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Chapter 1: General introduction

1

An example: the Rayleigh-Benard convection

The classical thermal instability experiment of Benard (c. 1900, [1]) is a prototype
of a system which may display various, different, flow patterns (laminar, periodi c,
turbulent). Therefore, this example can serve as an introduction to the ideas of the
theory of nonlinear evolution of disturbances and pattern formation.
Consider a horizontal layer of fluid bounded by two parallel plates. In the theoretical analysis one assumes that the plates are unbounded, in practice this means
that the distance d between the plates is small compared to the extend of the
plates. The two plates are kept at constant temperatures T0 and T1 , with T0 , the
temperature of the lower plate, higher than T1 . Hence, there is light, relatively hot,
fluid below heavy fluid. The buoyancy tends to overturn the fluid , this tendency is
countered by the dissipative and diffusive effects of the viscosity and the thermal
conductivity of the fluid. Rayleigh (c. 1916, [35]) derived the equations of motion,
and the boundary conditions, which model Benard's experiments (applying some
relevant approximations, see also [12]). There is a basic, laminar, solution to these
equations corresponding to the physical state of a fluid at rest with a linear decaying
temperature. Rayleigh showed that this solution is stable as long as a dimensionless
parameter R = gaf3d4 / ,w, now called the Rayleigh-number, remains lower than a
certain critical value Re. The Rayleigh-number typifies the ratio of the destabilizing
buoyancy to the stabilizing diffusive forces: g is the acceleration due to gravity, a
the coefficient of the thermal expansion of the fluid, /3 the magnitude of the basic
vertical temperature gradient: /3 = (To - T1 )/ d, with d the distance between the
plates, 1,, the thermal diffusivity of the fluid and v the (kinematic) viscosity of the
fluid. Remark that R increases if one increases the temperature T0 of the lower
plate. Rayleigh-number R is a control parameter: it is composed of the relevant
physical quantities , it can be controlled by the experimenter and it determines the
stability of the patterns (solutions) .

In the (unrealistic) case of free-free boundary conditions, i.e. both boundaries are
perfectly conducting, one can compute the critical value of R explicitly: Re =
271r 4 / 4. For other, more realistic, types of boundary conditions one has to apply
elaborate analytical and numerical methods to determine ( an approximation of) Re

1

(see [12]).
The destabilizing forces of the byoyancy have overcome the stabilizing dissipative
effects for R > Re: the fluid begins to flow (hot liquid rises and cools down, cold
liquid sinks and gets heated). In the experiments one observes now a stable periodic
pattern of fluid flowing upwards and downwards in long revolving rolls, in hexagonal
cells, or in another periodic structure (see the photographs in [12], [13]).
As R increases further these periodic patterns also become unstable ( at a second
critical, bifurcation, value of R): the fluid motion becomes more and more complicated and eventually turbulent (chaotic).
It should be remarked that the Rayleigh-Benard fluid convection experiment still
yields many unsolved problems and intriguing challenges. Especially the interaction
of different periodic structures ("defects") in binary fluid mixtures is a topic which
is in the centre of experimental and theoretical research (see [5], [24], [32], [36]).

2

Modulation equations

There are many experiments (in physics, chemics, biology) which exhibit the same
type of behaviour as the Rayleigh-Benard convection experiment: a laminar state
becomes a periodic pattern as a control parameter R increases, the structure becomes quasi-periodic and at last turbulent for still larger R. Examples from fluid
dynamics, which are as classical and intriguing as the Rayleigh-Benard problem are:
Poiseuille flow (between two parallel plates, [7], [19], [38]) and Taylor-Couette flow
(between two rotating cylinders, [6), [9]). Other examples are: reaction-diffusion
processes [26], wind-driven water waves [4], combustion processes, population dynamics, plasma instabilities, electric forcing of liquid crystals, etc. (see, for instance,
the conference-proceedings [3], [17], [41), [42]).
All these examples have in common that they are described by a system of coupled nonlinear partial differential equations (in an unbounded domain) with one or
more control parameters. There is a basic laminar solution (pattern) which is stable
for control parameter R < Re and becomes linear unstable at R = Re- Due to
the structure of the linear stability problem one may expand a perturbation, in the
two-dimensional situation, into
(2.1)

<I>(x, z, t) - <PR(z) = U(z)eikx+w(k,R)t

+ c.c.,

with <I> the solution of the basic physical system ( <I> is generally a vector field), <PR
the laminar solution (independent oft and x), z a bounded variable ("the thickness
of the layer"), x an unbounded variable and k an arbitrary wavenumber (c.c. =
complex conjungated). The stability analysis results, for any fixed k and R, in an
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eigenvalue problem with eigenvalues w;(k,R) and eigenfunctions U;(z), due to the
structure of the perturbation, (2.1). The laminar solution is stable as long as the
real parts of all eigenvalues w;(k, R), i = 0, 1, 2, ... are negative and becomes unstable as the real part of eigenvalue w 0 (k, R), the eigenvalue with the largest real part,
becomes zero. The neutral curve Re w0 (k, R) = 0 is, for these types of problems,
locally a parabola in the (k, R) plane with a minimum at k = kc, R = Re; for
R > Re there is a bounded continuum of waves (inside the parabola) which grow
exponentially in time (since Re w0 (k, R) > 0): the basic pattern is unstable (see
fig. 1). The details of this analysis, for a general physical system, are presented in
Chapter 2, section 2.

R
unstable

stable

._____-----+-------1►~ k
kc
Fig. 1. The neutral curve.
The object of the nonlinear analysis is to describe the nonlinear evolution of the linear unstable waves. These waves are slow modulations of the critical wave at R = Re,
k = kc for R close to Re, i.e. R - Re = rc 2 for some 0 < c ~ 1 ( w( kc, Re) = iwc and
(see (1)) U(z) = Uc(z), the eigenfunction belonging to w0 (kc,Rc), for the critical
wave). Hence, one models the disturbances of the laminar solution as slow modulations of this critical wave. Using formal perturbation methods one derives that the
evolution of the non-decaying disturbances is completely determined by an amplitude
A(l, T) which does not depend on z (the bounded spatial variable):

~(x, z, t) - <PR(z) = cA(l, T)Uc(z)ei(kcx+wct)

+ c.c. + h.o.t.

e

(c ~ ✓1 R - Re I as above) with slow comoving co-ordinates and T. Amplitude A
has to satisfy the so-called modulation (or amplitude, envelope) equation:
(2.2)

AT= rA+aA{{+bAIAl 2
+c{rcA{ + dAm + e I A 12 A{+ JA 2 Ae}
+c2{ ... + g I A 14 A}+ O(c3)

with r from rc 2 = R - Re; a, b, c, d, e, J, g . .. E C. These constants can be computed
explicitly for any given system, see for instance Stewartson and Stewart [38], and
3

[7] for the case of plane Poiseuille flow. The equation (without the O(c: ) terms) has
been derived first, independently, by Newell and Whitehead [33], Segel [37], Stewartson and Stuart [38] , DiPrima et al. [8]; a detailed derivation of the modulation
equation for a general physical system, with formulae by which the coefficients can
be computed, is given in Chapter 2, section 3. Thus, the behaviour of non-decaying
perturbations of the basic laminar flow (of a general system) is governed by modulation equation (2.2). However, it should be remarked that there is yet no rigorous
mathematical foundation of the asymptotic validity of this equation. A proof of the
validity of a modulation equation, in the special case of the steady two-dimensional
Navier-Stokes equations, has recently been given by looss et al. [22].
There is an essential difference between the nonlinear theory of pattern formation
and the "classical" theory of bifurcations of periodic solutions. In the classical case
a finite number of eigenvalues of the associated linear problem (mostly one or two)
passes through the imaginary axis in the complex plane, when the bifurcation parameter passes through a critical bifurcation point. An infinite dimensional system
can then be reduced to a finite dimensional one by applying the center manifold
theorem; on the center manifold the bifurcation problem can be handled by normalization methods (see, for instance, [30]). For example, two complex conjugated
eigenvalues on the imaginary axis at the bifurcation point cause the creation of a
periodic solution by a Hopf bifurcation (provided that some non-degeneracy conditions are satisfied, [30]).
However, letting bifurcation parameter R pass through R e means the creation of
a continuum of eigenvalues (an interval) with positive real part (see fig. 1). This
situation differs significantly from the classical, finite and discrete, case: there is a
direct interaction possible between the unstable waves in the continuous case. This
interaction is demonstrated by the spatial evolution of amplitude function A( T)
in modulation equation (2.2).

e,

A way to get round the difficulty of the interval of unstable waves is to fix the
wavenumber ko of the perturbation, i.e. to consider perturbations on the straight
line k = ko in fig. 1. Historically, this theory was developed before the derivation
of the modulation equations (see Stuart [39], Eckhaus [14]). It is proved rigorously,
by methods of the "classical" bifurcation theory, that there is a bifurcation of a
periodic solution when R crosses the neutral curve (see, for instance, [6]). Although
the computations may be very extensive [14], it is possible to determine the Landau
equation, which is in essence the projection of the "basic" equations on the center
manifold. The Landau equation is the space-independent counterpart of modulation
equation (2.2). Due to the restriction this method can only be used to determine
the existence and stability of space-periodic solutions at near-criticality. Modulation equation (2.2) governs the behaviour of general perturbations. Solutions of
(2.2) may exhibit a far more complicated spatial evolution; these types of solutions
4

are (also) of physical interest.

3

Solutions of modulation equations

Since modulation equations appear "generically" in instability problems of continuous media, there are various viewpoints from which one can be interested in the
behaviour of solutions satisfying the equations (these solutions represent, if they are
stable, actual flow patterns). In this section we give an overview of various, important, types of solutions of modulation equations.

In nearly all papers in which the behaviour of (special types of) solutions of modulation equation (2.2) is analysed, the authors consider only the 0(1) part of the
equation (i.e. c = 0 in (2.2)). This truncated modulation equation can be regarded
as a model equation describing the nonlinear evolution of patterns. Nowadays, this
equation is called the (complex) Ginzburg-Landau equation (Ginzburg and Landau
derived the equation in a paper on the theory of superconductivity [28]; however, it
should be noted that the original Ginzburg-Landau equation was time-independent).
For r > 0, i.e. R > Re, the zero solution of the Ginzburg-Landau equation (corresponding to the laminar state of the physical system) is unstable. Hence, if the real
part of the coefficient of the nonlinear term IAl 2 A, b, is positive, one may expect
solutions with unbounded grow. It is shown in Hocking et al. [18] that there is a
finite-time blow-up behaviour if Re b > 0, which is the case in plane Poiseuille flow
(see Davey et al. [7]).

In most mathematical studies on this subject (almost all references cited below) and
in many experimental situations (for instance the important example of RayleighBenard convection) the real part of coefficient bis negative: the nonlinearity counteracts the linear grow. Hence, one expects in this case (non-trivial) bounded solutions.
Using Re a > 0 in (2 .2), which is a consequence of the linear analysis, see Chapter
2, section 2, one can rescale the Ginzburg-Landau equation into the form:
(3.1)

<Pt= [r - (1

+ i/3) I¢ 1]¢ + (1 + io:)<Pxx
2

with o:, /3 E R.
Equation (3.1) has simple periodic solutions: substituting ¢(x, t)
(3.2)

S2

+ k2

= r, w = -{3S

2

-

=

Sei(kx+wt)

yields

o:k 2 .

Remark that these periodic solutions are stationary if o: = /3 = 0. This subcase
is important: if there is a reflection symmetry in the basic physical system, which
is the case in Rayleigh-Benard convection, then equation (3.1) has pure real coefficients (see Chapter 2, section 2,3). Since these periodic solutions represent periodic
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patterns of the basic system, one is interested in the stability of these solutions.
Eckhaus [14] showed, without using modulation equations, that there is, in the
symmetric case, a subinterval of stable periodic solutions: </> = Seikx is stable if

-Ii$ Ii
k$

2

(and S + k

2

= r).

Periodic solutions of (3.1) satisfying (3.2) represent in the (k, R)-plane points on
the line R = Re + rc: 2 inside the neutral parabola which bounds the interval of the
exponentially growing wave-disturbances of the linear analysis (see fig.l). Thus,
inside the neutral parabola there is a second parabola, also with minimum (kc, Re),
bounding a region of nonlinear stable waves. Stuart and DiPrima [40] analysed
the general case: there is also a (shifted) subinterval of simultaneously stable periodic solutions, except if 1 +o:,8 < 0, then there are no stable periodic solutions at all.
Instability of all periodic solutions suggest the presence of chaotic solutions. Keefe
[23], Moon et al. [31] and Kuramoto and Koga [27] integrated numerically equation
(3.1) with l+o:,8 < 0 and periodic boundary conditions; they indeed detected chaotical behaviour (see also Chapter 5). However, also in the "regular" case 1 + o:,8 > 0
there is numerical evidence of the existence of chaotic solutions ([34], Chapter 3, fig .
6). Ghidaglia and Heron [16] and Doering et al. [11] obtained lower- and upperbounds on the Lyapunov-dimension of the (chaotic) attractor for the flow induced
by equation (3.1 ), on a bounded interval, using the theory of inertial manifolds.
Kramer and Zimmerman [25] gave a physical interpretation to the quasi-periodic
and homoclinic solutions of the stationary Ginzburg-Landau equation with real coefficients (which is integrable, see Chapter 3). Accurate convection experiments in
binary fluid mixtures show coexisting regions of conductive (laminar) patterns and
convective (periodic) patterns, [24], or other types of interactions between different periodic patterns (the so-called defects, see the survey paper by Newell [32]).
These types of patterns should correspond to heteroclinic or homoclinic solutions of
(3.1) connecting periodic (or stationary) solutions. Quasi-periodic, homoclinic and
heteroclinic solutions have been found by several authors (in different situations).
Analytical results, using techniques from bifurcation theory and perturbation theory,
have been obtained by C.A. Holmes [20], P. Holmes [21], Bernhoff [2] and Doelman
[10] (i.e. Chapter 3 of this thesis). More numerical papers on this subject are [20],

[29].

4

Degenerate modulation equations

Truncation of modulation equation (2.2) is not allowed if the real part of b, the
coefficient of nonlinear term A I A 12 , is small: rescalings in the derivation process
are necessary, resulting in a degenerate modulation equation
6

(4 .1)

AT= ib(i)A I A 12
+o{rA + aAee

+ b(r)A

I

A

2

1

+gA I A

4

1

+e I A

2

1

Ae + f A 2 An

+0(8 2 )
with coefficients as in (2.2), b(r) = ob(r), 0 < 8 ~ 1 (see Eckhaus and looss [15]
or Chapter 2). This equation has several "new" features, however, it has also
many properties in common with the Ginzburg-Landau equation (homoclinic, quasiperiodic solutions, see Chapter 4).
Eckhaus and looss [15] studied the existence and stability of periodic solutions
A(l,T) = Sei(kx+wt) of (4 .1). The curve of periodic solutions in (k,S) space is
more complicated than in the nondegenerate case, for instance, it is possible that
there are two different periodic solutions with the same wavenumber k. There is
no subinterval of simultaneously stable periodic solutions: there is a strong pattern
selection or pattern rejection mechanism, i.e. there is either only one stable wave
(with a small stable neighbourhood) or there are no stable periodic solutions at all
(see Chapter 2).

