth
appears more pronounced for higher T,q, as both the stage of growth is larger and the
initial Mg 2 Si layer volume is smaller. For the cases in which subsequent growth and
dissolution takes place, the concentration gradients of the alloying elements are zero at
the maximum volume of the compound layer in Fig. I 0. Now it is necessary to arrange
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eq. (6) into a zero-point problem such that a division by a ('numerically') zero
concentration gradient is avoided. This has been described in [15].

0.6

t

0.5

I(t)

f=;:~~~~
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0.2

0.1

5
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t 833

I I : The evolution of the inhomogeneity parameter for different initial

concentrations. The curves are explained in the text and in table 2. The homogenisation
temperature is reached at t

= t833=8.66 ks.

The inhomogeneity parameter (Fig. 11) shows an increase for curve I. In spite of an
almost identical dissolution curve for condition II as for I in Fig. I 0, its corresponding
inhomogeneity parameter does differ strongly. At very early stages the Mg2 Si layer
grows. However, as this growth can only occur at the temperatures T < T,q

= 500 K,

in which the diffusion coefficients of the alloying elements are very small, the growth is
negligible, but does have consequences on the behaviour of the inhomogeneity
parameter. At the point of changing from growth into dissolution, the concentration
profile gets flat: the inhomogeneity parameter equals zero. Due to the Arrheniusrelation for the solubility product, the evolution of the interfacial concentrations seems
to be sufficiently slow (for T < T,q) to keep the minimum of the concentration at the
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moving boundary. This behaviour is observed for curves II-IV. However, for curve V,
the inhomogeneity parameter does not touch the horizontal axis during the change of
growth into dissolution in Fig. 11. This is due to the large increase of the interfacial
concentrations with time at the higher temperatures. In this case application of the
maximum principle of the diffusion equation allows the existence of a local minimum
of the concentration away from the moving boundary.

The effect of initial concentration profiles in the matrix at a fixed total concentration
The third set of calculations shows the influence of the shape of the initial matrix
concentration profile. The initial concentration profiles shown in Fig. 12 have been
used as starting conditions. These concentration profiles resemble those obtained in
practice with increasing cooling rate after solidification. In all calculations the same
overall composition is used, i.e. the initial compound layer thickness has been adjusted
accordingly and all other conditions are identical to those of the reference system.
Curves I, II, III, IV and V in Fig. 12 respectively indicate the initial concentration
8
8
profiles corresponding to an initial Mg 2Si layer thickness of 3.25I · 10- m, 3.607· 10- m,

4.12· 10-8m,
4.966I·10-8m and 6.763· 10-8m. The results of the calculations for these initial matrix
concentration profiles are given in Fig. 13. The normalised volume of the compound
layer, V(t)IV0, as represented by curves la, Ila, IIIa, IVa and Va in Fig. 13 respectively
results from the initial concentrations I, II, III, IV and V in Fig. 12. The corresponding
evolution of the inhomogeneity parameter is depicted by curves lb, Ilb, IIIb, IVb and
Vb respectively.
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Fig. 12: The used initial matrix concentration profiles for the dissolution of the Mg 2 Si
layer. Curves are explained in the text.

The initial concentrations used in these calculations do not represent thermodynamic
equilibrium: the Mg 2 Si layer has had no time to grow to its equilibrium size. The
average matrix concentrations of silicon and magnesium respectively are larger than
5
c5 ;0=0.993 mass and cM/=0.2539· 10- mass, corresponding to thermodynamic

equilibrium for T=400K. Therefore, at the early stages of the heat-up, the layer of
Mg2 Si grows. At the later stages, the temperature is high enough for the layer of
Mg 2 Si to dissolve. Fig. 13 shows that the concentration gradient at the interface
influences the rate of dissolution severely. The evolution of the inhomogeneity
parameter seems to be influenced by the concentration gradient at the interface as well.
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Fig. I 3: The evolution of the dissolution kinetics and the inhomogeneity parameter for
different initial concentrations from Fig. 12. Curves are explained in the text. The
homogenisation temperature is reached at t = ts.s6 = 8.66 ks.

The effects of the geometry of the second phase
The secondary phases in an alloy may have different geometries. The current model is
valid for a dissolving sphere, cylinder, plate and a dissolving spherical/cylindrical layer
of Mg 2 Si (i.e. one-dimensional geometries). The initial size of the dissolving second
phase has been chosen equal, which means that for the spherical particle, cylindrical
and planar phase S(0)=0.2542· 10·6m and for the case of a spherical compound layer
MrS(0)=0.2542· 10·6m. The cell volume, however, has been adjusted such that the

overall concentrations of the alloying elements are equal. All cases considered here
thus correspond to the same initial second phase volume fraction of .f=0.004615. Table
4 presents the cell sizes used for the various geometries.
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Table 4: The cell sizes used in the calculations for different geometries and the
indexing of the curves in Figs. 14 and 15.
curve index

geometry

cell size (m)

I

spherical particle

1.53· I 0-

6

II

cylindrical particle

3.74·i0-

6

III

flat plate

5.508· I0-

IV

spherical layer

1.65· I0-

5

4

The results of the evolution of the precipitate volume and matrix inhomogeneity are
shown respectively in Fig. 14 and 15.
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Fig. 14: The dissolution kinetics for different second phase geometries. Curves are
explained in the text and table 4. The homogenisation temperature is reached at t = t833

=8.66 ks.
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The highest rates occurring for spherical particles are due to the more rapid decrease
of the interfacial area during dissolution and the radially increasing diffusion space
from the spherical interface. For planar geometry, the decrease of the interfacial area is
zero, therefore causing a slower dissolution kinetics than for either a cylinder or a
sphere. For a spherical Mg2 Si layer, the interfacial area increases during dissolution and
the diffusion space decreases radially from the interface towards the centre. From such
arguments it can be argued that different geometries of a secondary phase present in a
material may dissolve at different rates. Note from Fig. 14 that the spherical and
cylindrical particles entirely dissolve before the homogenisation temperature is reached.
It appears from Fig. 15 that the evolution of the inhomogeneity parameter varies
equally strongly with geometry as well.
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Fig. 15: The evolution of the inhomogeneity parameter for different second phase
geometries. Curves are explained in the text and table 4. The homogenisation
temperature is reached at t =

t1133

= 8.66 ks.
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It can be seen that the inhomogeneity parameter evolves similarly for all geometries at

the very early stages. This is because hardly any accumulation of atoms at the
Neumann boundary has occurred yet. As the atoms accumulate at the Neumann
boundary, the inhomogeneity parameter decreases: the matrix becomes more
homogeneous. It can also be observed that the discontinuity of the derivative of the
inhomogeneity parameter is largest for a spherical particle. This is due to the fact that
for this geometry the atoms can diffuse in all directions (47t steradians). For a
cylindrical geometry, the atoms may diffuse in the angle 27t. Whereas, for the planar
geometry only one direction can be used and for the spherical layer of Mg 2 Si all atoms
diffuse to the centre. This thus causes the slowest dissolution and smallest discontinuity
of the time derivative of the inhomogeneity parameter. Note from Fig. 15 that for the
spherical and cylindrical particle the matrix is homogeneous before the homogenisation
temperature is reached.

The influence of heating rate and temperature gradients in the furnace
Various heating rates and homogenisation temperatures are used in industry. Therefore
the effects of heating rate and the homogenisation temperatures are analysed here too.
Apart from the heating rate and the homogenisation temperature the starting
conditions are all identical to those of the reference system. For completeness, it is
repeated that the analysis described in this section has been done for the case of a
spherical grain surrounded by a dissolving layer of Mg 2 Si. Figs. 16 and 17 respectively
display the dissolution kinetics and the evolution of the inhomogeneity parameter for
different heating rates (and a fixed homogenisation temperature of 833K).
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Fig.16: The evaluation of the precipitate volume as a function of time for different
heat-up rates. Curves are explained in the text. The vertical arrows indicate the time at
which the temperature has reached the homogenisation temperature for each curve.
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Fig. 17: The evaluation of the inhomogeneity parameter as a function of time for
different heat-up rates. Curves are explained in the text. The vertical arrows for each
curve indicate the time at which the temperature has reached the homogenisation
temperature.
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Fig. 18: The residual volume fraction and the inhomogeneity parameter when the
homogenisation temperature of 833 K is reached as a function of heating rate.

Curves I-IV in Figs. 16 and 17 respectively correspond to heating rates of 0.05, 0.04,
0.03 and 0.02 K/s (= 180, 144, 108, 72 K/hour).
From Fig. 16 it can be observed that the curves appear flatter at the initial stages for
lower heat up rates in the furnace. This is because dissolution sets in at about the same
temperature for all curves, however for the case of a fast heating up, temperature
increases fast, according which the diffusion coefficients and solubility product increase
fast as well. Therefore dissolution sets in rapidly. From the arrows in Fig. 16 it can be
seen that the volume fraction dissolved at the time to reach the homogenisation
temperature increases with decreasing heat-up rate. Let r* be the minimal time at which
the temperature equals the homogenisation temperature of 833 K. Fig. 18 displays the
residual volume fraction at t

= t*,

V(t*}N0

,

and inhomogeneity parameter at t

= t*,

l(t*}, as a function of the heat up rate in K/s. It can be seen that for very small heat up
rates the whole compound layer is already dissolved when the homogenisation
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temperature is reached. For infinitely fast heating, no dissolution has taken place when
the homogenisation temperature is reached, hence the residual volume fraction
converges to one. For lower rates the remaining volume fraction when the
homogenisation temperature is reached converges to zero (see Fig. 18).
It can be seen from Fig. 17 that the shape of the inhomogeneity curve looks rather
similar for all heat-up rates. However, its peak height and the part of the curves after
the peak is shifted significantly for different heat-up rates. The maximal values in Fig.
17 correspond to the values of the inhomogeneity parameter when the homogenisation
temperature of 833 K is reached. Fig. 18 also displays the value of the inhomogeneity
parameter when the homogenisation temperature is reached as a function of the heatup rate. From Fig. 18 it is clear that for these cases when the compound layer dissolved
entirely when the homogenisation temperature is reached (i.e. for very low heat-up
rates), the inhomogeneity parameter is very low. This is attributed to the transition of
the Dirichlet condition into a homogeneous Neumann condition when the boundary is
fixed and to the atoms from the compound layer that have reached the grain centre
when the temperature has reached the homogenisation temperature. For the fast heatup rates no atoms from the Mg 2Si layer have reached the grain centre yet when the
homogenisation temperature is reached, therefore the inhomogeneity parameter is
about 0.58 (for the reference conditions selected) and does not vary with the heat-up
rate. Note that the inhomogeneity parameters in Fig. 18 represent the maximum values
for the inhomogeneity parameter as a function of time (viz. Fig. 17).
Similar results are shown in Figs. 19 and 20, in which curves 1-V correspond to a heatup rate of 0.05 Kls and different homogenisation temperatures of respectively: 823 K,
813 K, 803 K, 793 K and 783 K. The other conditions are identical to those in the
reference system. The influence of persisting temperature gradients