5

Brief description of the contents

This thesis consists of four main parts, which are all intended as independent papers. Therefore, every chapter begins with its own introduction. In this section I
present a summary of each chapter and relate the themes of each part of the thesis
to research topics and literature mentioned above.
Chapter 2.
In the first sections I describe and analyse the derivation process of modulation equation (2.2): I formulate conditions on the operators and the structure of the basic
physical system and give a systematic method to determine the rescalings in the case
of a degeneration. The main part of this chapter is devoted to the stability analysis of periodic solutions of degenerate modulation equations for a three-dimensional
system. The outcome is compared to the results of the stability analysis for the
two-dimensional situation , which were obtained by Eckhaus and looss [15].
Chapter 3.
I study slow time-periodic solutions of the Ginzburg-Landau equation with coefficients which have small imaginary parts (i.e. a.,/3 in (3.1) are small). This is in
essence a study of a perturbation of an integrable ordinary differential equation ( unperturbed: a = /3 = 0, see [25)). I show that the quasi-periodic and homoclinic
solutions of the non-perturbed system do not survive the perturbation. Furthermore, I establish the existence of degenerate periodic solutions and several types of
heteroclinic orbits. This chapter has been published in Physica D [10].

7

Chapter 4.
This chapter is a joint paper with W. Eckhaus. We study degenerate modulation
equations with real coefficients and with coefficients with small imaginary parts.
We compare the results of the degenerate and the non-degenerate case ( Chapter
3). Although there are many similarities (stability of periodic solutions, integrability), we find some essential differences: we show that there exists an unbounded
7-dimensional region in the 7-dimensional parameter space for which there are solutions quasi-periodic in space and slowly periodic in time. We also deduce, using
Melnikov methods, the persistence under perturbation of the homoclinic solutions
for parameter combinations on a manifold of codimension 1 in parameter space.
Chapter 5.
In this chapter I truncate the infinite dimensional system governing the evolution
of space-periodic, even, solutions of (3.1) to a finite N-dimensional system, i.e. I
replace ¢(x, t) by

N

L zt\t)eikqx (for some q > 0 and ztl = z?:1).

I derive esti-

k=-N

mates on the magnitudes of the modes zt) of the global attractor(s) of the system
which are independent of the dimension N + 1 of the trunctated system and which
decay as function of k faster than any power of k- 1 • In a numerical part I follow
the bifurcations for three low-dimensional models (of 2,3 and 4 complex modes) and
compare the results to the outcome of the numerical analysis of Keefe [23] . There
appear to be no differences between the 4-dimensional model and the 32-dimensional
model studied by Keefe. This shows that models with a very low number of modes
can produce a surprising accuracy in very intricate phenomena.
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Chapter 2: Modulation equations for two- and
three-dimensional systems

1

Introduction

In theoretical and experimental research one often studies the stability of "patterns" ,
these patterns are described as solutions of a system of ( coupled) nonlinear partial
differential equations (in an unbounded domain). In general there is a simple basic
solution (pattern) which is stable if a control parameter R is smaller than the critical value Re and which becomes unstable at R = Re. For R > Re there is a stable
periodic pattern which becomes unstable for increasing R , then one observes (several) quasiperiodic patterns resulting in chaos or turbulence. Some stages may be
skipped: it is, for instance, possible that turbulence appears immediately for R > Re.
Well-known hydrodynamical experiments, which exhibit this kind of behaviour, and
which have been, and still are, the subject of thorough analytical research, are:
Taylor-Couette fl.ow (between two rotating cylinders), Poiseuille fl.ow (between two
parallel plates) and Rayleigh-Benard convection (of a liquid heated from below).
Other pratical examples of this type are: reaction diffusion problems, freezing of
metallic alloys, wind driven water waves, etc .. These problems can be modelled by
a general system like
(1.1)

%/iP = LniP + N(iP)

(see DiPrima et al. [3] and DiPrima and Hableter [4]). Sand Ln are linear operators,
N is a nonlinear operator, iP is a scalar function: iP(x, y, z, t): R x R x [-1, l] x R+ -+
R (thus x and y are unbounded, z bounded). iP may also be a vector function (and
S, Ln and N matrix operators), this does not influence the essence of the analysis (see
Gibbon and McGuinness [10] for some extra conditions on the operators) . Operator
Ln depends on control parameter R, S and N may depend on R too, however for
simplicity we assume that S and N are R-independent. There is a basic, laminar
solution </>n( z) which satisfies (1. 1) with boundary conditions. In section 2 we specify
the conditions on the operators and the boundary conditions. By linear stability
theory (see Drazin and Reid [6]) one can compute the critical value Re at which
r/>n becomes unstable. It is the object of the nonlinear (stability) theory, developed
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in [20], [7], [17], [15], [19], [3], to describe the nonlinear evolution of disturbances
of the laminar flow (for R slightly larger (or smaller) than Re : R = Re + rt 2
(0 < t < < 1). The evolution of these disturbances is governed by a modulation
\ amplitude \ envelope equation for the amplitude A of the "linear most unstable
wave" (see section 2,3). This equation reads, in the two-dimensional situation (i.e.
<I> independent of y ), in its most simple, truncated form

with(, T "slow" x, t variables. The equation is well-known as the Ginzburg-Landau
equation and is "generic" for all kinds of problems (1.1): for a given system one
"only" has to compute the values of coefficients Tk2 , vk2, c(r) , c(i) E R (see the survey
paper by Newell [14] and section 3) .

In sections 2 and 3 we derive the general modulation equation for three-dimensional
system (1.1 ). Equation (1.2) is only a truncation of the more complex equation:
expanding amplitude A = A1 + tA2 + ... (with t ~ JIR - Rel) one finds that A1
satisfies (1.2), or its three-dimensional analogue , as the 0(1) part of the equation for

A.

It appears in problems of practical interest (Blasius boundary layer, Jeffrey-Hamel
flow , binary fluid convection) that the real part c(r) of the coefficient of the nonlinear
term IAl 2 A is small, compared to the other coefficients (see Eckhaus and looss [7] ,
Schop£ and Zimmerman [16], Dhanak [2]). In that case, one has to rescale the modulation equation: the relative magnitudes of the coefficients of the terms IAl 2 Ae, Aee
etc. are changed essentially in the new, rescaled, degenerate modulation equation.
In section 4 we present a systematic method to determine the proper (re)scalings
for various degenerations and we derive the degenerate modulation equation.
The main aim of this paper is to investigate the influence of admitting threedimensional disturbances , in stead of two-dimensional disturbances, on the existence
and stability of periodic patterns.
It is a well-known result in linear stability theory that it is enough to study only
two-dimensional disturbances of the basic laminar flow, if a Squire-transformation
exists ( this is called Squire's theorem, see remark 1.3 and [6] or section 5). We
consider the situation in which there is a Squire transformation between the eigenvalue problems of the two- and three-dimensional case: we study the stability of the
periodic patterns by the modulation equations of the nonlinear theory
We determine the stability of periodic solutions of the degenerate modulation equation for three-dimensional disturbances and compare these results with the outcome
of the two-dimensional reduction. Eckhaus and looss [9] computed the stability of
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periodic solutions of the degenerate modulation equation of a two-dimensional system. They established ( the results depend on the coefficients of the equation, the
parameters):
• There is either a narrow ( = 0( ~ ) ) band of stable periodic solutions, or
there are no stable periodic solutions at all, i.e. there is a strong pattern selection or rejection mechanism. The nonlinear stable periodic solutions may
be outside the neutral curve (the neutral curve is the boundary of the set of
periodic "wave" perturbations of the basic laminar flow which grow exponentially in the linear analysis, see section 2). It is possible that there are stable
periodic solutions for R 2: Rne, with Rne, a nonlinear critical value, smaller
than Re (nonlinear instability of the basic flow), see fig. l.c.
• There exists a R£2) > Re such that there is a narrow band of stable periodic
2
solutions for Re < R :S: R~2 ) but no stable periodic solutions for R > R~ ): a
second bifurcation point.
The outcome of the stability computations of section 6 is that it is essential to consider three-dimensional disturbances in the nonlinear analysis.
One of the reasons is that stable periodic solutions turn out to be three-dimensional,
i.e. the solution has non-zero wavenumbers in both the x and the y direction (except when a certain parameter is equal to zero). Although there are again only
narrow bands of stable solutions and there is again a parameter domain for which
there is a second bifurcation point R£3) (R£3) is the three-dimensional analogue of
RF)) one observes significant differences between the three-dimensional case and its
two-dimensional reduction:

• R~3 ) :S: R~2 ): if the parameters are such that there is a finite R-interval of
stable periodic solutions in the two-dimensional case then there is also a finite,
and smaller, R-interval of stable periodic solutions if one allows also threedimensional disturbances (see fig. 1.a).
• It is possible that there is a finite R-interval of stable periodic solutions in
the three-dimensional case, but an infinite interval in the two-dimensional
reduction (i.e. if one admits only two-dimensional disturbances there are stable
periodic solutions for all R > Re), see fig. 1.6.
• It may appear that there are stable periodic solutions for R > Rne (Rne < Re)
in the two-dimensional case, while there are no stable periodic solutions (for
no single choice of R) if one admits three-dimensional disturbances (see fig.
1.c).
In section 6 we present the details of this analysis: we determine the stable periodic
solutions, we compute the expressions for R£3), Rne and R£2 l, we give the parametervalues going with pictures l.a-1.c, etc .. In section 7 we show pictures of the regions
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in wave-number space in which periodic solutions exist.
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fig. 1. Some typical pictures of the (projection of the) curve of stable periodic
solutions in the R, k plane (k = wave-number in the x-direction) for the threedimensional case and its two-dimensional reduction. The dotted line represents the
neutral curve (see section 2).

Some important remarks
1.1

Remark

The derivation of a modulation equation for a three-dimensional system has been
the source of some confusion: the modulation equation may turn into a system of
coupled equations (a second equation appears, for instance, in the case of Poiseuille
flow between plates; this has first been overlooked by Hocking et al. [11 ], a correction
has been given by Davey et al. [1 ]). A detailed investigation of the derivation process
yields that such a second equation is the result of non-proper boundary conditions.
If the boundary conditions are not correct (in a sense defined in section 2) one has
to apply other "external" conditions to proceed with the derivation process, which
may lead to a coupled system of modulation equations (see remark 3.2).

1.2

Remark

In section 3 we derive, using singular perturbation techniques, a partial differential
modulation equation of the structure

8A

at= To(A) + ET1 (A) + ...
There is (yet) no mathematical proof of the asymptotic validity of this equation (the
method is formal). Recently, looss et al. [13] proved the validity of a modulation
equation, using centre manifold theory, in the case of the steady, two-dimensional
Navier-Stokes equations.
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1.3

Remark

In section 2 we show that there is a preferable spatial direction, which we assume
to be the x-direction, in which the "linear most unstable" wave oscillates. In this
paper we mean by two-dimensional disturbances, disturbances in "this" x- (and
the z-) direction, other two-dimensional perturbations already violate, in the linear
analysis, Squire's theorem.

1.4

Remark

The stability analysis of section 6 can be performed without assuming that there is a
Squire transformation between the two- and three-dimensional eigenvalue problems.
The purpose of this assumption is to have a more tight connection between the twoand three-dimensional case. The stability results for two-dimensional disturbances
follow directly from the three-dimensional analysis.

1.5

Remark

The stability of periodic solutions of the (truncated) three-dimensional modulation
equation without a degeneration is studied by Holmes [12]. The coupled system of
modulation equations, which appears in the case of Poiseuille flow (see remark 1.1) is
also studied in this paper. Eckhaus [7] was the first to derive stability results in the
two-dimensional case (without using modulation equations); Stuart and DiPrima
[21] established the stability of periodic solutions for two-dimensional, truncated,
modulation equation (1.2).
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2

Linear theory

First we investigate the linear stability, as a function of R, of basic solution </m( z)
of (1.1 ), with boundary conditions at z = ±1. We assume that the system satisfies
the following conditions:
• Linear operators Sand LR and nonlinear operator N are independent oft and
invariant with respect to translations in the x and the y direction. We assume
that N can be written as
g

N(if!)

= I)PnifJ)(QnifJ)
n=l

for some g, with pn and Qn (n = 1, ... ,g) linear operators as Sand LR. This
assumption is not essential: it only simplifies the notations and computations.

= ±1 are of the structure

• The linear boundary conditions at z
(2.1)

B±(o:)<P(x, Y, ±1, t)

= C±

(constant)

i.e. operators B±(o~) are independent of t, x and y: boundary condition
<Px(x, y, ±1, t) = 0 is not allowed (however <Pz(x, y, ±1, t) is allowed). In remark 3.2 is explained why this type of boundary condition is essential.
Due to the structure of equation ( 1. 1) and the above assumptions on the operators
we can model a solution near basic solution </>R(z) in the linear perturbation analysis
as
(2.2)

<P(x, Y, z, t) = 'PR(z)

+ U(z)ei(kx+ly)+w(k,l,R)t + c.c.

with k,£ wave numbers in the x- and y- direction (k,£ are parameters) ; c.c. =
complex conjugated; w( k, £, R) will be determined by an eigenvalue problem for
U(z) which is the result of substituting (2.2) into (1.1) and linearizing:
g

(2 .3)

w( k, £, R)Sk,lu

.C,k,l,RU +

:I JPk,eU · Qn</>R + pn'PR • Q;;,eU]
n=l

(by definition),
the definitions of sk,l, ck,l,R, Pk,l and Qk,l are obvious. Equation (2.3) describes,
together with homogeneous (i.e. c+ = c_ = 0) boundary conditions (2 .1), imposed
on U(z), an eigenvalue problem for function U and eigenvalue w (and parameters
k,£ and R).
We assume that this eigenvalue problem satisfies conditions (Cl)-(C4):

= 0, 1, ... (for
every k, £, R fixed), with no limit points, which can be ordered so that

(C l ) There exists a denumerable infinity of eigenvalues wi( k, £, R), i
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The lowest eigenvalue w 0 ( k, l, R) is simple

(C2) The eigenfunctions Uk,e,n(z) are complete in a certain Hilbert space H. (some
may be generalized eigenvectors). Define f{e ,R, eigenfunctions of the adjoint
eigenvalue problem

with the adjoint boundary conditions with respect to the natural inner product: Ui and (Ji satisfy the orthogonality condition

(Sk,tU{e,R, U{e,n)

= bij

(the Kronecker delta)

DiPrima and Hableter [4] studied the general eigenvalue problem of the form (wS M)U = 0. They give sufficient conditions on S and M in order that properties
(Cl) and ( C2) hold (in an explicitly defined Hilbert space).
Henceforth we take w(k,l,R) = w0 (k,l,R) and Uk,e,n(z) = Uf,t,n(z): due to the
arrangement of the ri(k,l,R) the stability of basic flow <PR is settled by (the real
part of) w(k,l,R).

(C3) Operators Se,k and Mk ,t,R, eigenvalues w(k,l,R) and eigenfunctions Uk,t,R
depend smoothly on parameters k, l and R.
Thus akuk,t,R(z) exists as solution of

a

ak[(w(k,l,R)Sk ,t - Mk,t,n)Uk,t,R] = 0
or

(2.4)

awS +w-Sa
a
) U
(wS- M)8kU = - ( -M
ok
ok
ak

with boundary conditions (2.1). Functions okU,8eU,8nU,8k2U etc. are of importance in the nonlinear analysis (the derivation of the modulation equation).

(C4) There is a critical value of the control parameter, R = Re such that:

r(k,l,R) < 0 for all k,l for R < Re
r(k,l,R)

~

0 for some k,l for R ~ Re

The neutral surface (in k,l,R space) r(k,l,R) = 0 (a dispersion relation) is
assumed to be a paraboloid in the neighbourhood of R = Re, with minimum
R = Rc,k = kc, l = 0. Inside the paraboloid: r(k,l,R) > 0

19

We can now expand w(k,(,R) near (kc,0,Rc) as
(2.5)

w(k,£,R)

=

1
TR(R - Re)+ 2Tk2(k
- kc)2

1
2
+ Tkt(k - kc) e + 2Tf2(
+

h.o.t.