in the

homogenisation furnace may be extracted from these curves. For curve III in Fig. 19
the layer dissolves completely in about 29 ks, its corresponding inhomogeneity
parameter then shows a significant discontinuity of the time derivative (Fig. 20). It can
be noticed that the Mg 2 Si layer does not dissolve entirely for homogenisation
temperatures of 793 K and 783 K. However, it may be seen that the matrix
composition becomes homogeneous for these cases as well (see Fig. 20). In these cases
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it may also be observed from Fig. 20 that the inhomogeneity parameter does not show
a discontinuity in its time derivative. Furthermore, it is observed that the position of the
peak of the inhomogeneity parameter is approximately similar for all homogenisation
temperatures. However, the peak becomes higher for higher homogenisation
temperatures. Note from Fig. 19 that for a temperature of 803 K (curve III) the needed
time for complete dissolution of the layer Mg 2 Si-compound at the grain boundary is
about twice the time needed for complete dissolution at temperature 823K (a
temperature difference of 20 K only!). Also, the time for complete matrix homogeneity
is almost doubled. This means that in order to obtain similar qualities for temperatures
803 K and 823 K, the homogenisation time required at a temperature of 803 K is about
twice as long as the homogenisation time at a temperature of 823 K. This is due to the
Arrhenius-like relations of the diffusion coefficient and solubility product.

t

V(t) 0.9

v0

v

0.8
0.7

0.6
0.5

0.4
0.3

v

0.2
0.1

.............~......~~-+-~~~~1--~~~-+~~~~+-~~~---1
20
40
60
80
100
120

0+-~~

0

Time (ks)

----i.-

Fig. 19: The evolution of the volume of a dissolving Mg2 Si layer for different
homogenisation temperatures. Curves are explained in the text. The left-pointing and
right-pointing arrows respectively indicate the time at which the temperature reached
the homogenisation temperature of 823 K and 783 K.
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Fig. 20: The evolution of the inhomogeneity parameter for different homogenisation
temperatures. Curves are explained in the text. The arrows indicate the time at which
the homogenisation temperature is reached for each curve.

Discussion
The model presented here can be used to investigate the dissolution kinetics of second
phases in ternary alloys. All one-dimensional geometries (sphere, cylinder, flat plate,
cylindrical- and spherical layer of a compound around the grain) can be dealt with. In
reality, however, the grains are not strictly spherical but rather shaped like
tetrakaidecahedrons (an ideal representation of a Voronoi-cell) [19], constituting a
three-dimensional Stefan problem. For reasons of simplicity the ternary Stefan problem
has been reduced to a one-dimensional problem.
To investigate the influence of the two-dimensional effects, a two-dimensional finite
element method [4] has been used for the computation of the dissolution of a
secondary phase layer around a hexagonal grain in a binary alloy. The same
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calculations were done for the dissolution of a layer of a secondary phase around a
circular grain in a binary alloy using the finite volume method. The results differed
about maximal I 0 percent from calculations using the finite volume method applied to
the dissolution of a second phase layer around a circular grain. All numerical settings
for both cases were chosen as identical as possible. The grain and secondary phase
thickness were chosen such that the grain and secondary phase areas were equal for the
hexagonal and circular geometry. For both cases considered here the discretisation of
the moving boundaries was one-sided, i.e. the virtual gridpoints at the moving
boundaries were omitted, causing a less accurate computation of the free boundary
position.
In the calculation of the dissolution kinetics of a second phase it was found for some
cases that the second phase first grows and then dissolves subsequently. This implies
that the concentration gradient of one or both alloying elements at the moving interface
may be zero or "numerically" zero (due to rounding errors in computer arithmetics).
The re-arrangement of eqs. (5,6) into a zero-point problem has therefore been done
such that no division by the concentration gradients of the alloying elements at the
interface takes place during the calculations. If this is not done properly, severe
numerical instabilities during the modelling of subsequent growth and dissolution may
arise.
The influence of the presence of (dissolving) precipitates inside the grain on the
dissolution kinetics of a layer of Mg 2 Si at the grain boundary is very complex due to
the possible spatial distribution of the locations of the particles. The current model may
be used to provide an estimate for this effect by positioning a precipitate in the centre
of the grain . Simultaneous dissolution of these secondary phases then can be dealt with
using a two-moving boundary problem in a ternary alloy. The numerical details and
influences have been described in [ 15].

Conclusion
The evolution of the microstructure during the homogenisation treatment of aluminium
alloys depends on the shape of the statistical distribution of the size of the second
phase, the geometry of the second phase, alloy composition, initial matrix
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concentration profiles of the alloying and the temperature-time profile during the
homogenisation treatment.
The concentration gradients in the matrix disappear long after the dissolution of the
second phases.

References
[ 1]

M.J. Whelan, Met. Sc. J., 3 ( 1969) 95

(2)

U.L. Baty, R.A. Tanzilli and R.W. Heckel, Met. Trans., I (1970) 1651

(3)

U.H. Tundal and N. Ryum, Met. Trans., 23A (1992) 433

(4)

G. Segal, C. Vuik and F.J. Vermolen, Internal report at the faculty of technical
mathematics and informatics, Delft University of Technology, "A conserving
discretisation for the free boundary in a two-dimensional Stefan Problem",
accepted in the Journal of computational physics

(5)

F.J. Vermolen, P. van Mourik and S. van der Zwaag, Met. Sc. and Techn., 13
(1997) 308

[6]

F.V. Nolfi, Jr., P.G. Shewmon and J.S . Foster, Trans. of the Met. Soc. of
AIME,245(1969) 1427

(7)

H.B. Aaron and G.R. Kotler, Met. Trans., 2 (1971) 393

(8)

F.J. Vermolen and S. Van der Zwaag, Mat. Sc. and Eng. A220 ( 1996) 140

(9)

G.P. Krielaart, PhD-thesis at the Delft University ofTechology (1995)

[ 10)

J. Agren, J. Phys. Chem., 43 (1981) 421

[I I]

J.M. Vitek, S.A. Vitek and S.A. David, Met. and Mater. Trans. A, 26A (1995)
2007

[12)

R. Hubert, ATB Metallurgie, 34-35 (1995) 5-10

[ 13)

0. Reiso, N. Ryum and J. Strid, Met. Trans. , 24A ( 1993) 2629

[ 14)

F.J. Vermolen, C. Vuik and S. van der Zwaag, "The dissolution of a
stoichiometric second phase in ternary alloys: A numerical analysis", accepted
in Mat. Sc. and Eng. A

[15)

F.J. Vermolen and C. Vuik, "A numerical method to compute the dissolution of
second phases in ternary alloys", Internal report at the faculty of technical

230

Mathematical Models for Particle Dissolution in Extrudable Aluminium Alloys

8. A mathematical model for the dissolution kinetics of Mg 2Si-phases in Al-Mg-Si alloys during
homogenisation under industrial conditions

mathematics and informatics, Delft University of Technology, submitted to the
Journal of Computational and Applied Mathematics
[16]

J. Aitchinson and J.A.C. Brown, "The lognormal distribution; with special
reference to its uses in economics", Cambridge University Press, Cambridge
UK, (1976)

[ 17]

F.J. Vermolen, H.M. Slabbekoorn and S. van der Zwaag, Mat. Sc. and Eng.,
A230 ( 1997) 80

[18)

C.J. Keuhmann and P.W. Voorhees, Met. Trans. A, 27A (1996) 937

[ 19]

Y. van Leeuwen, J. Sietsma, S. Vooijs and S. van der Zwaag, "The effect of
geometrical assumptions in modelling the transformation kinetics for massive
transformations", submitted to Met. and Mater. Trans. A (1998)

[20]

S. Fujikawa, K. Hirano and Y. Fujikawa, Met. Trans. A, 9A ( 1978) 1811

[21]

Y. Minamino, T. Yamane, A. Shimomura, M. Shimada, M. Koizumi, N.
Ogawa, J. Takahashi and H. Kimura, Journal of Mat. Sc., 18 (1983) 2679

[22]

J. Crank, "Free and moving boundary problems", Clarendon Press, Oxford
(1984)

[23]

D.A. Porter and K.E. Easterling, "Phase transformations in metals and alloys",
Chapman and Hall, London ( 1991)

[24]

M.H. Protter and H.F. Weinberger, "Maximum principles in partial differential
equations", Prentice-Hall, Englewood Cliffs, 1967

Appendix: On the local curvatures of the Htl-curve during the heating stage
From differentiation of eq. (7) it follows that the time derivative of the inhomogeneity
parameter is given by (in which we used respectively Xp(t) and yp(t) to indicate maxrEG!rJ
(cp(r,t)) and min rEG!tJ (cp(r,t)). Note that these quantities here are respectively given by
cp(S(t),t) and cp(O,t)):

dl(t)

1

dt

2

°"' (£,.,

/IE{MR, Si}

1 dyP(t)J
2- - - - - - - - - for Xp(l)
df
X p (t)
(f) df

y,,(t) dx,,(t)

Xp

By differentiating once more, it is obvious that:
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For the stages in which the atoms from the Mg 2Si layer did not reach the grain centre,
i.e. yp(t)

=c,,°(M1=0), the above expression can be written as:
(A3)

y (t) dx ,(t)

From eq. (I) and Fig. I, it follows that in the early stages ( ~-1 - > O due to the
xp (t)

1

2

dy (t)

heat up and - - - -"-zo as long as
xp(t)

1tDPt <{S 2 (t)-S 1(t)) ),

dt

dt

in which the minimum

dl(t)

.

concentration hardly changes, we have - - > o. As, at the early stages, Xp(t) < I and
dt

dl(t)

2

even XMlt) << I, we have (xp(t)) < xp(t) == yp(t) and therefore - - becomes large.
dt

From a finite difference differentiation of xp(t) and yp(t), the quantities xµ'(t), yµ'(t),
xµ''(t) and y/(t) have been determined. Substitution of these values into eq. (A3),
2

d l(t)

reveals that for t < 3.2 ks, we have - -2-< 0. Due to the larger variation of the
dt

solubility product and the diffusion coefficients for higher temperatures,

dxp (t)
dt

.

.

.

.

2

d x (t)

.

mcreases more rapidly with time (as --~->0, see also Fig. I), substitution of the
dt
2

1

quantities xp(t), yp(t), xµ'(t), yµ'(t), xµ''(t) and yµ''(t) into eq. ( 11 ), yields d ;
dt

> 3.3 ks. l(t) thus has a point of inflection for some t E (3.2 ks, 3.3 ks).
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APPENDIX 1

EARLY GROWTH DURING DIFFUSION CONTROLLED PHASE
TRANSFORMATIONS IN ALLOYS

Abstract
Diffusion controlled phase transformations sequentially take place via the formation of
a nucleus with the critical size and the subsequent growth of the overcritial nucleus as
a result of diffusion. It is shown that the phase transformation may be significantly
delayed in the early stages of growth as a result of the surface tension at the phase
interface. The effects of supersaturation on the kinetics are quantified too. The analysis
is applied to phase transformations in binary alloys to the formation

of

allotriomorphous ferrite in austenite in binary Fe-C steels.

Introduction
The process of diffusion controlled phase transformations can be divided into three
steps: I . The formation of a nucleus with a size equal to the critical size, i.e. the
nucleus is sufficiently large to decrease the energy of the alloy by growth. 2. Early
growth during which the surface tension effects are significant. 3. The further growth
of the phase when surface tension effects are no longer significant. About the first step
little knowledge is available, it is often described by the classical nucleation theory
[ 1,2]. This step is not analysed during this work. The second step of the diffusion
controlled

phase

transformation

involves

curvature

dependent

interfacial

concentrations as surface tension effects contribute to the Gibbs free energy curve.
During the third step the interfacial concentration is constant and equal to that of both
phases in thermodynamic equilibrium. This work focusses on the second step.
Many models have been developed to describe the diffusional phase transformations.
Most of these models are based on the assumption that the processes at the interface
(like the crossing of the interface by the solute atoms) proceed at such a rate that the
concentration of the alloying element at the interface equals the solid solubility from
the standard thermodynamic phase diagrams at all times. Its rate is then only
determined by diffusion [3,4,5,6,7,8,9,10]. Some transformation models do incorporate
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the interfacial processes as well [ 11 , 12] describing interfacial reactions as a first order
reaction. Under such conditions the interfacial concentration is allowed to vary during
the transformation. Unfortunately, only little is known about the parameters describing
the interfacial processes. Implicitly in these diffusional growth models is that the Gibbs
free energy of the second phase particle is no function of the particle radius. However,
for very small spherical phases the Gibbs free energy is increased due to its curvature.
Due to the change of the Gibbs free energy, the solid solubilities obtained from the
common tangent construction change continuously during the transformation. This
implies a change of the Dirichlet boundary condition at the moving interface, which
causes a different behaviour of the concentration gradients and profile and hence a
difference in the transformation kinetics. This paper presents an investigation of these
effects.

Theory
The model considers the early growth of a spherical nucleus in an initially
homogeneous matrix due to the concentration gradient at the interface. Generally, a
curved second phase particle, either a liquid drop in a gaseous environment or a
precipitate in an alloy, is subject to a pressure, p, related to the surface energy, y, and
the radius of curvature, R, by [I]:

2
Y ·V ~
P · Vm ~ =- R
m

(I)

The product of this pressure with the molar volume of the phase yields an addition to
the Gibbs free energy of the curved second phase. The value of the surface energy
depends on the coherency of the interface between the second phase and the matrix (I
mJ/m 2 < y < 200 mJ/m 2 for fully coherent interfaces, 200 rnJ/m 2 < y < 500 rnJ/m 2 for
semi-coherent interfaces and 500 rnJ/m 2 < y < I OOO mJ/m 2 for fully incoherent
interfaces). Eq. (I) shows that the interfacial pressure is very high for small sizes of the
second phase, i.e. at the early stages of growth (R - < 0.3 micron).
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To investigate the kinetics of growth during its early stages, it is important to
determine the size of the critical nucleus, R*. The critical size depends on the surface
energy, y, the molar volume of the second phase ~'

Vmol and the driving force for the

nucleation of the ~-phase at the early stage for a fixed composition, LiGa1l by the
following relationship [I] :

(2)

To determine the parameter LiGCltfl the parallel tangent construction is used at the given
composition, x. This has been illustrated in figure 1. The distance given by the vertical
distance between the point of the Gibbs free energy curve of the second phase with a
parallel tangent and the tangent to the Gibbs free energy of the first phase represents
the driving force.

I> - phase
a- phase
G

x

Fig. 1: Schematic sketch of the determination of the driving force for nucleation at the
early stages.
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The energy for the formation of a nucleus of the critical size can be calculated by [ 13):

.

Gp

= 'J Gp A (pp

11uc

.

)dnA

.

+'I Gp B (pp )dnB ='J (Gp
0

0

A (pp )xA

+Gp B (pp )XB )dn (3)

0

The symbol n • refers to the number of moles per unit volume corresponding to the
critical size of the second, P-phase. XA, x 8 refer to the mole fractions of the elements in
the second phase. The integrand in the second part of Eq. (3) represents the overall
Gibbs free energy of the mixture in the second phase. Thereby, the Gibbs free energy
required for the formation of a nucleus of the critical size is:

.

.

0

0

2
y
P ) dn
G P 11uc = 'J' GP m(P P )dn= 'f' ( G 13 m(P " )+JiVm

(4)

The pressure p 0 refers to the actual pressure in the alloy at the nucleation site if no
nucleus were present. As the increase of the number of moles of the second phase per
unit volume is given by dn=4rtR 2dR!Vmf3, substitution of this into Eq. (4) and
subsequently carrying out the integration, yields:

(5)
*R*
For the critical radius it follows from Eq. (2): y = ~, substitution of this into Eq.

(5) gives:

G

p

-

11 uc -

• p

n G

m

0

•

• 3-

•

(p ) + 2rtp (R ) - n G

p

m
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·
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For the critical volume of the nucleus,

V =4rt(R.)3!3, can

be written instead

V =n ·v13m·

Thereby, it can be concluded that the Gibbs free energy needed for the formation of a
nucleus of the critical size is given by:

G

p

11 uc

_

- n

•

G

p

m (p

0

)+

2 · p •V pmn.

(7)

2

The above expression represents the energy required for the formation of a nucleus
with the critical size. As a result of the formation of the critical nucleus, the overall
Gibbs free energy per unit mole of the second phase is increased due to the surface
energy by p •vf3.., which is only 2/3 of the energy that is required for the formation of
the critical size of the second phase. The other part of the required energy is apparently
used to pass a 'transition state', i.e. it is equal to the apparent activation energy for the
formation of the critical nucleus.
As the Gibbs free energy depends on the particle radius, R,

the common tangent

construction of the Gibbs free energies of both phases yields the relation between the
solid solubilities of the alloying element in both phases with particle size, i.e. ca = f( R)
and cp = g(R) with ca, cP, R andf(R) respectively denoting the solid solubility of the
alloying element in the matrix and the growing phase, the particle size and functions of
R. Only for a particle of fixed (stoichiometric) composition, the exponential relation for

2yVmp
a
the Gibbs-Thomson effect follows [I], i.e. only then f(R)=c (R=oo)exp(---),
Rlim RT

with y, VmP. RR0 ., and T respectively denoting the surface tension, molar volume of the
second phase, the ideal gas constant and the temperature.
The model treats a binary system with limited solubility of B-atoms in the a phase (see
0
Fig. I). The material with average composition c is assumed to consist of equally sized

spherical ~-phase particles of uniform composition cP (i.e. diffusion in the ~-phase
particles is assumed to proceed infinitely fast) and radius Ro > R·, in a uniform matrix
consisting of an a phase of composition cm. Upon decreasing the temperature the
solubility of B in a decreases and the

~-phase

particle starts to grow . The solubility at

the decreased temperature is denoted as ca. Our model takes into account the

237

Mathematical Models for Particle Dissolution in Extrudable Aluminium Alloys
App. I. Early growth during diffusion controlled phase transformations in alloys

functional dependence of the solid solubility and particle composition on the particle
radius due to the curvature of the second phase particle, i.e. ca.

=f( R) and c~ =f( R) , in

which f( R) is now more complicated than for the stoichiometric case. Each particle is
assumed to grow in its own cell. To enable a finite discretisation procedure for the
growth of the particle the apparent cell size in which this process takes place has to be
defined. Assuming a uniform spatial distribution of particles the average interparticle
distance L can be used to calculate the radius of the equivalent spherical cell in which
the particle dissolves:

, v-:;;

R =L3{3

(8)

During the early stages of growth, the concentration at this cell edge has not changed
yet, effectly matching the case of an infinite cell size. Assuming that the total number
of B-atoms in each equivalent cell is constant, net transfer of B-atoms between the
cells can be excluded. This implies:

(9)

When evaluating the interfacial position at each time step during the iteration process,
a new initial boundary problem is solved, in which the initial condition is given by the
concentration that was evaluated at the last iteration. Moreover, the Gibbs free energy
of the P-phase is adjusted with the adjusted particle radius, thereby the solid solubilities
of both phases are adjusted using the common tangent construction (i .e. the
composition in the P-phase particle changes too).
Two hypothetical examples for concentration profiles and Gibbs free energy
configuration during growth are shown in Fig. 2. The parameters ca., c'" and c~
respectively represent the solid solubility of the atoms in the a-phase, the initial
concentration in the a-phase and the solid solubility of the atoms in the P-phase. The
situation at the left side in Fig. 2 represents a case in which the relatively dilute P-phase
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grows and the right side of Fig. 2 corresponds to the case in which the

~-phase

grows

in a relatively dilute a-phase. The growth of ferrite in an austenitic matrix corresponds
to the left side of Fig. 2.

c
~

a. m

m a.

c c
concentration

c c

- phase

c~
a.- phase

~

- phase

..,§
~i:l

c
concentration

a.- phase
c

m

----,

--------

§
u

position

position

Fig. 2: Examples of the two different shapes for the concentration profile during
growth .

Assuming an ideal solution behaviour, the growth kinetics have been calculated with
the incorporation of the dependency of the solid solubilities of the particle radius. Both
the interfacial concentration in the growing phase and the interfacial concentration in
the matrix phase have been adjusted with the particle size.
First, the influence of the initial matrix concentration on the growth kinetics has been
investigated for a simple hypothetic case (see Fig. 3). All curves in Fig. 3 correspond
to an initial particle radius of 1.001 times the critical radius corresponding to the used
initial matrix concentration. The calculations hold for a case described by the left side
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in Fig. 2. The common physical input parameters are listed in table I . The critical
radius, interfacial concentration and particle concentration at t = 0 as a function of the
initial matrix concentration corresponding to Fig. 3 are listed in table 2.