+i[wc + vk(k - kc)+ vee + VR(R - Re)
+~vk2(k - kc) 2

+ Vke(k - kc)e + ~vt2f2 +

h.o.t.]

with TR> 0,Tk2 < 0,Tf2 < 0 and (Tke) 2 < Tk2Tt2: these conditions on the T's settle
the paraboloid shape of T( k, e, R) = 0. The imaginary part of w( k, e, R) is modelled
by the v's (ER), no extra constraints are imposed on the v's; w(kc, 0,Rc) = iwc.
The fact that the minimum of the paraboloid is at f, = 0 plays an important role in
the nonlinear analysis. For a given system ((1.1) with boundary conditions (2 .1))
one can arrive at this situation by orthogonal transformations of the x , y plane.

2.1

Remark

Linear eigenvalue problems satisfying (Cl)-( C4) are not "rare": they appear in
many hydrodynamical problems (see DiPrima et al. [3]). The most well-known is
the Orr-Sommerfeld equation for fluid flow between two parallel plates (Poiseuille
flow). Conditions (Cl)-( C4) are classical results for this equation (see, for instance,
Drazin and Reid [6]).

2.2

Remark

In practice it may appear that there is a reflection symmetry in the system described by (1.1) : <I>(x, y, t) = <I>(-x , -y, t). Operator S can now be written as
S = S( ;;2 , ; ;2 , 8 ~~Y' ... ), i.e. there are only derivatives of even order; this is also the
case for operators LR , pn and Qn. This means that St,k = St,k : St,k and M t,k,R are
real operators (see also (3.3)). Eigenfunction U( z ) has to be real according to (2.2).
This yields that eigenvalue problems (2 .3) can be considered as a problem for real
functions and that w(k,£, R) ER, thus the v's in expression (2.5) are all zero. It is
often the case that one wants to consider only reflection symmetric perturbations.
Then, due to (2.2), one again finds U(z) E R, w(k, (, R) E R. Since Se,k needs not to
be real one has to solve the related eigenvalue problem

w(k, e, R)[Se,k

+ Se ,k]U(z) = [Me,k,R + Me,k,R]U( z ),

which may give "other" Re, kc, etc. Hence, in this situation there are two different
types of linear instability. Changing a second control parameter may cause the
interaction between these types of instabilities, see Schop£ and Zimmerman [16].
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2.3

Remark

We stated here conditions for a three dimensional system. The corresponding conditions for a two dimensional eigenvalue problem are the natural restrictions of these
conditions.

2.4

Remark

The assumptions and conditions stated in this section are necessary for the development of the nonlinear theory, however, some of these may sometimes be weakened.
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3

Nonlinear theory

We want to describe the nonlinear development of disturbances of the basic flow
for R close to Re: we set R = Re + n 2 , with r the "new" control parameter and
0 < f < < 1. We model the disturbance by assuming that it is centred around the
"most unstable" wave E at R =Re: E = ei(kcx+wct):

<I>( x, y, z, t) = <Poo( z)

(3.1)

+ 1: 21' ¢>02+ t 31' <Po3 + .. .
+E[t1'</>n+ 1: 21'</>12+ 1:31'<7>13 + ... ] + c.c.
+E 2[ 1: 21'</>22+ 1:31'<7>23 + ... ] + c.c.
+E3[ 1:31'¢>33 + ... ] + c.c.

+ .. .

with c.c. = complex conjugated, ¢>00 (z) is the basic solution ¢>n(z) at R = Re- This
twofold decomposition of the disturbance in Fourier modes and orders off is classical
(see, for instance Stuart [20], Newell and Whitehead [15], Stewartson and Stewart
[19], DiPrima et al. [3]) . Unknown functions <Pii, <Poi E R and <Pii E C for i -/ 0,
depend slowly on x, y and t : <Pii = <Pii(t TJ, z, T).
The classical scaling is:

with Ilk, Iii from (2.5),, > 0, i.e. ( and 'f/ are slow comoving co-ordinates. With this
classical scaling the nonlinear effects are of the same magnitude as the temporal and
spatial development (see Remark 3.6).

3.1

Remark

Classically the magnitude of the disturbance is 0( ✓ R - Re), i.e. 1 = 1. In the
sequel, when dealing with degenerated coefficients, other choices of 1 ( E (0, 2)) will
be necessary (see also Eckhaus and looss [9]). One can also start with a more
general scaling: = O(t1'k), T/ = O(t1't),T = O(t1'•) (,k,'Yi,'Yt "free"), the classical
scaling (3.2) is now a significant degeneration (a critical parameter combination, see
Eckhaus [8]) of the scaling magnitudes 1 , 'Yk, 'Yi, 11 . Other, non-classical parameter
combinations may be important in special situations (see section 4, or Newell and
Whitehead [15] : here a different scaling is used in a special region of the neutral
curve) .

e

In the forthcoming analysis it will be convenient to use expansions of operators
S,Ln,Pn and Qn:
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with p + q ~ g' for some g' ( < oo); L Rpq, P:::i, Q~q are defined likewise. Using this
notation we find, for instance, for Sk,l ( defined in section 2: (2.3))
(3.3)

Sk,t

=

L

( ik )P( if)q
I I

p.q.

p,q~O

S;j(Z,Oz)

Basic solution <PR( z) solves
g

(3.4)

0 = LRoo<PR + L(P~</>R)(Q~o<PR)
n=I

Since we assume R = Re + rt 2 it is also useful to expand operator LR, and so
operators LRpq, in powers of rt 2 :

L Roo = Lg0 + rt 2L~ + ...
Classically one continues the nonlinear analysis by substituting the expansion of <I>
(3.1) into equation (1.1), at R = Rc+rt 2, and into boundary conditions (2.1). Then
one gathers equal powers of f''I and E, i.e. one collects terms ti"! Ei. For i = j = 0
we recover, of course, (3.4) at R = Re, for i = j = 1 we derive

with also the same homogeneous boundary conditions as in the linear analysis (and

Sc = skc,O, Mc = Mkc,o,RJ- Hence, we deduce (since operators Sc and Mc do not
act upon (,r,,r)

with Uc = Ukc,O,Rc the critical eigenfunction and A 1 the amplitude or modulation
function which is yet an arbitrary function of(, T/ and r, independent of z.
At i = 2,j = 0 we obtain, in the case 1 = 1
g

(3.5)

0

= Lgo</>02 + r Lro<l>oo + L

[P(;o<l>oo . Q~</>02

+ PJ;o</>02 . Q~o<Poo]

n=I
g

+ I::[P;</>11 · (tJ11 + P~J11 · Q;</>11]
n=I

with P;, = P'[;c, 0, J 11 is the complex conjugated of </> 11 , etc. The second summation is the result of the nonlinear interaction between the E mode and its complex
conjugated. Substituting </> 11 = A 1 Uc into (3.5) yields:
g

(3.6)

[Loo+ L
n=I
g

-rL~</>oo -

IA1l 2 I:(PtUc · Q;Oc + P;Oc · Q;Uc)
n=l
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The left-hand side of equation (3.6) consists of a linear operator applied to (unknown) ¢>02 , the right-hand side is composed of known functions of z and IA11 2
(remark that ¢>02 E R). Due to the homogeneous boundary conditions derived from
(2.1) we deduce that there exists a unique solution of (3.6) (with boundary conditions) of which the dependence of variables 77 and Tis determined by IA11 2:

e,

Function ¢>{]-0 is a term in the expansion of </>R for R
solves (3.4) for R = Re + n 2 (up to 0( t: 2))

3.2

= Re + n 2 i.e.

</>oo

+n

2</>{}
0

Remark

At this stage in the analysis it becomes clear that the boundary conditions have to
be of the type described in section 2. For instance, the boundary condition <I>x = 0
at z = ±1 does not necessarily fix a unique solution of (3.6). This can be illustrated
by the important example of plane Poiseuille flow ( see Stewartson and Stuart [19]
and Weinstein [22]). The modulation equation is derived from the stream function
formulation of the two-dimensional Navier-Stokes equations. This two dimensional
system satisfies the conditions stated in the introduction and section 2, except for
the structure of the boundary conditions: due to the stream function transformation
one gets the boundary conditions <I>z(x, ±1, t) = <I>x(x, ±1, t) = 0. In this situation
(3.6) reads

(3.7)

04
.
2<J2 0
Ooz4 </>02 = ikcRclA1I oz2 [oz Uc· Uc - Uc· oz Uc]

In [19] and [22] this equation is uniquely solved (by </>02 = IA 1 12F02 (z)) using the
boundary conditions </>02 (x,±1,t) = ;z</>02 (x,±1,t) = 0. However, one can not
replace the boundary condition ;~</>02(l,±1,T) = 0 by </>02(l,±l,T) = 0:

with f(T) and g(T) arbitrary, also solves (3.7) (with the right boundary conditions).
This subtlety has also been overlooked by DiPrima et al. [3] and in the survey
paper of Newell [14]. The problems with the insufficient boundary conditions in
plane Poiseuille flow can be solved by the "external" physical observation that the
mass flux should be constant, this causes f (T) and g( T) to be equal to zero. The
insufficient boundary conditions and the application of external constraints are the
origin of a second equation in the case of three-dimensional Poiseuille flow (see Davey
et al. [l]). The modulation equation becomes a nonlinear coupled system. It is now
also clear that the appearance of a second equation is not a result of the dimension
of the problem but follows from the non-proper boundary conditions.
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3.3

Remark

Due to the structure of (2.1), the boundary conditions on <Pii are the same for all i
and j.

3.4

Remark

If one considers 1 < 1 then the term rLfJo¢00 does not appear in (3 .6) , this does
not significantly change the complexity of the analysis. Hence, from now on we
perform the computations with the classical, = 1, although we will keep in mind
that , = ½, ¼are also important choices in case of a degeneration.
We proceed with gathering the terms t 2£ 2:
g

(2iwcS2kc,O - M2kc,o,RJ¢22 = Ai

L p ; u c . Q~Uc
n=l

with homogeneous boundary conditions. There is a unique solution, due to condition
(C4) (section 2). The dependence of ¢ 22 of variables(, T/ and r is again completely
described by A 1 :

For

t 2E

(3.8)

we find

(iwcSc - M c)<P12 = i¾1-(ivkSc + iwcfASc - OkM c)Uc
+i¥,t(iveSc + iwcOtSc - OtM c)Uc

with OkSc = (;ksk ,t) lk=kc,l=O etc. (see (C3)) .
Remark that ivk = ( w( k, f, R)) lk=kc,l=O,R=Rc, Vk and Vt are introduced by
=
Wk
+ Wt;" + t 2
Equation (3.8), with boundary conditions, can only have a
solution, which has to be non-unique, if the right-hand side satisfies a Fredholm
orthogonality condition. Here we observe that this is automatically settled: the
function 8kUc(= (;kUk ,t,R) lk=kc,l=O,R=RJ and 8eUc are solutions of (3 .8) (see (2.4)
and the related result for ft ):

te

(3.9)

;r.

l

ft

l 8A 1
l 8A1
¢12 = -:-- akUc + -:-- 8eUc + A2(~,TJ,r)Uc
z 0e
z 0 T/

Thus we have to introduce a second amplitude function A 2 • The analysis of the
higher order terms goes on exactly as the cases (i, j) = (1, 1), (0 , 2), (2, 2) and (1, 2) .
However, the equations, and solutions <Pii becomes more and more complex. For
more details on the exact expressions and equations we refer to the appendix and
to Weinstein [22], who studied the example of plane Poiseuille flow. We list the
outcome of the analysis in propositions 3.5 and 3.6.
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3.5

Proposition

The functions ¢ii ( i -=/- 1) are completely described by well-known functions of z and
the amplitude functions Am(~,17,T)(I::; m::; j-1).
The situation for i = 1 is somewhat different since ¢ 1 j has to be a solution of
an inhomogeneous problem with homogeneous part ( iwcSc - Mc)¢1j = 0:
• the inhomogeneous part (the right-hand side) has to satisfy a Fredholm orthogonality condition, it consists solely of known functions of z and amplitude
functions Am,m = 1, ... ,j-1
• one has to introduce a new amplitude function Aj: the equation for ¢ 1 j does
not have an unique solution.
The modulation equation is derived from these Fredholm conditions on the inhomogeneous parts of the equations for ¢ 1 j, for j = 3 one finds:
(3.10)

a A1+
or

.
) 82 A
(
. ) 82 A
1(
.
) 82 A
8(2 1 + Tkf + Zllkl 8(8TJ 1 + 2 Tf2 + Zllf2 8ri'2 1 =
21 ( Tk2 + Zllk2
r(TR + i11R)A1 + cA1IA11 2

This is the two dimensional Ginzburg-Landau equation. Remark that the coefficients
of the linear part of (3.10) are determined by the expansion of w(k,£,R) (2.5),
constant c( E C) can be computed from:

=; j_

1

(3.11)

C

1

[P0':iF02·Q~Uc+'P,;'Uc•Q;J22+P;J22·Q~Uc+P;Uc·Q~oF02]·Ucdz

with Uc the critical eigensolution of the adjoint eigenvalue problem and Pie =
P!jkc,o, Q 2c = Q 2kc,O· Amplitude function A2 appears in the equation for ¢ 1 3 exactly as A 1 in (3.8). Solution ¢13 is given by

¢13 = (¼)2 ( ½0;~, Ok2 Uc+ ~~~i akluc + ½0;~, 812Uc) + r A18RUc
+A1IA11 2 F13 + H¾r-okUc + ¥,;-ofUc) + A3Uc
with Op Uc=

3.6

u:2 uk,f,R) lk=kc ,f=D,R=Rc etc.

Remark

It is clear from (3.10) that the classical scaling(~, 77 = O(E), T = O(E 2 ), R - Re =
0( E2 )) causes the "right" interaction between the influence of the control parameter
r, the spatial, temporal and nonlinear evolution. The term r( TR + ivR)A 1 does not
appear in (3.10) if one uses the scaling 1
order effect.

= ½: the influence of r is then a higher

The Fredholm condition, imposed at the inhomogeneous part of the equation for
¢ 1 j, results in a relation:
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Mj(A 1 , ••• , Aj_ 2) = 0 for every j

~

3,

M 3 (A 1) is Ginzburg-Landau equation (3.10), see the appendix, or Weinstein [22] for
M 4 (A 1 , A 2). From the derivation process of the <p;j one deduces:

3 .7

Proposition

Define A(m)
Af(m)(A(m))

= A1 +t:A2+ ... +t:m-l Am. A(m)(e, 17, 7) satisfies the modulation equation

= O(t:m)

Af(m)(A(m))

with

= M3(A(m)) +

EM4(A(m),0) + ... + Em-lMm+3(A(m),o, ... ,0)

= M3(A1) + EM4(A1, A2) + ... + Em-l Mm+3(A1, .. ., Am)
+O(t:m)
Thus the nonlinear M/s are the terms in the E-expansion of Af(m). The equation
can be computed up to any order, this yields (writing A for A(m))

(3 .12)

AT= -½(7k2 + i11k2)Aee - (7ke + ivkl)A,,, - ½h2 + i11e2)A,, 11
+r(7R + ivR)A + cA[A[ 2
+t:{-~(7k3 + ivk3)Am - ½(7k2e + i11k2e)Aee 11 - ½(7ke> + ivw)A,,,,,
-~h3 + i11e3 )A., 1111 + ir(7Rk + ivRk)Ae + ir(7m + ivm)A,,
+dk[A[ 2Ae + dkA 2 Ae + de!Al 2 A,,+ deA 2 A.,}
+t:2{ ... + e!Al4A} + ...

The coefficients of the linear terms are again determined by expansion (2.5) of
w(k,f,R). This is the case for all linear coefficients, up to any order. Nonlinear
complex coefficients dk,de,e, etc. can be computed from expressions like (3.11) , see
the appendix.

3.8

Remark

This equation governs the nonlinear evolution of a disturbance of the basic flow for
R =Re+ rt:2, up to any order of E. However, as was remarked in the introduction,
this equation has been derived in a formal way: there is no mathematical justification
of the asymptotic validity (see looss et al. [13]).