Table I: The physical parameters used in the calculations corresponding to Fig. 3.
D

R·

m2 s·'

m

10-IO

5.10·4

ca(eq)

0.233

cp(eq)

0.777

OGaA

oc aB

oG pA

oGpB

R-T

yillm

'Y

kJ mor

kJ mor

kJ mor

kJ mor

kJ mor

m·'

Jm-2

2

20

20

1.5

15

10-4

Table 2: The matrix concentration, critical radius, interfacial concentration and the
particle concentration corresponding to the cases of non-zero surface tension in Fig. 3.
ca(t = 0)

cP (t = 0)

0.30

7.3145· 10-

8

0.2999

0 .8300

0.29

8.5076· 10-B

0.2899

0.8231

0.28

1.0218· I 0-

7

0.2800

0.8159

0.27

1.2877· 10·7

0.2700

0.8082

0 .26

1.7578· I 0-

7

0.2600

0.8001

0 .25

2.8142· 10·7

0 .2500

0.7916

0.24

7

0.2400

0.7826

c"'

R* (m)

7.3800· 10·
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5

ce tension
m

c

= 0.24

0
0

0.2

0.6

0.4

0. 8

1.0

Time (seconds)

Fig. 3: The particle radius as a function of time for different initial matrix
concentrations.

From Fig. 3 it can be seen that the growth rate increases and that the apparent
incubation time decreases with increasing initial matrix concentration, i.e. with an
increasing degree of supersaturation. For the lower initial matrix concentrations the
driving force for nucleation is lower, causing a larger critical radius. To explain the
difference in the behaviour of the curves in Fig. 3, two effects have to be considered:
I. From Eq. I, it is clear that the change of the Gibbs free energy with increasing

particle radius is higher for small particles. This implies that the interfacial
concentration changes rapidly .
2. A second consideration concerns the increase of the surface of a spherical particle
during growth.
The above two correlated effects both give raise to a lower growth velocity for larger
particles and thus yield a larger incubation time of growth for larger critical radii which
corresponds to a lower degree of supersaturation. This degree of supersaturation can
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also be considered as a measure for the undercooling. However, for all curves in Fig. 3
the same diffusion coefficient has been applied.
Furthermore, it can be shown that, if the interfacial concentration remains constant, the
growth velocity decreases as growth proceeds (see Fig. 3). This applies even for the
case of a spherical particle growing in an infinite medium [7]. The latter effect can be
attributed to the surface increase of a spherical particle. However, due to the
development of the interfacial concentration, the absolute value of the gradients in the
vicinity of the interface may increase, if diffusion is sufficiently slow. This causes an
increase of the growth velocity. This growth will be delayed until the interfacial
concentration has reached an approximately constant value (see Fig. 3), which is the
equilibrium value.
The second numerical experiment considers the influence of the initial particle radius,
normalised to the critical particle radius on the growth kinetics (see Fig. 4). All curves
in Fig. 4 correspond to the same initial matrix concentration of 0.25 mass fraction.
Furthermore, the other conditions are identical to those in Table I . The interfacial and
particle concentration for the initial particle radii in Fig. 4 are listed in table 3.

Table 3: The interfacial and particle concentration for the initial particle radii in Fig. 4.
Ro! R *

ca(t =0)

c~ (t

1.5

0.2446

0.7868

I.OJ

0.2498

0.7915

1.001

0.2500

0.7916

1.0001

0.2500

0.7916

1.00001

0.2500

0.7916
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.

R =!SR

0

R - 1.0000001 R•
0
0

0.4

2.0

1.2

0.8

Time (seconds)

Fig. 4: The influence of the deviation of the initial particle radius from the critical
particle radius on the growth kinetics.

From Fig. 4 it is clear that the growth velocity at early stages is larger for initially
larger particles. This is due to the higher initial driving force for growth for larger
particles. Fig. 4 clarifies the importance of the choice of the initial radius relative to the
critical radius corresponding to the supersaturation of the matrix. It can be observed
from Fig. 4 for small particle sizes, i.e. for R(t) <1.25 R*, that the growth rate differs
largely for different initial particle radius. For different initial particle radii, the
behaviour of the interfacial concentration differs. This causes a different behaviour of
the concentration profile and thus causes different growth kinetics. As growth
proceeds these differences decrease and the growth rates converge. The growth curves
then become parallel.
To show this effect more clearly, the time required for growth up to I, 5, I0 and 20
percent of the initial particle radius (i.e. a= I.OJ, 1.05, 1. IO and 1.20) as a function of
initial matrix has been shown in Fig. 5. All curves in Fig. 5 correspond to the Gibbs
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free energy and surface tension values listed in table I . The initial particle radius was
chosen to be 1.001 times the critical radius corresponding to each initial matrix
composition. It can well be observed that the time to reach a certain fractional increase
increases significantly with decreasing supersaturation, i.e. with decreasing driving
force for nucleation. These growth times can differ several orders of magnitudes.
For each composition the time required to grow up to 20 percent of the initial particle
radius has been plotted as a function of the initial matrix concentration for the case of
no surface tension too.

1OOO
a -R(t)/R
';;;"'

0

100

""us::
0

~

-'"

10

0.01

~

a - 1.2, without surface tension

0 . 001-F-~--.~~---.-~~-.-~~-.-~~...-~_,.~~-.-~~......-~~....-~--.

OJ

0.28

0.26

Fig. 5: The time to reach a final RIR0

0.24
0.22
0.2
Ini lial matrix concentrali on (Wt. fraction)

-

ratio as a function of the initial matrix

concentration.

Finally, to elucidate the influence of the surface energy,"(, on the early growth kinetics,
the particle radius has been plotted in Fig. 6 as a function of transformation time for
various surface tensions and hence for various critical particle radii.
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Fig. 6: The particle radius as a function of time. The initial matrix concentration is 0.25
wt. % for all curves.

All curves correspond to an initial particle radius of 0.14 micron (corresponding to a
2
critical radius with a surface tension of 0.495 J/m. ) and an initial weight fraction of

0.25 in the matrix. The other input data are as listed in table 1. The critical radius,
interfacial and particle concentration for the surface energies in Fig. 6 are listed in table
4. It can be seen that the growth rate is considerably higher for low surface energies
and finally approaches the case without any effects from surface tension . For the
2
highest values of the surface tension, i.e. y = 0.55 and I J m· , the initial particle size is

smaller than the critical radius. For these cases the particle is unstable and therefore the
particle shrinks.

245

Mathematical Models for Particle Dissolution in Extrudable Aluminium Alloys

App. I. Early growth during diffusion controlled phase transformations in alloys

Table 4:
y(J m-2)

R* (m)

0

0

ea (t

=0)

cP (t

=0)

0.233

0.777

0.01

9

2.8142· 10-

0.2343

0.777

0.10

2.8142·10-8

0.2371

0.780

0.40

7

1.1257·10"

0.2468

0.789

0.50

1.407· 10"7

0.525

0.2501

0.7917

7

0.2509

0.7924

2.8142·10-7

0.2500

0.7916

1.4775 ·10-

Discussion
As can be seen from Fig. 4, the influence of the ratio between the initial particle radius
and the critical radius is a very important parameter to be included in the calculations.
To actually observe the growth kinetics at the early stages, this ratio should approach
unity as much as possible from above. However, this approach should be physically
relevant, and be minimised by the by a layer of thickness due to the addition of row of
atoms. This implies that the boundary conditions on both sides of the interface (i .e. the
solid solubilities in both phases) should be determined very accurately. Moreover, in all
calculations it has been assumed that the surface energy is constant with respect to the
particle radius. However, in reality the surface energy may depend on the particle
2
radius due to loss of coherency for instance, ranging from I mJ m-2 up to 1000 mJ m- .
Unfortunately, only little information on the surface energy is reported in the literature.
This may, however, have a very important effect on the growth kinetics.

Conclusions
It has been shown in the paper that the growth kinetics in the early stages of a

diffusional phase transformation are influenced by the surface energy leading to an
apparent incubation

time which varies

composition.
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APPENDIX2
WELL-POSED AND ILL-POSED ONE-DIMENSIONAL STEFANPROBLEMS

In this appendix it is proven that for some Stefan-problems no solutions can be found.

For completeness the one-dimensional Stefan-problem is posed. The transport of the
second phase in a finite matrix, G(t)=(S(t),M), with S(t) the moving boundary and M
the fixed boundary, is described by Fick's second Law:

a2
a

a

c{r,t)
c(r,t)
---=D--2
r
t

a

vr E

G(t), t E (0.tmax).

(I)

In which c(r,t) and D respectively represent the concentration and diffusion coefficient

in m2s· 1 at point r, at time t. For simplicity the diffusion coefficient has been taken
independent of the concentration. Note that for this formulation c(r,t) is required to be
continuous, with continuous derivatives with respect to time and space and that
ac(r,t)ldr is continuous with a continuous derivative with respect to space as well. On

the interface(s) between the secondary phase and the aluminium matrix, denoted by
S(t), we assume a constant Dirichlet condition, represented by:

c(S(t),t)

= c""1

'rf

t

E

(0.tmax).

(2)

At the other boundary, M, we have a homogeneous Neumann condition:

a c(M ,t)

0

V t E (0,tmax)

(3)

0
The initial concentration is known and is generally given by the constant c :

c(r,0) = c

0

V rE G(O)
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The interface between the second phase and the matrix, S(t), moves due to the balance
of mass, to yield:

1 c(r,t )dr =c'"m S (t ) +

1c(r, t)dr= ~ ·M

(5)

S(I)

0

--;: here represents the average concentration. For the case that eq. (3) is satisfied, c is
constant and it can be proven by differentiation of eq. (5) and using eq. (I), that eq. (5)
is equivalent to:

dS(t )
dt -

D
cparr

- c·""

a c(S(t ), t)
ar

(6)

Both eqs. (5) and (6) can be used to determine the free boundary position. In
proposition A I . I it is formulated and proven that eqs. (5) and (6) are equivalent in case
of a homogeneous Neumann condition at M. Usually, eq. (6) instead of eq. (5) is
given. Eq. (6) can also be derived from a local mass-balance at the free boundary.

proposition Al.1
Only if the Neumann boundary condition at Mis homogeneous, then eqs. (5) and (6)
are equivalent:

1 c(r,t)dr=c'iart s(t)+ 1 c( r,t)dr= c M
0

<=>

dS(t)
dt

D

a c(S (t) ,t )

Cparr - Cw/

dr

--=---~----

5 (1)

with --;: the average concentration (from the intermediate value theorem for integrals, it
follows that

ZE

(min,ero.Mlc(r,t)), maxre10.Mlc(r,t)))).

Proof
First the implication in the first part of the above stated proposition is proven.
Differentiation of eq. (5) with respect to time, yields, using
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a

c( r,t )
dS(t
part d
dS(t) d 1
- -) .-d- 1 c( r t)dr+ 1 ---dr=O
- )+dS(t
c part - - + - c( r t ) r= c
t
'
dt dS(t )
dt
'
dt
dt
S( t )
S( t )
S( t )

a

(?)