3.9

Remark

In remark 2.2 we argued that, in the case of reflection symmetry (in system (1.1), or
imposed on the perturbations), all operators, eigensolutions and eigenvalues of the
linear stability problem are real. This has a significant influence on the coefficients
of equation (3 .12). One may conclude from (3.1), due to the symmetry (using </>11 =
A1Uc, etc.): A;(-(, -17, 7) = 11;((, 77, 7) for all i ~ 1, i.e. A(-(, -17, 7) = A(e, 17, 7).
This means for a coefficient a of a general term of (3.12) that it is either real or pure
complex, depending on the total number of derivations in that term. For instance:
c E R (see (3.11)) and dk, dk, de, de E iR (see the appendix). In the appendix we
even show that de = de = 0, this is due to the fact that fc = 0.
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4

Degenerations

Consider A((, 17, r)
(3.12) yields

= Gei(K(+LTJ+w~), G, K, L, WE R; substituting this into equation

<I>(x, Y, z, t) = cf>oo(z) + t:A(( , 17, r)ei(kcx+wct)Uc(z) + h.o.t.
(for 1 = 1). Hence solution G2 of (4.1) has to be smaller than O(¾ ), otherwise
perturbation tA ~ tG = 0(1). Thus, equation (4.1) has only one solution G2 unless
c(r) is small. Now consider the degenerated situation c(r) = c(r)8, 0 < 8 < < 1.
Solution G 2 of (4.1) is then O(¼), hence we rescale in modulation equation (3.12)

( = -./8e, 17 1 = -./817, r = 8r'.
This yields: K = -./8K', L = -./8L', equation (4.1) then reads

(4.2)

(8a 1 + t8-./8a 2 ) + G2 (8c + t-./8b2 ) + G 4 (t 2 e(rl) + h.o.t.

=0

(in which the definitions of a 1 (K', L', G) etc. are clear). This equation has two
solutions Gi and G~, Gi · G~ = O(¾} which are both 0(1) if we choose t = ./8
(of course there are still more solutions G 2 but these are again too large). Thus
we adapt our "free" small parameter t (introduced by setting R = Re + rt 2 , see
section 3) to the magnitude of the computed small parameter 8. The results of the
rescalings are:

R- Re= 0(8 2 ), <I>

-

cf>oo

= 0(./8)

( = 8(x + Vkt), 17 1 = 8(x + Vtt), r = 8t
Thus the magnitude of the disturbance, <I> - ¢>00 , is 0( ~ R - Re), or: 1 = ½ (see
Remark 3.1). In this degenerated situation it is more convenient to use the nonclassical scaling in the development of the nonlinear theory: one then derives more
directly the significant degenerate modulation equation and avoids a lot irrelevant
computations. This degenerate modulation equation is given by

(4.3)

Ar = ic(i)AIAl 2
+8 {-½( Tk2 + ivk2 )Aee - (Tkt + ivkt)AeT) - ½( Tf2 + ivf2 )ATJTJ
+c(r)AIAl 2 + eAIAl 4 + r(TR + ivR)A
+dkAelAl 2 + dvieA 2 + dtAT)IAl 2 + deAT)A 2 } + 0(8 2 ),
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in which the accents are skipped; compare to classical equation (3.12).

If e(r) is also small ( e(r) = e(r)CT, 0 < CT < < 1), solutions Gi and G~ of (4.2) are O(~ ):
one has to use another rescaling. The new scaling can be obtained by studying (4.1)
which now has to be expanded up to 0( E4 ). The derivation of the significant choices
of E, which depend on the relative magnitudes of 8 and CT, runs essentially along the
same lines as above: rewrite (4.1) as an equation of G2 , now up to G6 and determine
the choices of E, and the rescalings oft T/ and r, as significant degenerations (see
Eckhaus [8]) of this equation. It is possible that there are several significant choices
of c the existence and the relative magnitudes of periodic solutions and the spatial
scalings depends on R - Re compared to CT and 8. Due to the appearance of the G 6
terms it is possible that rescaled equation (4.1) has three solutions G2, for certain
k,i,r, representing periodic disturbances which are not 0(1). The new scaling may
also lead to "large" disturbances of order (R - R e)1 l 8 , i.e. 1 = ½ (see Remark 3.1) .
This is the case in the two dimensional Blasius boundary layer (see Eckhaus and
looss [l]).
Using the method described above it is now possible to derive the relevant "hyperdegenerated" equations for any given 8 and CT (there may be other small coefficients
too); we will not go into further details.

4.1

Remark

= vi : E ~ JIR - Rel is a free (small) parameter.
However, a (significant) degeneration appears if one chooses E = vi, i.e. new
phenomena occur at R = Re + 0(8 2 ). The non-degenerate modulation equation
describes the evolution of disturbances correctly for, for instance, E < < vi, i.e. R
One is not obliged to choose

very close to Re ("8

= 0(1)

E

compared to

2
E ").
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5

The two-dimensional situation

Three dimensional system (1.1) can be easily reduced to a two-dimensional one by
assuming /Y <I> = 0, i.e. <I> does not depend on y. This does not influence the
boundary conditions, basic solution </>n(z) or the conditions in the operators. The
results of the linear stability analysis are obtained by setting £ = 0 in the linear
analysis of the three-dimensional system, eigenvalue problem (2.3) becomes
(5.1)

w(k,0,R)Sk,oU = Mk,o,nU

Therefore, neutral curve w( k, 0, R) is now given (locally) by a parabola: the intersection of the £ = 0 plane and the neutral paraboloid surface of the three-dimensional
analysis. Exactly as in section 3 one can derive the modulation equation for the
nonlinear development of two-dimensional disturbances:

AT = -½(rk2 + i11k2)Aee + r(rn + ivR)A + c( 2lAIAl 2
2
+t{
rp + ivk3 )Am + ir( rRk + ivRk)Ae + dL l Ae IAl 2 +

-¼(

(5.2)

+t

2

{ •••

+ e(2lAIAl

4

}

dL2 l Ae A 2 }

+ ...

in which c( 2 ), dL2 l etc. are the "two-dimensional analogs" of c, dk, etc. of (3.12).
An important observation is (see the appendix):

5. 1
c( 2 )

Proposition
=

dL2 l

= dk, dL2 l = dk, e( 2 ) =

e Moreover: all constants of (5.2), up to any
order, are equal to the corresponding constants of three-dimensional modulation
equation (3.12).

c,

This proposition is essential if one wants to compare between (3.12) and (5.2); the
proposition is false if le -/- 0 (see section 2).
As was remarked in the introduction: we assume the existence of a Squire transformation. This is not essential: equation (3.12) and (5 .2) can be compared and
analysed without this assumption (the methods are the same, only some computations may be somewhat more complicated). The Squire transformation appears
in the linear stability analysis of two- and three-dimensional hydrodynamic parallel flows see Squire [18], Drazin and Reid [6]: the (Orr-Sommerfeld) eigenvalue
problem for the three-dimensional situation can be transformed to the eigenvalue
problem for the two-dimensional case. We generalize the Squire transformation of
the Orr-Sommerfeld equation to:

5 .2

Definition

Eigenvalue problems (2.3) and (5 .1) are related by a Squire transformation if there
exist functions k(k,£2,R) and R(k,£2,R) such that

30

• k(k,0,R) = k
• R(k,O,R) = R, R(k,£2,R) < R forl-=/- O
• (2 .3) can be rewritten as

in particular w(k ,

(k

e, R) = w(k, 0, R)

= (k 2 + £2 )½, R = kR(k2 + £2)-½

for the Orr-Sommerfeld equation, see [6]).

A direct result of such a transformation is: to every three-dimensional disturbance
corresponds a two-dimensional disturbance which is unstable, i.e. grows exponentially in time, for a lower value of control parameter R. Thus for the linear stability
theory it is sufficient to consider only two-dimensional perturbations. It is in this
situation natural to pose in question:
Is it, in the nonlinear analysis, necessary to extend the two-dimensional case to
an equation describing the evolution of three-dimensional disturbances?
We will answer this equation in section 6 in which the stability of periodic solution is studied.
Since the linear problem is now completely determined by w(k , 0, R) it is possible
to express the expansion coefficients Tk•li, vk•li of (2.5) using Tk,, Ilk•, R and k:

(5.3)

5.3

Remark

It is not essential to consider the (symmetric) case in which Rand k are functions
of £2 : these assumptions cause coefficients Tk(, Vt, 11kt to be equal to zero. Again, this
has only influence on the complexity of the computations, not on the methods.
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6

Stability of periodic solutions

In this section we study the stability of periodic solutions of degenerate modulation
equation (4.3), these solutions represent periodic patterns of (1.1). As was written
in the introduction: we want to compare with the two-dimensional situation studied
by Eckhaus and Iooss [9]. Their results and the Squire transformation suggest the
following questions:
1.

11.

Is there a strong pattern selection or rejection mechanism, i.e. is there
also either a narrow band of periodic solutions, or are there no stable
periodic solutions at all?
Is there, for certain parameters, a second bifurcation point R~3 )? Is R~3 )
larger or smaller than R~2 )?

m. Do the stable periodic solutions oscillate in two- or three-dimensional
space?
Due to condition (C4) for the linear problem and the assumed appearance of a Squire
transformation (see (5.3)), we can rescale (4.3) to obtain:

VJt

=

(6.1)

ib; 'Ip I VJ 12 +
t{ r'ljJ + b,'ljJ I VJ 12 +(c, + ic;)VJ I VJ 14
-i[BxVJx I VJ 12 -Bx;/JxVJ 2 + By'lpy I VJ 12 -By;/Jy'ljJ 2 ]
+(1 + iax)VJxx + (1 + iay) VJyy} + O(t 2 )

(The constants are computed from the constants of (4.3)). A periodic solution

(6.2)

•'·(x
'f'
, y , t)

=

Gei(Kx+Ly+Wt)

has to satisfy:
(6.3)

0 = r + b,G2 + c,G 4 + G 2 (KB,x + LB,y) - K 2

(6.4)

W

= b;G2 + t{c;G4 + G2 (KB;x + LB;y)- axK 2

L2 + O(t)

-

-

ayL 2 } + O(t 2 )

(with Bx + Bx = B,x + iBix , etc.). In section 7 we study, in (I<, L, G 2 ) space,
quadratic surface (6.3) : for several values of controlparameter r we sketch pictures
which show the co-ordinates /(, L for which (6.3) has one or two solutions G 2 > O
(we also plot the position of the stable solution). We perturb a periodic solution by
(6.5)

'!j;(x, y, t) = (G

+ p(x, y, t))ei(Kx+Ly+Wt+O(x,y,t))

Inserting (6.5) into (6.1) yields, after linearizing and simplifying the expressions by
(6.3) and (6.4):

(6.6)

2
4
2
Pt = t{p(2b,G + 4c,G + 2Bx,KG + 2By,LG 2 ) + Px(4Hxi - 2axK)
+py(4Hyi - 2ayL) + Pxx + Pyy + G0x(G 2 Bx, - 2K)
+G0y(G2 Byr - 2L) - axG0x - ayG0yy} + O(t 2 )
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2b;G 2 p

+t{p(4c;G2 + 2BxJ<G 2 + 2By;LG 2 ) + Px(-4HxrG 2 + 2K)
+py(-4HyrG2 + 2L) + axPxx + aypyy + G0x(Bx;G 2 - 2axK)
+G0y(By;G2 - 2ayL) + GBxx + G0yy} + 0(1?)

(6.7)

(with Hxr

•
+ iHxi = 41 (Bx
-

•

Bx) etc.) We now set

p(x, Y, t)
X(t) . ei(kx+ly)
G0(x, y, t) = Y(t) · ei(kx+ly)
i.e. p and GO are space-periodic perturbations, substituting this into (6.6) and (6.7)
yields

A, B, C, D, A= A(k, l) etc. can be computed directly. Note that b; plays an essertial
role in this analysis. We consider b; # 0 , Doelman and Eckhaus [5] study the twodimensional degenerate modulation equation with b; = 0 (or small), this appears
in situations with reflection symmetry (see remark 3.9). The stability of the zerosolution of (6.8) is determined by eigenvalue problem
-A 2

(6.9)

-

t-A(A + D) - 2tb;G 2 B = O(t2 )

with solutions
(6.10)
We want a periodic solution to be stable against all space-periodic perturbations:
Re(.A 1 ,2 ) :S O for all k, l E R . This yields Re( J2b;G 2 B) = 0 or ( computing B from
(6.6)):

2b;G2 [(G 2 Bxr -2K)t + (G 2 Byr -2L)l] = o(JE)

for all k, l E R . Therefore, necessary conditions, on the coefficients of (6.1), for
stability are

(6.11)
The possible stable solution is determined by
(6.12)
The stability of a periodic solution is now decided by the sign of Re(A
stable periodic solution has to satisfy
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+ D)

a

(6.13)
In order to obtain the stable periodic solutions we have to intersect, in (I<, L, G 2 )
space, the two planes (6.12) with quadratic surface (6.3). Therefore it is a priori
clear that the region of stable solutions consists at most of isolated points with
small o( y't) neighbourhoods for every value of control parameter r (except in special
situations). This already answers question (i) partly.

6.1

Remark

The results of the two-dimensionalanalysis follow directly from the analysis above
by setting Byr = By; = Hyr = Hy; = ay = L = 0 and / = 0 in (6.8). Our analysis is
somewhat more general than the stability analysis in Eckhaus and looss [9): in [9)
only perturbations with very small wavenumber k (lkl << t:) are considered. This
results also in (the two dimensional equivalents of) conditions (6.11) and (6.12).
Condition (6.13) is derived as "trivial stability criterion", by considering the interaction of different periodic solutions with the same wavenumber I<.
Quadratic surface (6.3) can be rewritten as
(6.14)
with
(6.15)

S

= Cr + 41 ( Bxr2 + Byr2 )

Hence, a stable periodic solution has to solve (using (6.12))
(6.16)

(2SZ

+ br) 2 =

or

b,
Z12=--±
'

2S

b; - 4Sr + O(t:)

(with Z

= G2 )

R•-r

--+O(t:)
S

with r. = ~- We consider S =/- 0, S = 0 can be treated analogously. Inserting
(6.15) into stability criterion (6.13) yields
2SZ+b,::;0

Thus, there is at most only one stable periodic solution:
S > 0: G2 = -~ - f f + O(t:)
S < 0: G 2 = - ~ + f f + O(t:)
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Of course we still have to check if

5 r > 0 and

r.

02 > 0

It is clear that 0 2 can not be positive for br > 0 and 5 > 0, this is not surprising:
these values of the coefficients cause a strong nonlinear growth (a finite-time blowup?) which obstructs solutions to become periodic. We summarize the results of
the stability analysis in the following theorem:

6.2

Theorem

Equation (6.1) can only have stable periodic solutions (6.2) if b;ax :S 0 and b;ay :S 0.
Furthermore:

5 < 0 , br < 0:

5

for every r > 0 there exists a stable periodic solution; more
precise, there is a small o( y'E) region in which the periodic
solutions are stable: strong pattern selection.
r. < 0 , for every r > r. there exists a stable periodic solution;
thus, there are stable periodic solutions while the basic flow is
still linear stable.
r. > 0 , there is a small band of stable periodic solutions for
0 < r < r. thus there is a second bifurcation point
R. =Re+ 1:2r. at which all periodic solutions become unstable.
there are no stable periodic solutions: pattern rejection.

< 0 , br > 0:

5 > 0 , br < 0:

5 > 0 , br > 0:

To obtain the results of the two-dimensional stability analysis we can copy theo2
rem 6.2: replace
by s< 2 ) = Cr+
and r. by ri > = 4 2 J , neglect condition
2
2
b;ay :S 0. Remark that 5( ) :S 5 , thus 5( ) can be negative (i.e. stable periodic
solutions for al r > 0 or r > r. ) while 5 is positive (a bounded r-band of stable
2
solutions, or no stable solutions at all). If sign (5) = sign (5< 2 >) then Ir.I :S lri >1.

5

;f

¼B;

We can now answer the questions posed above:
1.

11.

There is either a small ( = o( y'E)) band of stable periodic solutions, or
no stable periodic solutions.
There is a larger parameter domain in which a second bifurcation point
exists, i.e. reduction to the two-dimensional case may lead to the disappearance of the second bifurcation point (thus stable periodic solutions
for all r > 0 , see fig 1. b ). The second bifurcation point is lower than in
the reduced (two-dimensional) situation (since r. = ri3 ) :S ri2>), see fig
l.a.

111.

Stable periodic solutions oscillate in three-dimensional space (i.e. L -:/:- 0)
unless Byr = 0.
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In the introduction we illustrated the outcome of the analysis by pictures. We can
now clear up these pictures by giving the choices of the parameters (using formulae
(6.12) and (6.16)):
figl.a : br < 0, 5( 3 ) > 5( 2 ) > 0.
figl.b : br < 0, 5( 2 ) < 0 and 5( 3 ) = 5( 2 ) +¼Bir> 0.
figl.c : br > 0, 5( 2 ) < 0, 5( 3 ) > 0 (remark that the curve of stable periodic
"solutions disappears to oo" as 5 increases towards zero).

6 .3

Remark

One would like to conclude that Byr = Re(By + By) ~ Im (d1 - d1) (in (3 .12))
stands for the essential difference between the two- and the three-dimensional case:
if Byr = 0 then 5( 2 ) = 5( 3 ), r£2) = ri3l and the stable periodic solutions do not
oscillate in the TJ-( or y-) direction. However the sign of ay( ~ the sign of v12 m
(3.12)) is also essential to decide whether there exist stable periodic solutions.
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Periodic solutions in the K, L plane

7

The character of quadratice surface (6.3), in which we skip the O(t) terms, is determined by the sign of S, see (6.14):
S <0
ellipsoid
S>0
hyperboloid
(thus the character is independent of r) . In this section we show pictures of projections of this surface in the K, L plane for various r . Equation (6.3) can be "solved"
(writing again Z = G 2 ):
1

1

= -2c,
- (B,xK + B,yL + b,) ± -2c, j

(7.1)

Z 1 ,2

(7 .2)

!:::.(K, L) = (B,xK

+ B,yL + b,) 2 -

t:::.(I<,L)

4c,(r - K 2

-

L2 )

We consider c, ::J 0 , c, = 0, or c, is small, is another degeneration, this case needs
to be treated as is sketched in section 4. We introduce the "new" wavenumbers

u

½(Bx,K + By,L)

V

½(-By,/{+ Bx,L)

+ B;,;

with B = j B;,
form into

- - 1 (u
2crB

(7.3)

( 7.4 )

u , v are again orthonormal co-ordinates, (7 .1), (7.2) trans1✓+ -b,B ) ± -1:::.(u,v)
c,

- (u,v ) =Su+
(
b,B )2 +c,v 2 -c, (r-r. )
!:::.
45

Thus S a lso determines the character of fl
one solution Z 1 (> 0) if

•

2

2

~ ~
~

= 0.

•
0 (correspondmg
to ,_ K 2 - L2
~

Hence, for given K, L there exists
~

0)

There are two solutions if

•

7.1

r-u:,-v > 0, t(u + ~) < 0 and b.(u,v) > 0
2

Remark

The region 1{ 2 + L 2 ~ r corresponds to the inside of the neutral paraboloid of the
linear analysis (section 2, condition (C4)). Inside this paraboloid are the unstable
"wave" solutions of the linearized equations. It is not necessary that the linear unstable waves also solve nonlinear equation (6 .3), i.e. it may be possible that there
are no periodic solutions inside the linear neutral paraboloid.
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!Jh

We show two typical bifurcation sequences (parameter r). The valuer = f =
is important: ~ = 0, u 2 + v 2 = r and u + ~ = 0 intersect for r > f; curves
~ = 0 and u 2 + v 2 = r are tangent in these points. In figure 2.a-d we consider
Cr < 0, S > 0, br < 0, hence there are stable periodic solutions for O < r < r •. The
stable solution "starts" inside the neutral paraboloid but leaves it, for increasing r ,
and enters a region with two different periodic solutions for one pair of wavenumbers K, L. In figure 3.a-d we chose Cr > 0, br < 0: the stable periodic solution
is now always inside the neutral paraboloid. Outside the neutral paraboloid there
is a periodic solution for every K, L, inside is a region with no periodic solutions
(for r > r.) and a region with two periodic solutions (per "point" /(, L). Picture
2 corresponds to figure 8 in Eckhaus and Iooss [9] (the two-dimensional analogue),
Eckhaus and Iooss did not consider the case Cr > 0.
V

V

V

u

-

2.a r < 0

2.b O < r < r

2.c r < r < r*

3.a r < 0

3.b O < r < r*

3.c r* < r < r

~

-

2.d r > r*

-

3.d r > r

periodic solution,~ 2 periodic solutions

fig. 2, 3 : 2 : bifurcations for br < 0, Cr < 0, S > O; 3 : br < 0, Cr > 0. The
position of the stable solution is indicated in 2b, 2c, 3b.
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Appendix
The determination of the relevant coefficients and equations for higher powers of f.'
(and E) is straightforward, however, the computations become rapidly immense:

Here we assumed that A1 , A 2 do not depend on rt , extension to the three-dimensional
case goes without saying. The exact expression of, for instance, d1 is given by
-2
g

+i I:

n=l

~

1

J [(we81ScF13 + v1ScF13) - i(c81ScUc - 81.CcF13)]Ucdz
-1
1

-

-

I [(P.;'Uc)(Q2cF231 -

-

-

81Q2cA2) + (Q~Uc)(P2cF231 - 81P2cF22)

-1

-2(P00 </>00)(81Q~F13) - 2(Q 00 </>00)(81P.;'F13) - (P.;'Uc)(Q 00 Fo31)

-(Q~Uc) (P00 Fo31) - (Pt0Fo2)(Q~81Uc + 81Q~Uc)
-(Q'o0Fo2)(P.;'81Uc + 81P.;'Uc)]Ucdz
g

+ I:
n=l

1

-

J [(P.;'Uc)(Q'o1Fo2) + (Q~Uc)(Po1Fo2)].Ucdz
-1

in which F13 (z), F 231 (z), F03 1(z) f. R follow from the equations for ¢13, </>23 and
¢03 . In the case of a reflection symmetry we know that Uc = De, P.;' = P,;i etc, in
particular W e = 1// = 0 and Cf. R; we also observe that now
= Q'o1 = 0 (symmetry in (1.1)) or P;1, Q 01 pure imaginary (symmetric disturbances), see remarks
2.2 and 3.9. Thus we find: d1 (and dk,etc.) f. iR, which was already "predicted" in
remark 3.9. It should be noticed that if (1.1) is symmetric one can even conclude
d1 = di = 0 ( dk, dk -/ 0 in general); this is due to the fact that le = 0: expressions
as fiU1,k,R, fi S1,k etc. are identically zero at l =le= 0 (thus 81Ue = 0, etc., see also
(Al), F031 = F 231 = 0 also, this can be derived from the equations for </>03 and </>23
or "seen" immediately from the structure of the derivation process).

Pm

It should be noted that amplitude A3 also appears in the righthandside of the
equation for ¢ 14 , however the expression with A 3 solves automatically the Fredholm condition (exactly simular to A1 in (3.8)), hence relation M 4 does not depend
on A3 • Equation

is equal to (3.12) up to O(t.) terms (with A = A 1 + t.A2) - Propositions 3.5 and
3.7, which generalize the higher order computations, are direct consequences of the
structure of expansion (3.1) and the properties of the linearized eigenvalue prob-
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lem (section 2). Weinstein[22] derives, in the case of two-dimensional Poiseuille
flow, Ms, M 6 and M 7 , although he considers for these equations only amplitudes
A 1 , ... , As which are independent of the spatial variables (i.e. ~ = ~ = 0)
Since the expressions for the coefficients of the nonlinear terms of (3.12) are based on
the operators and functions of the linear theory ( see (3.11)) one should first compare
between the linear theory of the two- and the three-dimensional situation before one
can justify proposition 5.1. For instance, see sections 2, 3:

Sc=

g'

L (ik~)P
Spo(z,oz) = sJ 2 l
p=O
p.

( SJ l is the corresponding two-dimensional operator), since, on the one hand, le= 0
2

in the three-dimensional situation, and, on the other hand Spq
two-dimensional case. However,

= 0 for

q

> 0 in the

g'-1 f;k_\p

(Al) 81Sc = i p=O
I: ~Sp1(z,
oz)
p.
while 8 1SJ 2 l does, of course, not exist. Hence, as long as one does not take a derivative with respect to l, the functions Uc, Ok Uc, etc. and the operators Q~, okQ~, etc.
do not change under the reduction to two dimensions. Remark that it is essential
that le = 0. The expressions for the coefficients of the nonlinear terms of (3.12)
which do not contain factors A,.,, A 1111 , etc., do not use 8 1Qinl, etc. (see (3.11)). This
is again a consequence of the structure of expansion (3.1) and the linear eigenvalue
problem. Proposition 5.1 is the direct result of these (elementary) observations.
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Chapter 3: Slow time-periodic solutions of the
Ginzburg-Landau equation

1

Introduction

The Ginzburg-Landau equation is a modulation equation describing the nonlinear
development of unstable waves in many, mainly hydrodynamical, physical systems
or in chemical systems, in which some kind of turbulence appears . The GinzburgLandau equation governs (at least) the first steps in the transition process leading
to turbulence. In its most general form it reads:

with 1P(z, t) : R x R ---t C, a, /3 , 1 E C constants which can be computed explicitly
for a given (practical) problem.
The Ginzburg-Landau equation has been studied by many authors, from many different viewpoints. This can be illustrated by the following (incomplete) enumeration
of papers on the subject. Equation (1.1) with periodic boundary conditions is studied by Doering et al. [2] and Ghidaglia and Heron [4]: in these papers (sharp)
estimates on the dimension of the (chaotic) attractor are derived; numerical studies
of this situation appeared in Moon et al. [11] and Keefe [7] (and other papers).
The stability of periodic wave solutions (1P = Rei(kx+wt)) is investigated in Stuart
and DiPrima [14]; slowly varying waves are studied by Bernhoff [1]. Other types
of solutions (bursting solutions, quasiperiodic solutions, homoclinic solutions) are
discussed by Hocking and Stewartson [5], Holmes [6], Kramer and Zimmerman [9],
Landman [10] and other authors.
The equation has been derived by many authors , in various ways. The earliest
papers in which the Ginzburg-Landau equation is derived are: Newell and Whitehead [12], Stewartson and Stuart [13], DiPrima, Eckhaus and Segel [3] . In these
papers the authors start the analysis by investigating the linear stability of a basic
(laminar) solution as a controlparameter R is varied. The stability against spatial
periodic disturbances (in the z direction) is determined by the sign of the real part
of the (largest) eigenvalue w(k, R) (k = wavenumber). The curve Rew(k, R) = 0 is
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(locally) a parabola in the k, R plane with a minimum at (kc, Re): the basic flow
is unstable against disturbances with wavenumbers in a (small) interval centered
around kc for R > Re. The Ginzburg-Landau modulation equation governs the
nonlinear evolution of the linear unstable disturbances (for R close to Re). In the
derivation of the modulation equation one finds that the linear coefficients a, 1 (in
equation (1. 1)) are determined by the linear analysis: due to the structure of the
linear stability problem one finds Rea > 0 and Re, > 0. As in many physical
examples and mathematical studies (see [1], [2], [4], [7], [9], [11], [12]) we consider
in this paper Re/3 < 0 (the nonlinear term "balances" the linear instability). Thus
equation (1.1) can be transformed into

(1.2)

~! =

+ iB) I <P l2 ) </J + (1 +

(1 - (1

iA)::~

with A, B E R. If one considers the case of real coefficients, i.e. A = B = 0 one
obtains, for stationary </J, a complex Duffing equation

(1.3)

<Pzz

+ </J-

I

<P

2
1

<P

= 0,

which is integrable. This was already observed by Newell and Whitehead [12],
Kramer and Zimmerman [9] also analysed the case of real coefficients. There are
four types of solutions of equation (1.3):

= Reikz with R, k E R, R 2 + k2 = 1
quasiperiodic solutions </J(z) = p(z) • eiO(z) with p(z) and tB(z)

a. periodic solutions </J(z)
b.

periodic

(with the same period)
c. periodic solutions a(z) E R with a"+ a - a 3 = 0. These solutions can be
considered as degenerated quasi periodic solutions of type (b) ( see section
2.2)
d. homoclinic solutions </J( z)

= p( z) · eiO(z) with p --+ p0 as z --+ ±oo

For a more detailed discussion of these solutions see section 2.2. Note that every solution belongs to a one-parameter family of solutions, due to the invariance
of equations (1.3) and (1.1) under multiplication of solutions </J by a factor ei'P, cp E R.

In this paper we examine the Ginzburg-Landau equation with coefficients with small
imaginary parts
(1.4)

~! = (

1 - (1

+ icb)

I

<P

2
1

)

<P

+ (l + ic:a) ::~

with a, b ER, 0 < c ~ 1. In the sequel we name (1.4) the Ginzburg-Landau equation
with small complex coefficients. The main questions are:
• What happens to the special solutions of the stationary Ginzburg- Landau
equation with real coefficients (i.e. the unperturbed situation)?
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• Are there other types of special solutions of (1.4)?

If one searches for periodic solutions cp(z, t)
0
w

= Rei(kz-wt)

of (1.4) one obtains

1- R 2 - k2
= c:(bR 2 + ak 2 )

Thus for c: = 0 this type of periodic solutions is stationary, for c: i- 0 there is a slow
oscillation in time: w = O(c:). In this paper we study slow time periodic solutions
of the Ginzburg-Landau equation with small complex coefficients, i.e cp(z, t) is a
solution of (1.4) of the form
(1.5)

cp(z, t)

= p(z). ei(O(z)-~wt),

w plays the role of a free parameter.

Remark Holmes studied in [6] equation (1.1) for small values of the real parts
of constants o:,/3,,, i.e (1.1) is close to the nonlinear Schrodinger equation. This
yields equations very similar to the ones we study in this paper (see also remark 4,
section 3).
We tackle the problem (stated in the questions above) by performing a perturbation
analysis on the integrable (Hamiltonian) system (1.3). We apply similar approximation techniques as were used by Holmes in [6]: we define a Poincare map P and
approximate P using the unperturbed system. However, one has to be very careful
in using this approximation: it degenerates in important situations. The study of
these degenerations leads to solutions <P of (1.4) which cross through the origin of the
complex plane (i.e. p(z) in (1.5) switches from positive to negative). The nature of
the perturbation is of significant importance: the perturbation preserves symmetries
of the unperturbed system, which are essential in the study of (the degenerations
of) Poincare map P.
The main results of the perturbation analysis are:
• None of the quasiperiodic solutions (of type (b)) "survives" the perturbation,
i.e. (1.4) has no solutions of the form p(z) · ei(O(z)-~wt) with periodic p(z) and

fz0(z).
• The Ginzburg-Landau equation with small complex coefficients has periodic
solutions which are perturbations of the (degenerated) periodic solutions of
type (c).

It should be remarked that these periodic solutions are very different from the other
type of periodic solutions, Rei(kz-~wt): solutions of type ( c) oscillate through the
origin of the complex plane (see fig. 4)
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We also show that there are values of the free parameter w (see (1.5)) such that
there exist heteroclinic solutions which "start" (i.e. for z -+ -oo) at a periodic
solution R( w )ei(k(w)z-,wt) and spiral towards the counterrotating periodic solution
R( w )ei(-k(w)z-,wt) for z -+ +oo. There are two types of these heteroclinic solutions,
one which never crosses the origin of the complex plane, the other crosses the origin
once. The set of values of w for which heteroclinic orbits exist consists of a continuous part (an interval) and a collection of discrete points. The continuous part
corresponds to heteroclinic orbits connecting unstable periodic solutions of (1.4),
the discrete points correspond the heteroclinic connections between stable periodic
patterns.