As the derivative of an integral with respect to the boundary equals the value of the
integrant at the boundary, we obtain:

a c( r,t ) dr=-D 1a 2 c(r2,t ) dr=Da c(S(t ), t)
ar
a,
at
S(t )
S( t )

(c iwrt -crnl ) dS(t ) =-1
dt

(6)

In the last step, the homogeneous Neumann condition has been used. If the Neumann

condition were not homogeneous, then a term with the concentration gradient at M has
to be added. For the case of a homogeneous Neumann condition at M it has been
proven that eq. (5) implies eq. (6). The steps in the proof are equivalences, therefore
eq. (6) implies eq. (5) and hence eqs. (5) and (6) are equivalent, if and only if there is a
homogeneous Neumann condition at M .

Eq. (6) holds for all cases of a moving boundary with a Dirichlet-condition. Eq. (6)
allows the existence of a non-homogeneou s Neumann condition at M . Eq. (5) holds
(;;- = constant) if and only if there is a homogeneous Neumann condition at M .
In the next part of the appendix it will be shown by contradiction that for some Stefanproblems, with homogeneous Neumann conditions at M, no solutions exist. These
Stefan-problems are therefore ill-posed. The following proposition formulates the
existence, for the one-dimensional and binary case:

proposition Al.2
The

problem

( c part - c

as

consituted

by

eqs.

0)( c part - c rnl) < 0 .
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Proof

Eqs. ( 1-5) imply a homogeneous Neumann boundary condition at M. Suppose, that a
solution exists for eqs. (1-5). From proposition A I. I follows that eqs. (5) and (6) are
equivalent. Eq. (5) may be written as:

Jc(r,t)dr=~· M . As (cpart - c 0 )(cpart - cso1) <0

<::::}

0

(c 0 <c"'''<c""1) v (c'w 1<C'0 ''< c0 ), we first consider the case that (c 0 <C''"'<cwty. From the
maximum principle of the diffusion equation, stated in the introduction, follows that for
.

this case

() c(S(t),t)

or

.

< o. Smee

_part
c,-

wl

dS(t)

.

.

O

.

<c· , 1t follows that - - > o. Cons1dermg t = , we
~

have for the global mass: S0 ·C'0 " + (M-S 0 )-c0 = -;; ·M. Fort= dt, we have for the global
mass:
S(dt)·cpart + Jc(r,t)dr= S(O)·cpart +(S(dt)-S(O))·c"art + Jc(r,t)dr= S(O)·c" 0 " + Jc(r ,t)dr
S(dt)

S(dt)

S(O)

From the maximum principle of the diffusion equation follows c(r,t)"?:.c0 and from

c(r,t)=C'0 ">c0 for

S(O) · c" 0 ' 1 +

J

rE (S0 ,S(dt))),

c(r,t)dr

> S(O) · c"

0 1
'

S(O)

it is clear that:

+

J

c(r,O)dr

= ~· M ,

S(O)

implying that eqs. (5) and (6) are not equivalent. The problem with (c 0 <C'0 "<cw1) and a
homogeneous Neumann condition at M does not have a real solution. A similar proof
can be given to show that for the case (c"" 1<C'0 "<c0 ) no real solution exists. Then we
can show that S(dt) · cP 0 " +

J

c(r,t)dr

< M · ~.

S(dt)

((C'"" >c0 )/\(C'"">cso1)), then it can be proven in a similar way that it is possible to
conserve the mass and eqs. (1-5) are satisfied. Furthermore, it can be proven that we
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dS(t)
. --<0,
.
. 1utton,
. have d1sso
1or the
t.f (c·"'' - co)( c·"'' - c part) <0 an d contran·1y "
1.e_
will
dt

other well-posed problems we will have growth.

This above given analysis for well- and ill-posed Stefan problems is rather
mathematical. We only used the fact that the unique solution of the diffusion equation
exists and that this solution satisfies the maximum principle. From a more physical
point of view, the well-posedness of the Stefan problem can be made evident very
easily:
We know from experience that the solution of the diffusion equation will go to certain
1
equilibrium: The concentration in the whole matrix converges to c"" • The interface then

also reaches an equilibrium value, as the concentration gradient is zero. If we assume
that the total mass is conserved (so for the ill-posed Stefan problems as well), we then
have:

(8)

From this equation follows:

S(tmax)

=

c- c .wl
c

part

-c

(9)

ml M

For the ill-posed problems, it can then be seen that: S( t,na.<) > M. This leads to a
contradiction. The growing phase would explode.
However, keep in mind that with the last analysis we assumed an a priori behaviour of
the concentration profile.
When computing numerical solutions to Stefan-problems, the weak formulation from
eq. (6) is used for the computation of the displacement of the free boundary. For the
cases that the Stefan-problem is ill-posed, it is possible that a numerical solution is
calculated. It was observed in numerical experiments that the growing phase exploded
and gave rise to an error message as the calculations proceeded.
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APPENDIX3

THE FINITE VOLUME DISCRETISATION WITH A GEOMETRICAL GRID
First the local grid-refinement is motivated, subsequently, the distribution of the grid
points is explained for cases with either one or two free boundaries. Then the
discretisation equation for the inner area is given, followed by a method for the
determination of the accuracy of the calculations using a locally refined grid.
Subsequently, some remarks concerning the stability of the calculations will be given.

From the maximum principle for the Stefan problem, as stated in the introduction,
follows that the absolute values of the concentration gradients of the diffusing alloying
elements are maximal at the moving boundaries. As the displacement of a free
boundary is proportional with the concentration gradient at this boundary, the
2
discretisation of the boundary is very important. For a global accuracy of 0(dr ) virtual

gridpoints at the boundaries have been added. Far away from the free boundaries the
concentration gradients are very small.
In industrial alloys, the size of the grains and dissolving particles is not uniform, but
can be described by a statistical distribution. The particle and grain size is then divided
into classes, corresponding to a certain grain or particle size. Each class is considered
as a system with an Al-matrix and a dissolving secondary phase. The dissolution of the
secondary phases in all separate systems has to be computed for the case of a
temperature-t ime profile. For each time-step, this requires the sequential computation
of the dissolution of the secondary phase in each system. Therefore, it is desirable to
optimise the algorithms for computation time and accuracy . It is then important to
apply a fine discretisation grid near the moving boundaries (where we have maximal
absolute values for the concentration gradients). Far away from the free boundary the
discretisation grid may be coarser. This means that the discretisation matrix will be
smaller than for the case of a global fine equidistant grid. Much computing time can
then be saved.

In the following analysis, we consider an area with n-1 gridpoints (=nodes) between S1
and S 2 . S 1 and S2 respectively represent the left and right boundary. Each gridpoint is
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denoted by r;. The time dependency of the position of the grid nodes due to the grid
migration has been omitted here in the notation for brevity. If Sp=Mp the boundary is
fixed and a homogeneous Neumann condition holds there. The nodes i=O and i=n
correspond to the gridpoints at respectively S 1 and S 2 • The virtual gridpoints at these
boundaries are respectively indicated by i=-1 and i=n+l . Furthermore, for all iE{1,0,1,. . .,n} a 'half-node ', r ;+1a. is added between r; and r ;+ i. i.e. r ;+1a

= r ;+ll2·(r;+rr;).

Roughly the local grid refinement is applied in the following way:

P( r ;-r;.1 ), recurrently. The grid is distributed
geometrically over the whole region. For p = 1 the grid is equidistant.
A continuously sized grid: r;+rr; =

This scheme gives a smooth discretisation . It can be proven that the error of the
numerical solution varies continuously with the position for this method of grid
refinement. Any small distortions of the numerical solution (such as small
discontinuities in concentration or concentration gradient) are not likely to occur. The
grid-refinement is implementated into the software, in such a way that r 0 -r.1 = rrro =
dro and r ,,+ rr,, = r ,, -r,,.1 = dr,,.

For the case of one free boundary, the grid refinement is done at one side: the side of
the free boundary. At the fixed boundary the grid is coarse. Since we have r;+rr;
r;-r;.1), with

= P(

P> 1 and P< 1 for respectively a left- and right-sided grid refinement, it can

be written for position of a grid point i:

(I)

Extending this to the n-th gridnode, one obtains for dr0 and dr,, as a function of the
distance between S 1 and S2 :

(2a)
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(2b)

Eqs. (2a) and (2b) can be used as bounds for the grid size of the whole area. These two
bounds can be used to define the grid distribution fully . One can also use only one of
these bounds and the factor

Pto define the grid distribution entirely. It is interesting to

observe the limit for large n :

(3)

It can

be

(s2-s1HP-1)

l

for

seen that

p

P''

> JOO, i.e. n > log(/00) I

log(p),

that

I

dr11 < 0.01011. From this, the practical conclusion can be drawn(since n

> 50 in practice), that the introduction of gridpoints hardly affects the grid size near the
fixed boundary. In order to adjust the grid size at a fixed boundary it is thus necessary
to change the parameter

p. The grid

size near the free boundary may be adjusted by

changing the number of nodes, n.

For a Stefan-problem with two moving boundaries, the grid should be refined near
both Dirichlet boundaries. For the two moving boundary problem, n is always chosen
to be even. This refinement is done symmetrically, i.e. r;+rr;

= P( r ;-r;.1), r 0-r. 1 = r 1-r0

= r,,-r,, .1 = dr,, and r ,,;rr ,112.1 = r,112+r r,,;2. In order to divide the grid
symmetrically, we use r ;+rr; = P( r ;-r;. 1), ViE { 1,2,3, .... ,n/2- I} and r ;+r r; = ( r ;- r ;. 1)/P,
= dro

= r ,,+rr,,

ViE [n/2+ l,n/2+2,n/2+3, .. .. ,n-1}, with

p > I . By this is can be seen in a similar way as

eq. (2) for dr0 and dr,, that:

(4)

257

Mathematical Models for Particle Dissolution in Extrudable Aluminium Alloys

App. 3. The finite volume discretisation with a geometrical grid

The discretisation is motivated with a finite volume representation: this formulation
gives a good insight for the unequally sized grid. For the curved geometries the
singularity at r = 0 is dealt with in a proper way. The diffusion equation, as stated in
the introduction, is then integrated over the volume, to yield for each gridpoint with
volume between

r;. 112

and

r; + 112

(referred to as V;):

a c( r,t)
J
J
-dV = Y·(D(c(r,t))Yc(r ,t))dV = ~ ·(D(c(r, t))Yc(r,t))dA,
J-d-t

v,

-D

a v,

v,

with

(5)

oV; the area enclosing the region V;. This can be written in a discretised form as:

c;'·+1 - c; _11·+1

j
i- 1/2 ·

(

·+i

r;'

j+ I

-r;_ 1

J r;_
(

·

·+i)a
112 J

( ·.
+- ·
1

dt

·J
. · r;'

C;+i' -C;_ 11

r;+i'

-r; 1

(

·+i

(6)
.)

-r;'

The above formula holds for all iE { 1,2,3, ... .,n- l }. A division by zero is then avoided
for r

= 0. In eq. (6) dt is the time-step and the indexj as a subscript for rand c denotes

the time-step. Due to the moving grid, the index is used for the position of the node as
well. The last term comes from a convective derivative or interpolation due to the grid
movement. The constant a is a geometric parameter, which equals 0, I and 2 for
respectively a planar, cylindrical or a spherical geometry. The rest of the discretisation
proceeds similar as described in chapter 5 (artikel J_Appl_math). The diffusion
coefficient is used explicitly in the discretisation, i.e. DI= D(c(r/,j.dt)). The diffusion
coefficient can be used implicitly in the , i.e. D;+' = D(c(r/+ 1,(j+l)-dt)). For an implicit
version, one needs either a linearisation from t=fdt or an iterative method. An explicit
form of the diffusion coefficient has been implemented into the software for lack of
detailed knowledge of the D( c) and calculation speed.
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For the use of the geometrical grid, it is desirable to test the accuracy of the
calculations compared to a fine equally distributed grid. First a calculation with few
gridpoints in an equally sized grid is done. Subsequently the number of nodes is
repeatedly doubled until no significant difference between subsequent calculations
occurs. Then the calculations can be considered as accurate. Subsequently the
geometrical grid can be used and by smart trial and error the optimal geometrical
settings may be determined. This optimising proceeds via the balance of the number of
nodes (computing time) and accuracy . It is observed that the optimal number of grid
points for a geometrical grid is in the order of ten percent of the minimal number of
nodes in the equally sized grid in which no significant difference between subsequent
calculations occurred.
This

geometrical

grid

has

been

applied

in

chapter

8

of

the

thesis

(Hom_of_Al_All_in_Indus). An example there is given for the determination of
accuracy.
To test the accuracy of the numerical scheme just described the dissolution kinetics
was first calculated using an equidistant grid for the following configuration: The
configuration represents a commercial AIMgSi-alloy with average magnesium
concentration, <cMg>

= 0.3

Mass% and average silicon concentration, <cs;>

= 1.15

4

Mass% and grain radius M 2 = 1.64· I0" m = 165 micron. The concentrations of
magnesium and silicon in the compound layer are respectively 65 Mass% and 35
Mass%. The alloy is assumed to heat up from 400 K up to

Thom

= 833 K with a heatup-

rate of 0.05 Kls = 180 K/Hour. Initially the size of the compound layer and matrix
concentrations are uniform and correspond to thermodynamic equilibrium at 300 K.
The number of nodes was repeatedly doubled from 50 up to 800. The difference
between the calculated solution with 400 nodes (n = 400) hardly differed from the
calculated solution with 800 nodes (n

a

= 800). Using a geometrically divided grid with

= 0.9 and n = 50 (corresponding to

a grid refinement near the segregation layer)

yielded the same result as the result with an equidistant grid and n

= 800, however the

calculations proceeded about ten times faster.
The interfacial position is thus determined accurately, however, the accuracy of the
concentration at the fixed boundary is determined with a somewhat larger error. That
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is why a small mass difference (of about 3%) occurs after full homogenisation.
However, this disadvantage is compensated by the gain of processor time for about a
factor 10.

A remark here should be made on the stability of the algorithm. A fully implicit timediscretisation allows a free choice of the combination of the time-step and grid-size for
the case of fixed boundaries. If one or more boundaries move, eq. (6) shows that an
extra explicit term has to be added into the discretisation. This explicit term imposes a
weak, but existing, constraint on the combination of dt and dr to guarantee stability.
For all calculations in this thesis, the time-step, dt, has been chosen such that no
instabilities were observed. For the case of many gridpoints with a geometrical grid,
one should check the time-step with the minimal grid-size, so the time-step in the
calculations was chosen such that:

m(ax(D 8 ,Dc)·Jdt <JOO.

(7)

min

Os;is;n

(dr)

In chapter (Art_Appl_Math) we considered the simultaneous dissolution of two
boundaries in a ternary alloy. At each boundary the transport of both diffusing
chemical elements was coupled using the so-called boundary function, of which the
root had to be determined. It appeared that the cross-terms of the Jacobian of the
boundary functions were negligible, if, regardless of the distribution of the grid:

(8)

From eqs. (4,7,8), it is obvious that eq. (8) is a weaker condition (i.e. if eq. (7) holds
then eq. (8) holds), if:
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100·( min
0'.'>i'.'>n

(dr)J

dt<~~~~~~-

stability

which certainly holds

negligible Jacobian cross - terms

stability

if~~ ; + ~ H {ftJ] ?:: 100. In the last equation, the summation

of eq. (4) is used to generalise the result for an equidistant grid as well. For clarity the
latter condition can be interpreted as that if the time-step satisfies eq. (7), then the
cross-terms of the Jacobian of the boundary functions are certainly negligible if

~ ~ ; + ~ ~- 1 {ftJ] ?:: 100. It can be seen that this implies for an equally sized grid that
the number of nodes is larger than 100.
For the calculations that we did, the diffusion coefficients were such that (meaning that
7
the order of magnitude is equal) D8 "'De. min~;~, (dr)"' 10- m and S2 (0) - SJ(O)"' I0-

it can be shown that if eq. (7) is satisfied, then dt < 0.01 ·
satisfied as well.
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SUMMARY
MATHEMATICAL MODELS FOR PARTICLE DISSOLUTION IN
EXTRUDABLE ALUMINIUM ALLOYS

Aluminium extrusion alloys have to be pre-annealed at a high temperature
('homogenised') in order to obtain a good extrudability and high quality extruded
product. During this thermal treatment several metallurgical processes take place. Of
these, the dissolution of secondary phases and the subsequent homogenisation of the
concentration in the matrix are the most important. In order to optimise the
homogenisation treatment for a wide range of conditions, it is desirable to have a
generally applicable physical model.
The dissolution of these secondary phases, present inside the grain and/or at the grain
boundary, generally proceeds via the following steps:
I. the decomposition of the intermetallic compound,
2. the interface crossing by the atoms,
3. long-range diffusion in the matrix .
The first two processes are referred to as the interfacial processes. If the interfacial
processes proceed infinitely fast, then long-range diffusion determines the rate of
particle dissolution.
The dissolution of secondary phases in a (homogeneous) matrix is mathematically
described by a free boundary(= the interface between the matrix and secondary phase)
problem or a Stefan problem in a cell of fixed dimensions. The secondary phase
encloses or is enclosed by an aluminium rich matrix in which the transport of the
alloying elements is described by Fick's second Law of diffusion: the parabolic partial
differential equation of Fick for the concentration. If the interfacial processes proceed
very fast relative to long-range diffusion, then a Dirichlet boundary condition is
imposed at the moving interface, else a homogeneous Robin condition is imposed. No
mass transfer occurs at the fixed boundaries and a homogenous Neumann condition is
imposed there. The initial concentration in the matrix is known. The displacement of
the free boundary is computed using a differential mass balance. The solution,
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satisfying the diffusion equation with appropriate boundary conditions, is unique and
satisfies a maximum principle. During this research several models have been
developed to calculate the dissolution rate of secondary phases. These are described
briefly.

A semi-analytical model has been developed for the case that a spherical particle
dissolves in a finite spherical cell, assuming a constant Dirichlet boundary condition at
the moving boundary and a uniform initial concentration in the matrix. The model is
thus applicable to these cases in which Jong-range diffusion determines the dissolution
rate. This solution has been found using separation of variables and solving the then
obtained Sturm-Liouville problem. When the free boundary moves, the eigenvalues and
coefficients, obtained from the Sturm-Liouville problem, vary with time. The solution,
consisting of a Fourier series, is then determined in each time-step. The results agree
well with those obtained from numerical models in most cases.

In reality the geometry of a secondary phase may either be spherical, cylindrical, platelike, shell-shaped or disk-like and the boundary conditions on a free boundary may
vary with time. Then, no analytical solution is available, surely if the diffusion
coefficients vary with time and local concentration. For the computation of the
dissolution time under these circumstances, the Stefan problem has been solved using a
one-dimensional finite volume discretisation with a geometrically divided grid size.
This algorithm uses virtual gridpoints at the boundaries and is applicable to Robin
boundary conditions at the moving boundary. The discretisation results in a system of
equations, which is solved using the efficient Thomas-algorithm. When a secondary
phase dissappears, the corresponding moving boundary is fixed and a homogeneous
Neumann condition is imposed there.
This algorithm is used for the analysis of the impact of (first order) interfacial
processes on the dissolution kinetics (Robin boundary condition at the moving
boundary). It has been found that these interfacial processes can delay the dissolution
kinetics significantly.
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The apparent activation energy for the dissolution of silicon particles in aluminium has
been analysed. Using the mathematical models for particle dissolution in binary alloys,
it has been found that the activation energy depends on the particle geometry, the
temperature dependency of the diffusion coefficient and the solubility of silicon in
aluminium, the composition of the alloy and the statistical distribution of the size of the
particle. For an aluminium alloy with 1.35 mass % silicon, an apparent activation
energy of (280±5) kJ/ mol for the dissolution of spherical particles has been found.
Under the assumption of local equilibrium at the moving interface (i.e. the dissolution
rate of silicon particles in aluminium alloys is determined by long-range diffusion only)
an excellent agreement between experiments and calculations was obtained.

To predict the dissolution of disk-like secondary phases the finite element software
package SEPRAN, developed at the faculty of technical mathematics at the Delft
University of Technology, has been used. A reliable algorithm has been developed to
calculate the displacement of angular free boundaries in two dimensional Stefan
problems. The displacement of the free boundary is computed using a local differential
mass-balance. The displacement of the (sharp) angle is calculated using the massbalance with neighbouring elements bounded at the free boundary. An unstructured
grid has been used. Remeshing is expensive, but carried out if necessary. The accuracy
and stability of the algorithm is tested for a number of geometries. The algorithm is
consistent with the one-dimensional finite volume algorithm mentioned before. The
algorithm has been developed for the presence of one alloying element.