In section 2 we formulate the basic results and construct the basic tools necessary for the perturbation analysis. Section 3 is dedicated to the study of the (quasi)
periodic solutions. In section 4 we deal with the heteroclinic solutions, in section 5
we show pictures of numerical simulations.
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2
2.1

Perturbation analysis: the setting of the problem
Derivation of the equations

We substitute <P(z, t) = p(z)ei(O(z)-ewt) into the Ginzburg-Landau equation with
small complex coefficients (1.4).
This leads to
0

(2.1)

0

Setting c = 0 in (2.1) yields an integrable system
(2.2)

Pzz - p0;
{

2pz()z

+P-

p3

+ p()zz = 0

=

0

with integrals

(2.3)
(2.4)

J{

1

n

2

= p2z + p2- -p4
+ -p2
2

It is natural to consider n = n(z) as a slow variable of the perturbed system. With

V = Pz we derive from (2.1) the perturbed equations
Pz

(2.5)

2.2

{

=V

V. = -p + p3 + ~: + 1.;::a2P[(a - w) - p2 (a - b)]
n z = 1+:2a 2 p2[(a - w) - p2 (a - b)]

The unperturbed system

It is useful to investigate more thoroughly the unperturbed, integrable system before

one begins with the study of perturbed system (2.5).
V

(2.6)

=
=

-p

+ P3 + n:
p

0

System (2.6) has periodic solutions in an= n 0 plane for I n 0

Jl;.

I<

Jl;. All solutions

are unbounded for n 0 >
For n -:p O the phase portrait in the p, V plane is
sketched in fig. 1: for p > 0 there are two critical points: p1 (no) , a center, inside
the homoclinic saddle connection of saddle point p2 (n 0 ).
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D
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>

. lD

D

<D

fig. 1: The phase portrait of (2.6) in a S1

= no

plane, 0

<I no I<

,fl;.

We define K;(S1 0 ) as the value of the second integral J( in the critical point p;(S1o),
i = 1, 2. The periodic orbits in the S1 0 plane correspond to values of J( between
K 1 (S1 0 ) and K 2 (S1 0 ) (K 1 < K 2 for all S1 0 ), these periodic solutions correspond to
(families of) solutions ¢,(z, t) of (1.4), quasiperiodic in z, slowly periodic int. Solutions with values of J( (/. [K1 , K 2 ] are unbounded. One easily obtains

and

lim

p;(S1)

, i = 1, 2

1n1r'1!;

Jim

0-+0

Pi (S1)

0,1 , i

=

1, 2 respectively

Figure 1 degenerates as S1 0 becomes equal to zero (see fig.2): p(z) changes sign in
the S1 0 = 0 plane. To compare between the degenerated and non-degenerated case
we have sketched the phase potraits of (2.6) in the n = 0 plane and in a n =/- 0,
I n 1~ 1 plane in fig. 2A,B.
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fig.2A: n

=0

fig.2B: n

=I o, I n 1~ 1

Solutions in then = 0 plane correspond to periodic solutions of (1.4) (with c: = 0)
of the form a(z)ei"' with a : R -+ R, solution of a"+ a - a 3 = 0 and a a constant
( E R). These solutions oscillate through the origin on a line segment in the complex
plane (see fig.4).
The integral values (K, f!) of periodic orbits of (2.6) form a bounded region E
in (K,f!) space (symmetrical with respect to the K-axis). The boundaries of E,
aE;, consist of points corresponding to the critical points p;(f!), i = 1, 2:

aE;

= {(K,n): n2 = Y 2 - Y 3 ,K = 2Y -;Y2, y = p;}

i

= 1,2

The left boundary of E, 8E1 , consists of center points, the right boundary, 8E2 ,
consists of the homoclinic loops, see fig 3.
,,.

0

er
(.'.)

w

:,:

. 60

D

K

,,.
0

I

fig.3 : region E
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Region E, in (K, n) space, corresponds to a volume S in (p , V, n) space, which
boundary 8S is given by the family of homoclinic loops. Inside S all solutions are
periodic.

2.3

Basic properties of the perturbed system

Due to the special character of the perturbation, system (2.5) has some important,
basic features in common with the unperturbed system:
I.

the flow induced by (2.5) is volume preserving

II.

the flow is invariant under symmetry transformations:

z - -z, v- -v,n
-+ -p, V -+ -V

- -n

and p
III.

critical points of (2.5), if they exist, are also critical points of the
unperturbed equations. The position of a critical point does not depend
on c.

The existence of critical points depends on the values of the parameters m the
problem: let (±p., 0, ±n.), p., n. > 0 be a critical point, then
2

(2.7)

P.

2
4
= -a-w
- b , n. = P. a-

6

P.

Thus, for a, band w such that a < w < b or b < w < a system (2.5) has critical
points.

nz does not change sign inside the region S of unperturbed periodic solutions for w
not between a and b, hence all solutions are unbounded. The situation b < a can
be transformed to the situation a < b such that only the O(c 2 ) part of½ changes
sign, this does not influence the analysis. Thus we focus our attention to the case
a < w < b (Remark that the perturbation disappears for a= w = b).
Critical point (p., 0, D.) is also a critical point of the unperturbed system, hence
it is either a perturbed center of a perturbed saddle:
a+2b
3

a<

<
W

W

<

<b
a+2b
3

perturbed saddle:
perturbed center:

a
a
a
a

I-dimensional unstable manifold rt
2-dimensional stable manifold
(slow) I-dimensional unstable manifold
2-dimensional stable manifold

r:;
r:;

Our main tool to handle the flow of (2.5) will be the Poincare map P, a return
map which is only defined close to periodic solutions of the unperturbed system.
50

rt

Due to the fact that system (2.5) is a perturbation of an integrable system we are
able to compute this map P accurate up to O(e).
Integrals J{ and n of the unperturbed system (see (2.3), (2.4)) are slow variables
of the perturbed system: Kz,nz = O(t:). Solutions of (2.5) with initial data K 0 ,n 0
not close ( = 0( €)) to E will become unbounded: all (possible) bounded solutions of
(2.5) have to remain near the periodic solutions of the unperturbed system. Hence
we can describe the dynamics of possible bounded solutions of (2.5) by a Poincare
map P defined on a O(e) neighbourhood of E, Ee. Let (Ko,no) E Ee, consider
re(z) the solution of (2.5) with initial values V(0) = 0, n(0) = n 0 and p(0) such
that K(0) = K 0 • Let (p, 0, f!) be the next intersection point of re with the V = 0
plane with ~~ < 0 (if such a point exists). Then
-

-

-

2

P(I<o, no) = (K(p, 0, n), n) = (p -

1

4

2p

fi2

-

+ P2 , n)

Define 6.K(Ko, no) and 6.n(Ko, no) by

P(Ko, no)= (K, f!) = (Ko+ 6.K(Ko, no), no+ 6.n(Ko, no))
The expressions 6.J( and 6.n can be calculated up to 0( €)
{Z,(Ko,flo)

(2.8)

6.K(Ko, no) = lo

J<z(re(z))dz

with Ze(Ko, n 0 ) the return time of re ("time= z" ). Using (2.4) we derive

(2.9)

Kz

= -2t:(b- a)(p; - p2)n + O(t: 2 )

with p; as in (2. 7) . Let r 0 ( z) = (p 0 ( z ), Vo( z ), n 0 ) be the periodic solution of the
unperturbed system (2.6) with the same initial data as re(z) and period Z 0 (K0 , n 0 )
(the initial data have to be adapted a little(= O(e) for (1{0 ,no) E Ee - E.) Since
J ro - re J= O(t:) on 0(1) timescale, we obtain from (2.8) and (2.9)
{Zo(Ko ,flo)

(2.10)

6.K(Ko, n 0 ) = -2t:(b- a)no lo

(p; - p2(z))dz + O(t: 2 )

The orbit (p 0 (z), Vo(z)) in the n 0 plane is described by the J( integral (2.4), it
intersects the p axis (V = Pz = 0) in two points 0 < p(K0 , n 0 ) < p(Ko, n 0 ), see
fig.l. Hence we find, setting p2 = R (and p2 = R, p2 = R)

(2.11)

l

p2 _ R

fl(Ko,flo)

6.K(Ko, n 0 ) = -4t:(b - a)no .

*

R(Ko ,flo)

1 3
J2R
- R 2 + KoR - no2

dR + O(t: 2 )

(Remark that 6,J( = O(t: 2 ) for n 0 = O(e))
Analogously we derive

(2.12)

l

fl(Ko ,flo)

6.n(Ko, no)= -2t:(b - a) .

R(p2 _ R)
*

R(Ko,flo)
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J½R3 - R2

+ l(0 R- n6

dR + O(t: 2 )

3

Periodic orbits

First we state an important observation. Due to symmetry we only consider S1 2: 0.
Property 3 . 1 (S1

> 0) if 6.K(Ko, S10 ) = 0 then 6.S1(Ko, S1)0) > 0
if 6.S1(K0 , S1 0 ) = 0 then 6.K(Ko, Do) < 0

This result can be obtained by combining the expressions of Dz and Kz (see (2.9)):
(3.1)

:z (S1 2

-

p;J<) = 2t(b- a)(p; - p2) 2 S1 + O(t 2 )

Hence : 2S16.S1 - p;6.K > 0 for S1 > 0, S1 # O(t). Close to S1 = 0, S1 = O(t), one
needs to be more careful: rescaling S1 leads to an expression which also satisfies
property 3.1 for S1 # 0
Property 3.1 expresses that for S1 0 # 0 6.J< = 6.S1 = 0 is impossible. Hence
Poincare map P has no fixed points for S1 # 0, and thus, since fixed points would
have corresponded to quasiperiodic solutions</> of (1.4), for S1 # 0, all quasiperiodic
solutions break open due to the perturbation.

It should be remarked that it is easy to show that for every value of no, I no
(see (2.7)) there exist values Kn and J<K such that
6.S1(J<n,S1o)

= 0,

6.K(J<K,S1o)

I< n.

=0

(Consider I{ close to J< 1 (S1 0 ), i.e. p, p close to the centerpoint p1 (S1 0 ), then 6.K, 6.S1 <
0 (p 1 (S1 0 ) < p.) ; for J{ in the neighbourhood of J<2 (S1 0 ) one deduces that 6.K, 6.S1 >

0).
Thus, also for S1 = 0, there is a Kn such that expressions +2.11) and (2.12) are
equal to O(c 2 ) in (Ifo, 0). One has to be careful in concluding that this is a fixed
point of P. The point (Kn, 0) can not correspond to a perturbation of a non- degenerated periodic solution of the unperturbed system (as sketched in fig.2B): this type
op periodic orbits has to intersect the positive p-axis (in the S1 = 0 plane) twice, due
to the symmetry z -+ -z, V __. -V, n -+ -n. One can see from figure 2A that a
solution of (2.5) can only cross the positive p-axis (in the S1 = 0 plane) with V. < 0.
Hence a periodic solution which intersects the positive p-axis twice is impossible.
Remark that this type of periodic solutions corresponds to the quasiperiodc solutions of the Ginzburg-Landau equation. The point (J<n, 0) corresponds to a solution
which crosses the V-axis (i.e p = 0 n S1 = 0): expressions (2.11) and (2.12) describe
the evolution of a solution of (2.5) close to a degenerated periodic solution of the
unperturbed system for half a period (see again fig.2A). A solution which starts at
the p-axis and intersects the V-axis is, due to the symmetries of the system, periodic.
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Theorem 3.2

• The perturbation causes the disappearance of periodic solutions of (2.6), corresponding to quasiperiodic solutions of the Ginzburg-Landau equation.

• For every value of w E ( a , b), one of the degenerated periodic solutions of
the unperturbed system survives the perturbation. Thus there exist solutions
of the Ginzburg-Landau equation with small complex coefficients, which are
slowly periodic in time and space periodic, not of the type R ei(kx-wt) (see fig .

4).
Remark 1 It is clear that the flow induced by (2.5) can only skip from the p > 0
halfspace to the p < 0 halfspace through the V- axis, the intersection of the p = 0
and n = 0 planes. One can write down the beginning of a power series devellopment
of the solution r A(z) with initial data (0, A, 0), parametrisized by n( z) = - cs( z )
(for z > 0: n(z) < 0) :

n(z) = -€S

(3 .2)

= {!!;,s½ + O(s½,c 2)
V(z) = A- 2~{,/(;~J2s½ +O(s½,c 2)
p( z )

i

Remark that Oz =
is well defined ass passes through 0. Using shooting arguments
one can (also) show that there has to be a degenerated solution of the unperturbed
system which does not break open under the perturbation: for A small rA intersects
the V = 0 plane in a point with negative co-ordinate (since
< 0 for p < p.),
for A close to ½0, i.e. close to the homoclinic loop (fig.2A) r A crosses the V = 0
plane in a point with positive n co-ordinate. There has to be a value A. inbetween
such that r A. crosses the p-axis in the V = 0 plane.

n

nz

Remark 2 The perturbed periodic orbit corresponds to a (family of) solution(s)
4> = p( z )ei(O(z)-ewt)(+i<> ) with p(z) periodic and Oz= ~~:)). The average of Oz over one

period is equal to zero , hence 0( z) is also periodic with the same period as p. So,
the solution </> of the Ginzburg-Landau equation with small complex coefficients is
also space periodic. Like the degenerate periodic solution of the Ginzburg-Landau
equation with real coefficients: </> oscillates through the origin of the complex plane
(see fig.4A ,B)
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fig.4. A: the line segment on which a degenerated periodic solution oscillates (unperturbed). B: the space-dependent part (i.e. p( z )eiO(z)) of a perturbed periodic
solution.
Remark 3 w may not be chosen O(c:) close to a orb (then approximations (2.11)
and (2.12) may become invalid, see section 4).
Rem ark 4 Holmes studied in [6] a system similar to (2.5): only the signs in front of
the p and p3 terms in the½ expression of the unperturbed problem (2.6) are reversed
(then for all n 0 # 0 all solutions of the unperturbed problem are periodic in then=
n 0 plane). Holmes studied this system by means of the variables R = p2, v = -; and
m = n. Due to the denominator pin v the v co-ordinate of a solution will tend to oo
asp decreases towards zero. Thus, due to the choice of variables (and the subtilities
of the flow close to them= n = 0 plane), Holmes did not find solutions which cross
the p = 0 plane. One can show, using variables p , V and n, that solutions which
cross the p = 0 plane exist in the (perturbed) system studied in [6]. Holmes did
find quasiperiodic solutions of the perturbed nonlinear Schrodinger equation, these
solutions correspond to degenerated points of "his" Poincare map: the map is not
defined close to these points (using variables R,v, m). Hence the quasiperiodic solutions do not exist (for all values of the parameters), the "fixed points" correspond to
degenerated periodic solutions which oscillate through the origin. Professor Holmes
agrees with this amendment of his analysis.
R emark 5 In the analysis we focussed on periodic orbits which are fixed points
of map P. Of course it is still possible that (2.6) has periodic orbits which are periodic points of P. Numerical similations show these periodic points, see section 5,
fig .6.
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4
4. 1

Heteroclinic orbits
Preliminarie s

Equation (2.5) has many features in common with the perturbed central-force problem studied by Kopell and Howard in [8]. This system exhibits heteroclimic orbits
for special (discrete) values of a free parameter. In this section we search for heteroclinic orbits connecting two critical points of system (2.5). Since the critical points
correspond to the periodic orbits,

,1..( z, t) -_ p.e i(±fliz-~wt)
P•
l

'f'

the heteroclinic orbits of (2 .5) connecting two critical points correspond to solutions
of the Ginzburg-Landau equation which connect wave solutions with reversed (spatial) wave-number.
Again the analysis relies heavily on the Poincare map P (defined inside S, the
region of unperturbed periodic solutions). The critical point (p. , 0, ±D.) on 8S corresponds with a degenerated point (I<., ±D.) of Pon 8E. One easily checks that
Property 4 .1 for a12 b < w < b : the two dimensional stable manifold
(p., 0, D.) does not enter S.

r;

of

Hence for w in this range we fix our attention to the one-dimensional unstable
manifold Dt which can be controlled by the following properties (these properties
also hold for w E ( a, a 2b))

1

Define in (p, V, D) space (p 2: 0) the volume S. : S. C S, S. consists of all periodic orbits of the unperturbed equation, r 0 (z) = (p 0 (z), V0 (z) , D0 ), which satisfy
p0 (z) ~ p. for all z. Region E. CE corresponds with S. CS. One easily deduces
P rop e rty 4.2 The linear approximation of

rt

around (p., 0, D.) points into S •.

And, using expressions (2.11) and (2.12):
Property 4 .3 For (I<o , Do) E E. : 6.D(I<o , Do) < 0, 6I<(I<0 , Do) < 0.

Analysing the flow of the perturbed system near the boundary of S. one finds that
the part of E. with positive D co-ordinates can only be left through the D = 0 plane:
Property 4.4 If (I<o, Do) E {E.

n D > 0}

then either P(I<o, Do) E {E.

n D > 0}

or

P(I<o, Do) E {D < O}.
Thus,

rt

remains inside S. as long as the D co-ordinate remains positive; inside
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S. Dz < 0: rt can be handled by Poincare map P. However, one needs to be very
careful in using approximation (2.11) and (2.12) of 6K and 6S1: Pz and Vz are O(c:)
in a 0( c:) neighbourhood of a critical point of the unperturbed system. Hence Dz
is not small compared to Pz and V,: one cannot approximate the solutions of (2.5)
by solutions of the unperturbed system. This degeneration of the approximation
can be illustrated by a special solution which was first noted by Hocking and Stewartson [5]. Hocking and Stewartson searched for solutions of the Ginzburg-Landau
equation of the form
(4.1)

</>(z, t) = >.Lei 111 (sech >.z)I+iM

for some values of>., L, v and M. In our variables (4.1) transforms to
(4.2)

p(z) = P sech >.z (V(z) = Pz)
Sl(z) = Q sinh >.z sech3 >.z

for some values of P, Q, >. and w (corresponding to v). Substituting (4.2) into equation (2.5) one observes that a solution of this type exists for

P

b- a

a+ 2b
3

= ±1 + O(c: 2 ),Q = ±1 + O(c: 2 ),>. = ± -3-c: + O(c: 3 ),w = -

+ O(c: 2 )

[f;

Thus, for the critical value of w (i.e. n.(w) =
+ O(c: 2 )) there exist homoclinic
solutions connecting 1-dimensional stable and unstable manifolds of the degenerated critical point (0, 0, 0) of (2.5). In (I{, S1) space this solution is precisely the
boundary of E (accurate up to O(c: 2 )): thus for all z the homoclinic loop remains
O(c:) close (V(z) = O(c:)) to the curve of critical points of the unperturbed system.
This homoclinic orbit does not oscillate in (p, V, S1) space: V changes sign only ones.
Thus, Poincare map Pis not (always) defined O(c:) close to 8E.
The following property enables us to control map P inside E •.
Property 4.5 for (Ko, S1 0 ) E E. , S1 0

>0

Pi(S1o) <I 6S1(Ko, Do) I< p;
2S1o - 6K(Ko, Do) - 2S1o
proof: The inequality on the right is a direct consequence of (3.1 ). The inequality
on the left follows from a similar observation:

(4.3)

2S1S1z - pf(Sl)Kz

= 2c:(b - a)(p; -

p2)(pi(S1) - µ2)

(p1 (S1) is the position of the centerpoint of the unperturbed equation in the S1 plane).
Hence property 4.5 is proven if, for all (Ko, S1 0 ) E E. :
(4.4)

R - pi(Slo)
dR > O
h .(Ko,flo) /½R3 - R 2 + KoR - S15
{R(Ko ,no)
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This inequality can be deduced from (4.3) by the approximation technique of section
2.3, using the fact that n z < 0, I<z < 0 and p; - p 2 2: 0 in S • . Remark that
1
R = Pi(no) is the minimum of F(R) = (✓½R3 - R 2 + I<0 R - n5r . Inequality
1

( 4 .4) follows from:

lR:

(4.5)

F(R)dR

2:

lR

F(R)dR,

which, again, is a consequence of

J,.

R1

(4.6)

R

F(R)dR ~

J,R F(R)dR
R1

One easily deduces:

• F(R - S) > F(R + S) for S E [O, ½(.k - R))
• R1 < ½(.k- R)
which yields (4.6) , and thus (4.4) (via (4.5)).
The boundaries 8E; of E are described by
property 4.5:

if

pf (0)

~

'

i

1, 2. Hence, due to

Corollary 4.6 Let (Ko , n 0 ) EE., n 0 > 0, (I<0 , n 0 ) not O(c:) close to 8E1 , then: the
image of (I<o,no) under map P, P(I<0 ,n0 ) can be approximated using (2.11) and
(2.12), P(/{0 , n 0 ) is not closer to 8E1 then (Ko, no).

at

2
For
b < w < b unstable manifold rt is a perturbation of the unstable manifold of unperturbed saddle in the n. plane ((I<. , n.) E 8E2 ). Hence rt can be
studied using the approximations of P for all n. not 0( €) close to
(i.e. w 0( €)
2
2
close to
b). For a < w ~
b (K., n.) E 8E1 : averaging of system (2.5) in
the neighbourhood of (p., 0, n.) shows that the solutions of (2.5) tend towards a
non-oscillating orbit (O(c) close to the orbit of unperturbed centerpoints): map P
can not be used, rt has a behaviour similar to the special orbit (4.2) found by
Hocking and Stewartson ( or remains 0( c) close to such an orbit). Remark also that
L::.O
P2
L::.K tends to ?ri as (I<0 , n0 ) tends towards 8E1 •

at

Jl,,

a1

Thus:

at

2

a

b

rt can be studied using
map P. In section 4.2 we prove that for c small enough there
exist discrete values of w such that there is a heteroclinic orbit
in system (2.5).
: we study the 2-dimensional stable manifold r:;. In section 4.3
we show that there is an interval such that system (2.5) has a
heteroclinic orbit for all w inside this interval.

< w < b : the 1-dimensional unstable manifold

<w<

at

2

b
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4.2

2

a~ b

< w < b: two types of heteroclinic orbits

Define
(4.7)

,;;

= {(Kt,Dt)}iEI J = 1,2, ...

with (I<t, nt) E E. the first intersection point of rt with the V = 0 plane ( and
Vz < 0) , (Ki~ 1 ,S14i) = P(Kt,nt). Remark that Kt,nt depend on c and w.
Likewise one defines ,; , the set of points in E symmetric (in the J( axis) to ,;; , ,;
corresponds to the one-dimensional stable manifold r; of (p., 0, -S1.) . We search
for values of w such that rt = r;, the symmetry z -+ -z, V -+ -V, S1 -+ -n is
essential in the analysis:
(4.8)

rt= r_;- {::} rt(z) intersects then= 0 plane in a point on the p - axis

And, since rt can only cross the p-axis with Vz < 0, (4.8) yields
(4.9)

rt= r; {::} ,;;

n {n = o}

-::J ¢>

Define N+ = N+(c, w) by: for i :SN+ S1; 2': 0, nt++i < 0. This N+ exists due to
the properties in section 4.1. Now (4.9) can be reformulated more precisely
(4.10)

rt= r; {::} nt+ =

o

First we consider w fixed, w not close to the boundaries of the interval ( 0 :J;2b, b). We
observe, using the properties of section 4.1 and approximation (2.12) of 6S1:
Property 4.7 N+(c,w)

= O(¼)

Now fix an co small enough, define N/ = N+(c 0 ). Due to property 4.7 there exists
an Ct > co such that n+(ct)N+ < 0 (" ,;; needs less steps to arrive at S1 = 0").
0
Hence there is an c-, c 1 > c• > co such that n+(c•)N+ = 0 (and thus N+(c*) = N/).
0
This c• is isolated since Je6S1 -::J 0.
Proposition 4.8 There is a discrete set {cj}~i,cj > cj+t, co small enough, cj-+ 0
as j -+ oo, such that n+(cj)N+(E;) = 0. Thus for all cj there exists a heteroclinic
orbit in (2.5) , connecting (p., 0, n.) and (p., 0, -S1.).

Remark that these heteroclinic orbits remain in the p > 0 halfspace for all z . A
priori one would expect (see section 3) that there are also values of c such that
rt(c) crosses the p = 0 plane and enters the p < 0 halfspace.
Consider the heteroclinic orbit rt(cj) for some j : nt+(ci) = 0, nt++ 1 (cj) < 0.
There is an cj' < cj such that N+(cj,) 2': N+(ci) + l. Let c decrease from cj, there
has to be an f E (cj',cj) such that
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Define for c E (l,cj) ncR(c): then co-ordinate of the first intersection of rt(c)
with the V = 0 plane (with Vz > 0) after the intersection corresponding ton;:;.+(,)·
The symmetries of system (2.5) yield

Since Vz > 0 in the point corresponding to DcR(c) we conclude (see fig.2A,B and
section 3): rt(t) crosses the p = 0 plane. Due to symmetry p -+ -p, n -+ -n,
z-+ -z we immediately observe: rt(t) connects (p., 0, n.) and (-p., 0, -n.).
Proposition 4. 9 There is a discrete set {lj }~ 1 , lj+l < lj, lj l 0 as j -+ oo
such that f!(lj) is a heteroclinic orbit (of system (2.5)) connecting (p.,0,n.)
and (-p., 0, -n.). A solution of Ginzburg-Landau equation (1.4) corresponding to
f!(lj) crosses once through the origin of the complex plane.

Using the following basic observation we are able to apply the techniques above
to the more important case c fixed, w (free) parameter.
Property 4.10 for w
O(c-r- 1 ).

=

b - O(c-r), 0 < 1 < 1, and c small enough: N+(c, w)

=

Thus we can handle the variation of N+ as a function of w, for c fixed, and thus we
can apply the reasoning above.
Theorem 4.11 For every c small enough there are ( at least) two values of the
free parameter, wo and w 1 , such that for w = w 0 : system (2.5) has a heteroclinic
orbit connecting (p.,o,n.) and (p.,0,-n.) and for W = W1: there is a heteroclinic
orbit connecting (p., 0, n.) and (-p., 0, -n.).
Remark 1 Define N(c) as the number of w's for which, for given c, heteroclinic
orbits exists. Property 4.10 yields: N(c)-+ oo as c 10.
Remark 2 As was already remarked in the introducting: the heteroclinic orbits correspond to one-parameter families of solutions of Ginzburg-Landau equation (1.4).
For every <I>!( z, t) of such a family holds:

Jim

Z--+-00

Jim

z--++<X>

<I>!
<I>!

p. ei( k.z-,wt+<po)
p. ei(-k.z-,wt+<po)

for some r.p 0 , with k. = 0P.; . These periodic solutions are stable solutions of(l.4),
2
stable against arbitrary spatial periodic perturbations, for w not 0( c) close to
b

at
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or b (see [9], [14]). Thus solutions '1>! are solutions connecting two stable periodic,
spatially counterrotating, patterns. One type of solutions '1>! crosses through the
origin of the complex plane.

4 .3

a

< w < 2bta : heteroclinic orbits for a range of w

We now fix our attention on the two-dimensional stable manifold f; of (p., 0, n.).
Since (p., 0, n.) is a centerpoint we have f; n S-:/ <jJ (SC (p, V, D) space defined in
section 2.1 ). It is clear that if f; intersects then = 0 plane then, due to symmetry,
there exists a heteroclinic orbit: the intersection of r; and r;;-, r;;- is the two dimensional unstable manifold of (p., 0, -D.). Reasoning as in section 4.2 one concludes
that, in this case, there exists also a heteroclinic orbit which crosses the p = 0 plane.

In order to obtain a more transparant view of the behaviour of the flow induced by

P; •

(2.5) we examine the special case w - a= O(c"Y), 0 < 1 < 1, i.e we set p; =
c"Y,
P. plays the role of free parameter. We scale p = chP, V = chv, n = c"YW,
I{= c"'lk. Expressions (2.11) and (2.12) become, withs= P 2
(4.11)

6k(k, W) = 4c 1 +"Y(b - a)W ["

(4.12)

6W(k, W) = 2cl+"Y(b - a)

ls

/3

ls

(s - P;)ds
Jsk - s 2 - W 2 + ½c"Ys 3

s(s - P;)ds
J sk - s 2 - W 2 + ½c"Ys 3

+ O(c2+"Y)

+ O(c2+"Y )

Approximations (4.11) and (4.12) can be computed, up to a certain accuracy, explicitly:

6k(k, W) = 1r(b - a)cl+"YW(k - 2p;) + o(cl+"Y)
6W(k, W) = 1r(b- a)cl+"Y(ik 2 - ½kP; - ½W 2 )

+ o(cl+"Y)

Remark that, as a consequence of the scaling, we have

8E. = {(k, W): W 2 = P;k - P! + O(c"Y)}
8E1 = {(k, W): W = ½k + O(c"Y)}
(k., W.) = (2P; + O(c"Y), P; + O(c"Y))
Now we can sketch a direction field for Poincare map P, see fig.5.
Reversing z, z -+ -z, shows (see fig .5): the image off; in k, W space, 1 ;, intersects the W = 0 axis (it coincides, up to a certain accuracy with the line k = 2P;) .
For larger w a picture similar to fig.5 can be produced. However, one needs to be
careful: 1 ; may leave E through 8E2 for w close enough to 2b.

at

a1

Theorem 4 .12 There is an interval (w 0 ,wi) C (a, 2b) such that for every w E
(Wo, w1) two heteroclinic orbits exist: one connecting (p., 0, n.) with (p., 0, -n.),
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the other connecting (p., 0, n.) with (-p., 0, -n.).

Remark These heteroclinic orbits correspond to (families of) solutions of (1.4)
which connect spatially counterrotating periodic solutions, which are unstable (see
again [9], [14]).

(k., W.)

w
/

I
k

8E.
fig.5: The direction field induced by P (after scaling).
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5

Some further remarks

If one wants to study the flow induced by (2.5) more thoroughly one will have to
investigate expressions as d'k L.D, d'k L.I< etc. These expressions are very hard to
handle. Numerical simulations of (2.5) exhibit an interesting behaviour of map P,
see fig.6 a,b.
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fig.6: Poincare map P inside E for some choices of the initial data and a
-1, w = -3, c: = 0.1, 66 is a magnification of a certain part of 6a.

= -5, b =

These figures show periodic points of P (with period O(¼)), invariant tori, and
a thin strip of irregular behaviour: the Poincare section of a perturbed integrable
Hamiltonian system. However, the fact that solutions may cross through the p = 0
plane and the special kind of the (non-Hamiltonian) perturbation make it hard to
analyse the flow induced by (2.5) more deeply.
Acknowledgements I would like to thank W. Eckhaus for his stimulating comments on the investigations which resulted in this paper. Thanks are also due to
G. looss for the discussions I enjoyed during my visits to the University of Nice
and to N. Kopell, who predicted the existence of (some of) the heteroclinic orbits.
This research was partially supported by the European Community, Contract N°
ST 2J-0316-C.