In industrial aluminium alloys several alloying elements are present, therefore
secondary phases may consist of several alloying elements as well. These alloying
elements often diffuse at different rates in the aluminium rich matrix. From physical
considerations it follows that the Dirichlet boundary conditions at the moving interface
are coupled hyperbolically. From the assumption that the composition of the secondary
phase is fixed at all stages of dissolution and the hyperbolic relation between the
Dirichlet boundary conditions at the moving interface, it follows that the diffusion
problems are coupled non-linearily. This non-linearily coupled Stefan-problem results
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into a zero point problem of a discrete function . The zero-point problem is solved
using a discrete Newton-Raphson iteration method. Some properties of the solutions,
concerning existence and uniqueness, of this non-linearily coupled Stefan-problem have
been analysed using the maximum principle of the diffusion equation with boundary
conditions. The model can be used for a system with two moving boundaries.
Furthermore, a semi-analytical (asymptotic) approximation has been developed for the
computation of the dissolution kinetics of a spherical particle in a ternary alloy. This
approximation has been compared to the numerical model and found to be accurate as
long as no soft-impingement between diffusion fields occur.
Using the numerical model it has been shown that the dissolution kinetics of a
secondary phase in ternary alloys differ significantly from the dissolution kinetics of
secondary in binary alloys. The overall composition, ratio of the diffusion coefficients
of both elements, stoichiometry and the

geome~ry

of the secondary phase influences

the dissolution kinetics significantly. The model has been applied to an AIMgSi alloy.

The mathematical models developed in this research have been applied to the
computation of the homogenisation behaviour of an AIMgSi alloy. These alloys consist
of an aluminium rich matrix with a secondary phase consisting of Mg 2 Si. After
solidification the microstructure differs over the cross-section of the billet. These
differences may be either in solute concentration or in the particle/grain size
distribution .
The influence of these metallurgical parameters (including statistical distribution of the
grain/particle size, second phase geometry and the overall composition of the alloy) on
the dissolution kinetics has been investigated for a range of heating rates and
homogenisation temperatures. To characterise the homogeneity in the matrix during
and after dissolution of the secondary phases, a dimensionless inhomogeneity
parameter has been introduced. This parameter is a measure for the magnitude of the
concentration gradients present in the matrix.

This thesis contains three appendices. Appendix I deals with the early stages of growth
of a critical nucleus, using the concepts developed in the model for particle dissolution.
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It is shown that the phase transfonnation may be significantly delayed in the early
stages of growth as a result of the surface tension at the phase interface. The effects of
supersaturation on the kinetics are quantified too . The analysis is applied to the
fonnation of allotriomorphous ferrite in binary Fe-C alloys.
Appendix 2 deals with an analysis of well- and ill-posed one-dimensional Stefan
problems in a binary alloy. It is proven that for some free boundary problems no
solution is available. The proof proceeds via contradiction: we assume that a solution
exists (existence) and we show using the maximum principle that this leads a
contradiction .
Furthermore, appendix 3 deals with a finite volume discretisation using a geometrically
distributed grid. Some remarks on the stability of the algorithm are given .
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SAMENVAITING
WISKUNDIGE MODELLEN VOOR HET OPLOSSEN VAN DEELTJES IN
EXTRUDEERBARE ALUMINIUM LEGERINGEN

Aluminium extrusie legeringen dienen voorafgaande aan het warm extrusieproces op
hoge temperatuur gegloeid ('gehomogeniseerd') te worden om zowel een goed
extrusiegedrag als een kwalitatief hoogwaardig geextrudeerd product te krijgen.
Tijdens deze gloeibehandeling vinden meerdere metaalkundige processen plaats,
waarvan het oplossen van uitscheidingen in de vorm van tweede fases en de verdere
verdeling van legeringselementen over de aluminium matrix de belangrijkste zijn. Orn
dit homogeniseerproces goed te kunnen sturen is het van belang over een algemeen
toepasbaar fysisch model voor de kinetiek van het oplossen van dergelijke
uitscheidingen te beschikken.

Het oplossen van deze uitscheidingen, aanwezig binnen de korrel en/of aan de
korrelgrens, verloopt in het algemeen via de volgende stappen:
I. het uiteenvallen van de intermetallische verbinding,
2. het oversteken van het grensvlak door de atomen,
3. lange-afstands diffusie in de matrix.
De eerste twee processen worden aangeduid als de grensvlakprocessen. Indien de
grensvlakprocessen

oneindig

snel

verlopen,

bepaalt

lange-afstandsdiffusie

de

oplossnelheid van het deeltje.
Het oplossen van tweede fases in een (homogene) matrix wordt wiskundig beschreven
door een vrije rand probleem (=het grensvlak tussen de matrix en tweede fase) ofwel
een Stefan probleem in een ruimte (eel) van constante afmetingen. De tweede fase
bevindt

zich

hier

in/om

een

aluminium-matrix,

waarin

het

transport

van

legeringselement(en) beschreven wordt door de diffusie vergelijking: de parabolische
partiele

differentiaalvergelijking

van

Fick

voor

de

concentratie.

Indien

de

grensvlakprocessen erg snel verlopen ten opzichte van de lange-afstands diffusie, geldt
een Dirichlet randvoorwaarde aan het bewegende grensvlak. Voor andere gevallen
wordt een homogene Robin randvoorwaarde opgelegd. Aan de vaste randen vindt geen
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massatransport plaats en gelden er homogene Neumann randvoorwaarden. De
beginconcentratie in de matrix is bekend verondersteld. De verplaatsing van de vrije
rand tussen de tweede fase en de matrix wordt berekend door een differentiele massabalans. De oplossing, die voldoet aan de diffusie-vergelijking met bijbehorende
randvoorwaarden, is uniek en voldoet aan een maximum-principe. Tijdens dit
promotie-onderzoek zijn verschillende modellen ontwikkeld waarmee de kinetiek van
het oplossen van tweede fases kan worden berekend. Deze worden achtereenvolgens
kort beschreven.

Allereerst is er een semi-analytisch model ontwikkeld voor het geval dat een bolvormig
deeltje oplost in een eindige bolvormige eel , onder aanname van een constante
Dirichlet-randvoorwaarde aan de vrije rand en uniforme begin concentratie in de
matrix. Het model gaat dus op voor die gevallen waarin lange-afstandsdiffusie de
oplossnelheid bepaalt. Deze oplossing is gevonden met behulp van separatie van
variabelen en het oplossen van het hieruit onstane Sturm-Liouville probeem. Daar de
vrije rand zich verplaatst, varieren de uit het Sturm-Liouville probleem verkregen
eigenwaarden en coefficienten met de tijd. De oplossing, bestaand uit een Fourierreeks, wordt daartoe per tijdstap bepaald. Voor de meeste gevallen kwamen de
resultaten van dit semi-analytische model vrij goed overeen met resultaten van
numerieke modellen.

In de praktijk kunnen de tweede fasen velerlei geometrie hebben: spherisch,
cylindrisch, plaatvormig, schilvormig of schijfvormig en kunnen de randvoorwaarden
aan de vrije rand(en) met de tijd varieren. Een analytische oplossing kan dan niet meer
gebruikt worden, zeker als de diffusiecoefficienten met de plaats en locale concentratie
varieren. Voor de berekening van de oplostijd onder dergelijke condities is het Stefanprobleem opgelost met behulp van een een-dimensionale eindige volume methode met
geometrisch verdeelde gridgrootte. Dit algoritme maakt gebruik van virtuele
roosterpunten bij de randen en is toepasbaar voor Robin randvoorwaarden aan het
bewegende grensvlak. De discretisatie resulteert in een stelsel vergelijkingen met een
tridiagonale coefficienten matrix, welke met behulp van het efficiente Thomas-
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algoritme wordt opgelost. Voor het geval van verdwijning van een tweede fase wordt
de desbetreffende vrije rand gefixeerd en wordt daar een homogene Neumann
randvoorwaarde opgelegd.
Dit rekenschema is gebruikt voor de analyse van de invloed van (eerste orde)
grensvlakprocessen op de oplossnelheid (Robin randvoorwaarde aan het bewegend
grensvlak). Er is gevonden dat deze processen het oplossen aanzienlijk kunnen
vertragen.

De schijnbare activeringsenergie voor het oplossen van Si-deeltjes in aluminium
geanalyseerd. Er is gevonden dat deze afhangt van de geometrie van het deeltje,
temperatuur afhankelijkheid van de diffusie-coefficient en oplosbaarheid van silicium in
aluminium, samenstelling van de legering en de statistische verdeling van de
deeltjesgrootte. Voor een aluminium legering met een silicium concentratie van 1.35
massa % is een schijnbare activeringsenergie van (28o±5) kJ/ mol gevonden . Er is
gevonden dat de aanname van lokaal evenwicht aan het bewegende grensvlak (d.w.z.
de snelheid van het oplossen van silicium deeltjes in aluminium wordt bepaald door
lange-afstandsdiffusie) een zeer goede overeenkomst geeft tussen de experimenten en
berekeningen.

Orn het oplosgedrag van schijfvormige tweede fases te kunnen voorspellen is gebruik
gemaakt van het eindige elementen pakket SEPRAN, ontwikkeld aan de faculteit der
technische wiskunde van de Technische Universiteit Delft. Een betrouwbaar algoritme
is ontwikkeld voor de berekening van de verplaatsing van hoekige grensvlakken voor
twee-dimensionale Stefan-problemen . De verplaatsing van de vrije rand wordt
berekend met behulp van de plaatselijke differentiele massabalans. De verplaatsing van
de (scherpe) hoek wordt berekend via de massabalans met naburige elementen
grenzend aan de vrije rand. Er wordt gebruik gemaakt van een ongestructureerd grid.
Remeshing is duur (=rekenintensief), maar wordt uitgevoerd indien noodzakelijk. De
nauwkeurigheid en stabiliteit van het algoritme is voor een aantal geometrieen getest.
Het algoritme is consistent met het eerder genoemde een-dimensionale eindige volume
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algoritme. Het rekenschema is opgesteld voor het geval van de aanwezigheid van een
legeringselement.

In technische aluminiumlegeringen bevinden zich meerdere legeringselementen,
waardoor tweede fases ook uit meerdere legeringselementen kunnen bestaan. Deze
legeringselementen diffunderen vaak met verschillende snelheden in de aluminiummatrix. Uit fysische overwegingen volgt dat de Dirichlet-voorwaarden op het
bewegend grensvlak voor beide legeringselementen hyperbolisch gekoppeld zijn. Uit
de aanname dat de compositie van de tweede fase constant blijft gedurende het
oplossen en de hyperbolische relatie tussen de Dirichlet-randvoorwaarden aan de vrije
rand, volgt dat de diffusieproblemen van beide legeringselementen niet-lineair
gekoppeld zijn. Dit niet-lineair gekoppelde Stefan-probleem komt na discretisatie neer
op een nulpuntsbepaling van een discrete functie. Deze nulpuntsbepaling wordt
uitgevoerd voor het bepalen van de Dirichlet randvoorwaarden aan de vrije rand met
behulp van een discrete Newton-Raphson iteratie methode. De eigenschappen van
oplossingen van dit niet-lineair gekoppelde Stefan-probleem zoals: existentie,
eenduidigheid waarbij gebruik gemaakt is van het maximum-principe voor de oplossing
van de diffusievergelijking met randvoorwaarden zijn geanalyseerd. Het model kan ook
gebruikt worden voor een systeem met twee bewegende grensvlakken .
Verder is een semi-analytische benadering gevonden voor het berekenen van de
oploskinetiek van een bolvormig deeltje bestaande uit meerdere legeringslementen in
een ternaire legering en zijn de resultaten vergeleken met die van het numerieke model.
Met behulp van het numerieke model kan aangetoond worden dat de oploskinetiek van
een tweede fase bestaande uit meerdere legeringselementen wezenlijk verschilt van de
oploskinetiek van

enkelvoudige deeltjes. De totale samenstelling, onderlinge

verhouding van de diffusiecoefficienten, stoichiometrie en de geometrie van de
oplossende tweede fase blijken de oploskinetiek behoorlijk te be"invloeden. Het model
is toegepast op een AlMgSi-legering.

De in dit project ontwikkelde wiskundige modellen zijn toegepast voor het berekenen
van het homogenisatie-gedrag van een AlMgSi-legering. Dergelijke legeringen bestaan
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uit een aluminium-matrix met daarin een tweede fase bestaande uit de verbinding
Mg 2Si. Na het stollen verschilt de microstructuur over de dwarsdoorsnede van het
gietblok. Deze verschillen kunnen zich manifesteren in opgeloste concentraties in de
matrix en de statistische verdeling van de korrel en/of deeltjesgrootte.
Daartoe wordt eerst de invloed van de metaalkundige parameters (statistische
verdeling van de korrel/deeltjes-grootte, geometrie van de oplossende fase en de totale
samenstelling van de legering) op de oploskinetiek onderzocht. Vervolgens is gekeken
naar de invloed van de opwarmsnelheid en homogenisatietemperatuur op de
oploskinetiek. Orn de mate van homogeniteit in de matrix gedurende en na het
oplossen van de tweede fase te bepalen, is een dimensieloos kental voor de
inhomogeniteit ingevoerd dat de grootte van de aanwezige concentratiegradienten
weergeeft.

Het proefschrift bevat drie appendices. Appendix I behelst een analyse van de vroege
groei stadia van een kritische kiem. Er wordt gebruik gemaakt van de ontwikkelde
modellen voor het oplossen van deeltjes. De resultaten

laten zien dat de

oppervlaktespanning op het grensvlak de transformatie kinetiek in het vroege stadium
behoorlijk kan vertragen. De invloed van de mate van oververzadiging op de kinetiek is
ook bepaald. De analyse is toegepast op de vorming van allotriomorfe in een binaire
FeC-legering.
In appendix 2 wordt een analyse van goed- en slecht-gestelde een-dimensionale vrije
rand problemen voor een binaire legering beschreven. Er wordt bewezen dat voor
sommige vrije rand problemen geen oplossing gevonden kan worden. De bewijsvoering
verloopt via het ongerijmde: we nemen aan dater een oplossing bestaat (existentie) en
laten met behulp van het maximum principe zien dat dit tot een tegenspraak leidt.
Verder wordt in appendix 3 een eindige volume discretisatie beschreven met een
geometrisch grid. Een aantal opmerkingen over de stabiliteit van het resulterende
algoritme worden gegeven.
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Ter afsluiting van dit proefschrift wil ik iedereen bedanken die op enige manier heeft
bijgedragen tot het totstandkomen van dit proefschrift en I of tot het werkplezier dat ik
gedurende dit promotiewerk heb gehad.
In de eerste plaats wil ik mijn dagelijkse begeleider Kees Vuik op de faculteit der
Technische Wiskunde ender lnformatika bedanken voor zijn begeleiding. Van jou heb

ik gedurende dit werk erg veel geleerd zowel in het netjes beschrijven van resultaten en
theorie. Ook heb ik een behoorlijke hoeveelheid geestelijke bagage (numerieke)
wiskunde van jou meegekregen. Ik wil je ook bedanken omdat je altijd beschikbaar
was als ik wilde praten of discussieren .
Dan wil ik de promotoren Sybrand van der Zwaag en Piet Wesseling bedanken.
Dankzij jullie heb ik de vrijheid gehad om de zaken te onderzoeken die ik interessant
vond. Voor de rest wil ik Sybrand speciaal bedanken voor de snelheid waarop hij
verschillende hoofdstukken in dit proefschrift nakeek en voor de vele discussies
waardoor ik veel metaalkunde heb geleerd. Bovendien dank ik jullie voor het in mij
gestelde vertrouwen tijdens dit promotiewerk.
Verder wil ik Guus Segal bedanken voor het uitbreiden van het Eindige Elementen
pakket SEPRAN zodat er een aantal twee-dimensionale vrije rand problemen kon
worden aangepakt. Bovendien wil ik Pieter van Mourik bedanken voor de begeleiding
van dit onderzoek gedurende het eerste jaar. Jij hebt me geleerd dat formuleringen
scherp en onweerlegbaar moeten zijn voor een geslaagd artikel.
Verder wil ik graag Michel Slabbekoom bedanken voor de experimentele verificatie
van mijn model voor aluminium-silicium legeringen. Zonder jouw werk zou dit
proefschrif niet compleet zijn geweest. Je hebt ook voor een goede sfeer op de kamer
gezorgd. Hierin wil ik ook graag Elke Fakkeldij en Jan Helmig bedanken voor de
E.P.M.A. -analyse op deze legeringen. Ook Pieter Colijn wil ik in deze graag bedanken
voor de assistentie in de optische microscopie.
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Ook wil ik Wouter van den Berg bedanken dat hij altijd zijn workstations beschikbaar
stelde en onderhield gedurende mijn (soms langdurende) berekeningen.

J~rgen

van de Langkruis wil ik graag bij deze extra bedanken voor de vele discussies

die hebben bijgedragen tot de totstandkoming van <lit proefschrift. Bovendien zorgde je
voor een relaxde, spirituele sfeer op de kamer. We hebben samen heel wat afgelachen ! !

Voor de rest wil ik graag Marco Braam, Bert Pennings (Bertus Sanctus Nonnitridus),
Theo Kop, Mieke Jacobs, Martin Huisert, Arjan Mol, Dimphy Wilms, Marcel
'Medium' Vossenberg, Jeroen Wits, Stefan Cornelisse, Reinier Bergwerf, Joko
Triwibowo, Chen Shang Ping, Guus Coolegem, Fu Yang-Hui, Ton de Haan, Yvonne
van Leeuwen, Suzanne te Velthuis, Gerben Krielaart, Pieter van de Wolk, Bert
Korevaar, Jilt Sietsma, Simone Vooijs, Willem Vermeulen , Marcel Onink, Ton
Gommers en Olga Wens in de sectie Thermische Verwerkingstechnologie bedanken
voor de prettige werksfeer. Helaas is Kees Brakman overleden, zijn bijdrage aan het
proefschrift wordt gemist.

AuBerdem mochte ich Herrn Inden danken fiir die Moglichkeit die er geschafft hat, an
seinem lnstitut in Diisseldorf ein Praktikum zu erledigen, wo ich vieles auf
thermodynamischem Gebiet gelernt habe. Weiterhin danke ich auch meine Kolleginnen
und Kollegen driiben, dr. Martin Palm (Beardie Martin), Andre Schneider, Gunnar
Schwahnhold und Jutta Herrmann fiir die gute Atmosphlire wlihrend dieser Arbeit.

Frans Bosman dank ik voor de mogelijkheid om tussen de berekeningen af en toe te
trainen in het fitness-honk. Ik hoop dat deze voorziening altijd op Materiaalkunde blijft
en ik wens je er veel geluk, plezier en succes mee. Ton Bor dank ik hier voor alle
aanmoediging als ik daar af moest zien.

De Technische Universiteit Delft dank ik voor de financiele steun voor dit proefschrift.

Dan blijft mij nog Petra te bedanken voor haar steun .
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I. Het veranderen van een ongewenste gietstructuur in aluminium extrusielegeringen
kost zeer veel tijd en energie. Dit wordt erger naarmate de diffusiecoefficienten en de
verhouding tussen de oplosbaarheid en de concentratie in een tweede fase kleiner
worden en het totale gehalte aan legeringselementen groter wordt.

2. De activeringsenergie van het oplossen van Si-deeltjes in aluminium is afuankelijk
van de geometrie, de initiele concentratie in de matrix, de temperatuur, de statistische
verdeling van de deeltjes- I celgrootte en het totale gehalte aan silicium.

3. Indien de tijdstap voldoende klein gekozen wordt, hangt de randfunctie van een
zekere Dirichlet-rand in een twee-randen probleem niet af van de concentraties aan de
andere Dirichlet-rand (zie hoofdstuk 7).

4. Indien diffusie de snelheidsbepalende stap is voor het oplossen van een
stoichiometrisch deeltje in een ternaire Iegering, dan worden de boven- en onderlimiet
van deze oplossnelheid gegeven door de oplossnelheid van een precipitaat dat louter
uit respectievelijk het snelle en het Iangzame legeringselement bestaat (zie hoofdstuk
6).

5. Een een-dimensionaal rekenschema biedt voldoende nauwkeurigheid voor het
berekenen van het oplosgedrag van uitscheidingen aan korrelgrenzen , echter niet voor
schijfvormige precipitaten (zie hoofdstuk 5).

6. Het formuleren van niet-wetenschappelijke stellingen voor het proefschrift kan
worden uitgelegd als nuttig om de blik eens te verruimen over de grenzen van de
technische wetenschap heen of als "de draak steken" met de maatschappij .

7. De toename van geweld en onverschilligheid en de hardere roep om de doodstraf
zijn een gevolg van de toenemende individualisering van de samenleving.
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8. Het schrijven van wetenschappelijke artikelen is noodzakelijk voor de communicatie
tussen onderzoeksgroepen. Helaas is het huidige beleid voor de toekenning van de
onderzoeksgelden te veel gericht op het aantal wetenschappelijke artikelen waardoor
aan efficientie in wetenschappelijk werk verloren wordt.

9. Het dragen van een baard verhoogt het wetenschappelijke aanzien van een
onderzoeker.

I0. Het op latere leeftijd verwerken van traumatische ervaringen uit de jeugd vergt erg
veel tijd en energie. Gelet op stelling I . hebben mensen dus meer gemeen met metalen
dan men op eerste gezicht zou denken .