62

References
[1]

A.J. Bernhoff: Slowly varying fully nonlinear wavetrains m the GinzburgLandau equation, Phys. D. 30 (1988) 363

[2]

C.R. Doering, J.D. Gibbon, D.D. Holm, B. Nicolaenko: Low dimensional behaviour in the complex Ginzburg-Landau equation, Nonlin. l (1988) 279

[3]

R.C. DiPrima, W. Eckhaus, L.A. Segel: Non-linear wave- number interaction
in near-critical two-dimensional flows, J. Fluid Mech. 49 (1971) 705

[4]

J .M. Ghidaglia, B. Heron: Dimension of the attractors associated to the
Ginzburg-Landau partial differential equation, Phys. D. 28 (1987) 282

[5]

L.M. Hocking, K. Stewartson: On the nonlinear response of a marginally unstable plane parallel flow to a two dimensional disturbance, Proc. Roy. Soc. Lond.
A 326 (1972) 289

[6]

P. Holmes: Spatial structure of time-periodic solutions of the Ginzburg-Landau
equation, Phys. D. 23 (1986) 84

[7]

L.R. Keefe: Dynamics of perturbed wavetrain solutions to the Ginzburg-Landau
equation, Stud. Appl. Math. 73 (1985) 91

[8]

N. Kopell, L.N. Howard: Target patterns and horseshoes from a perturbed
central-forec problem: some temporally periodic solutions to reaction-diffusion
equations, Stud. Appl. Math. 64 (1981) 1

[9]

L. Kramer, W. Zimmerman: On the Eckhaus instability for spatially periodic
patterns, Phys. D. 16 (1985) 221

[10] M.J. Landman: Solutions of the Ginzburg- Landau equation of interest in shear
flow transition, Stud. Appl. Math. 76 (1987) 187
[11] H.T. Moon, P. Huerre, L.G. Redekopp: Transitions to chaos in the GinzburgLandau equation, Phys. D. 1 (1983) 135
[12] A.C. Newell, J.A. Whitehead: Finite bandwidth, finite amplitude convection, J.
Fluid Mech. 38 (1969) 279
[13] K. Stewartson, J.T. Stuart: A non-linear instability theory for a wave system
in plane Poiseuille flow, J. Fluid Mech. 48 (1971) 529
[14] J.T. Stuart , R.C . DiPrima: The Eckhaus and Benjamin- Feir resonance mechanisms, Proc. Roy. Soc. Lond. A 362 (1978) 27

63

64

Chapter 4: Periodic and quasi-periodic
solutions of degenerate modulation equations
Arjen Doelman*
Wiktor Eckhaus*

1

Introduction

Modulation equations govern the evolution of patterns at near-critical conditions in
many problems of physical interest (see for example [1], [2], [13], [14], [15]). Wellknown is the so-called Ginzburg-Landau equation which in the case of supercriti cal
bifurcations, is given, in canonical form, by
(1.1)

~! =

[1 - (1

+ iB) I <I>

2
1

]

<I>+ (1 +

iA)!:~.

Primarily the equation has been used to investigate the stability of bifurcating spaceperiodic solutions (Stuart and DiPrima [16]). More recently the Ginzburg-Landau
equation has become an increasingly popular subject of study, in particular since
the possibility of chaotic behaviour has been discovered (for example [1], [9], [11],
[12]) . On the other hand, in the non-chaotic case, Kramer and Zimmerman [10],
for the case of real coefficients (A= B = 0), have studied stationary quasi-periodi c
and homoclinic solutions . The mathematical structure of these solutions has an
intrigueing and intimate relation with the stability boundary of space-periodic solutions. Doelman [3] has shown that the quasi-periodic solutions do not survive the
perturbations of the real-coefficients-case by small values of A and B and deduced
other interesting solutions, which are slow time-periodic.

In this paper we study degenerate modulation equations, as formulated in Eckhaus
and Iooss [5] . Complementary to [5] we consider here the cases of real coefficients
and coefficients with small imaginary parts and compare the behaviour of solutions
with the corresponding results for the classical Ginzburg-Landau equation.
The modulation equation has pure real coefficients if there is a reflection symmetry
in the basic physical system: the unstable periodic waves, which bifurcate from the
basic laminar pattern, are stationary; this is for instance the case in Rayleigh-Benard
*Mathematisch Instituut, Rijksuniversiteit Utrecht , Postbus 80 .010 , 3508 TA Utrecht
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convection. Degenerate modulation equations with real coefficients appear in binary
fluid convection, see Schop£ and Zimmerman [14].
Let us recall briefly, from [5], how the degenerate case arises (a different derivation
of degenerate modulation equations is presented in Doelman [4]). The dynamics of
bifurcations of space-periodic solutions is governed by the Landau equation

(1.2)

!~ =

µ(k)ak

+ /3(k) ak
I

2
1

ak

+ ,(k) ak
1

4
1

ak + ...

where k is the wavenumber. In the classical case, which leads to the modulation
equation (1.1), one has Re/3(k) of order unity; in the degenerate case Re/3(k) is small
at near-critical conditions.
The corresponding modulation equation, after some convenient scalings, looks as
follows:

(1.3)
All coefficients are fully defined in [4], [5], but the precise meaning is not very relevant in the present study. Due to the conditions on the linear eigenvalue problem
(which determines the stability of the basic solution of the physical system, see [4],
[5]) we have To > 0, T 2 < 0; as in [5] we assume
< 0. Furthermore, to simplify
the presentation, we shall take /3arl = 0. However, this is not an essential restriction.
The simplified case contains all the essence of the more general case.

,tl

In the equation (1.3) t is a small parameter, due to the near-criticality. If /3ail
is of order unity, which is the case studied in [5), then oscillations of <I> are on a
much faster time-scale than the evolution of I <I> I . This leads to the phenomenon
of "strong selection or rejection of spatially periodic patterns".

In this paper we first study the case of real coefficients, i.e. /3ai) = ,ail = V2 = 0,
E R. The bifurcation diagrams of spatial!) periodic solutions are simplified
versions of diagrams given in [5] (because here /3a, = 0), but the stability results are
entirely different from [5). As in the classical case of the Ginzburg-Landau equation
we find in general an interval of wavelengths of stable periodic solutions. However,
in the degenerate case there are parameter combinations such that this interval is
unbounded or disappears altogether.

/31 , S1

The stationary problem for (1.3) with real coefficients is more complicated than the
classical (1.1) with A = B = 0. Nevertheless, and this is remarkable, the problem
again is integrable with quasiperiodic and homoclinic solutions similar in structure
to the classical case.
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Finally, as in Doelman [3], we ask whether quasiperiodic solutions persist when
in (1.3) small imaginary parts of coefficients are admitted. The analysis of [3] yields
that the stationary quasiperiodic solutions do not survive this perturbation, even
if a slow time-periodicity, with arbitrary wave number is allowed. The homoclinic
solutions of the unperturbed system also disappear due to the perturbation in the
case of the Ginzburg-Landau equation.
The outcome of the analysis of the degenerate modulation equation with coefficients with small imaginary parts is quite different from the nondegenerate case: we
show that there exists an unbounded, 7-dimensional, region in . the 7-dimensional
parameter space in which equation (1.3) has solutions quasiperiodic in space and
(slowly) periodic in time. We also establish the existence of a manifold in parameter
space (of codimension 1) at which equation (1.3) has slow time-periodic solutions
which exhibit, as a function of the spatial variable z, homoclinic behaviour: the
solutions tend to a periodic solution for z -+ ±oo.
Essential in the study of the non-degenerate case are the symmetries of the perturbed problem and the fact that the perturbed ordinary differential equation is
divergence free. It is possible to choose the parameters of the degenerate problem such that the degenerate perturbed ordinary differential equation also exhibits
these features. In that case one can copy the methods of Doelman [3] to prove the
disappearance of the quasiperiodic solutions and establish the existence of heteroclinic solutions connecting counterrotating periodic solutions ( and of other special
solutions). However this case is not generic because one has to impose conditions
relating coefficients which are essentially independent.
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2

Spatially periodic and quasi-periodic solutions
in the case of real coefficients.

The Ginzburg-Landau equation with real coefficients is given in cannonical form by

(2.1)

~! =

(1-

I

<I>

2
1 )

<I>+~:;

The modulation equation in the degenerate case (1.3), with real coefficients, can be
brought in the canonical form (neglecting the higher order terms)

(2.2)
where the simplification (J~r) = 0 has been used and the sign of various coefficients
has been chosen as explained in the preceding section. Unlike the classical equation
(2.1), the degenerate modulation equation still contains two parameters which have
to be computed in any particular problem under consideration. Furthermore, the
coefficients of (1.2) are not sufficient to define fully (2.2). In fact i3 + B = (J(kc),
apart from the rescalings, while i3 - Bis a "hidden parameter", see also [5] .

2.1

Periodic solutions and their stability.

In search of periodic solutions we introduce
(2.3)

</>, VJ

= floei(koz+wot)

and find for the amplitude

flo, ko, Wo E R

!lo,

(2 .4)

in the classical case :

(2.5)

in the non - classical case: Rt - BR~ko

+kl= 1

Furthermore wo = 0: the periodic solutions are time-independent (see the introduction). Relation (2.4) describes a semi-circle in the (k 0 , flo)-plane, while relation
(2.5) describes a conic in the (k0 , Rl)-plane .

In the further analysis the following parameter plays an important role:

(2.6)

B2
S=--1
4

'

Sis the rescaled version of parameters introduced in [5]. We find:
S < 0: (2.5) describes an ellipse in the (k, R 2 ) plane
S > 0: (2 .5) describes a hyperbola in the (k, R2 ) plane
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We separate conic (2.5) into two branches rL and fu: rL consists of points (k, R 2)
with k such that (2.5) has two solutions, for k fixed; R 2 equals the smallest of these
solutions. All other points define branch fu. fu can again be separated into fu+,
the increasing part, and r u-, the descreasing part of r u, see figure l. Remark that
rL does not exist in the classical case; fu- disappears as S becomes positive.

R2

R

---.. . ru-

_._ _ _ _.____...._ k ...____......____

-1

rL
~

k

rL

____.,____ _..___ k

-1

-1

ii) non-classical: S < 0

iii) non-classical: S > 0

fig.l i) classical

We consider B = iJ + B > 0, B < 0 can be treated analogously. Remark that
the curve of periodic solutions does not depend on the value of .B - B, the hidden
parameter.
Next we investigate the stability of periodic solutions. In the classical case the
result is well known:
(2.7)

floeikoz is stable if

-ff< <ff
ko

(or flo >

If),

and unstable otherwise.
To obtain a similar result for the non-classical case we linearise along a periodic
solution Jloeikoz of (2.2), i.e. we set

(2.8)

'1/J(z, t) = (flo + p(z, t))ei(koz+B(z,t)),

'1/J(z, t) a solution of (2.2). The linearized equations for p and 0 read:
(2.9)

Pt = 2R5(Bko - 2m)p + (Em - 2ko)flo0z
{ flo0t = -2(2H R5 - ko)Pz + flo0zz

+ Pzz

with H, the hidden parameter:

(2.10)

H

1 •

= -(BB)
4
A

Due to the structure of linear system (2.9) one can model a perturbation by
(2.11)

(p(z, t), flo0(z, t))

= (X(t)eikz, Y(t)eikz),
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with k E R an arbitrary, spatial, wavenumber. Substituting (2.11) into system
(2.9) yields a two-dimensional linear differential equation for X(t) and Y(t), with
parameter k. The stability of the zero-solution is determined by the eigenvalues ,,\.
of the linear problem; the eigenvalue-equation reads:
(2.12)
Remark that we have been using (2.5) to simplify the expressions. A solution floeikoz
of (2.2) is stable if the real parts of the solutions ,,\. of (2.12) are negative for all
possible wavenumbers k, i.e.
(2.13)

R5-k5+l>0

(2.14)

-1

+ Rt(2 -

EH)+ k0 R6(2H - E)

>0

Remark that the arbitrary wavenumber k of the periodic perturbation does not appear in the two stability criteria: this is caused by the fact that we consider here
modulation equations with real coefficients; k appears in the stability criteria if the
coefficients become complex.
Both (2.13) and (2.14) define, for every E and Ha hyperbola in the (k0 , R5) plane;
(2.13) is just a reformulation of the trivial stability condition (see [5]): if, for a fixed
k0 , there exist two periodic solutions R 1 eiko z and R2eikoz, R 1 < R2 then solution
R 1 eikoz is unstable, or: solutions on branch rL are always unstable.

In the further stability analysis we distinguish between three cases
I. S < 0
The hyperbola defined by (2.14) intersects the (2.5) ellipse in two points
P_ = (k_,R:_) and P+ = (k+,R!), P_,P+ depend on the values of E
and H:
EH< 1 : k_ < 0, P+ E fuEH > 1:

k_

> 0,P_

E fu+,P+ E fL

Periodic solutions on fu, between P_ and P+ are stable, see fig.2.

STABLE

p_

__..__ _ __ ........""-'..--_.._.·······
--- k
fig.2 i) EH < 1

ii) EH> 1
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II. S > 0, H 2 - BH + 1 > 0
Now there is only one intersection point P_ = (k_, R:_) or P+ = (k+, Rt):
for 2H - B > 0 it is on fL(= P+)
for 2H - B < 0 it is on fu(= P_)
Thus: 2H - B > 0: no stable periodic solutions
2H - B < 0: periodic solutions on fu with R 2 > Ri are stable.
II defines a region in (B, H) space: {¼(2H - B) 2 > S > 0} . This region
consists of two disjunct subregions, distinguished by the sign of 2H - B.
The sign of BH - 1 is not important in this case: in case I it decided
whether intersection point P+ is part of fu- or part of rL; for S > 0
branch fu- does not exist.

k
fig.3 i) 2H - B > 0: no stable solutions

ii) 2H - B < 0

III. S > 0, H 2 - BH + 1 < 0
No intersection points, all periodic solutions are unstable.
Remark The case S < 0 resembles the classical situation (i.e. condition (2. 7)) in
the sense that within the k-interval of possible periodic solutions there is a smaller
subinterval of stable periodic solutions. It should further be noted that the parameter H plays an important role.

2.2

Quasiperiodic solutions

2.2.1

The classical case

The stationary problem associated to (2.1) is integrable (Kramer and Zimmerman
[10], Newell and Whitehead [12]). Introducing </>(z, t) = p( z)eiO(z) we find:
(2.15)

Pzz - p0; + P - p3
{ 2pz0z + p0zz = 0

=0
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with integrals
(2.16)
(2.17)
D and

J(

are constants in R.

For Do fixed , 0 <I D0 I< /-{; we find, m a certain range of J( ( depending on
D0 ), solutions (of (2.5)) periodic in p: in the phase-plane D = D0 , there is a saddle
point p2 (D) with a homoclinic loop, the periodic orbits and the centerpoint P1(D)
are situated inside this loop, see fig.4.
0

"'

>

. 10

0

"'

fig.4: phase portrait of (2.15) in the D = Do plane, 0

<I Do I<[-{;.

The solution ¢>, ¢> = pei 8 of (2.1) is quasi-periodic for values of J( and D such that
p(z) is periodic (with 02 = ~ ). The critical points p 1 (D) and p 2 (D) correspond to
periodic solutions of (2.1 ). It is easy to check that:
• The saddles p 2 (D) correspond to stable periodic solutions (with respect to
space-periodic perturbations). The centers p1 (D) correspond to unstable periodic solutions.

= Jf is the boundary of the region
I D Ii /-{; then P1 (D) i Jf and p2(D) 1 Jf.

• Consulting (2. 7) we observe that R
stable periodic solutions: as

• I D I> /-{;:

of

no critical points, no bounded solutions.

It is very remarkable that as one increases D towards the boundary [-{;, the two
critical points p1 and p2 in fig.4 move towards each other and coalesce at the stabilityboundary of periodic solutions. We shall find similar behaviour in the non-classical
case.
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We finally consider the degenerate case D = 0: centerpoint p1 (D) l 0 as D --t 0
(p 2 (D) j 1), there is a centerpoint at the origin for D = 0, hence p(z) oscillates
with positive and negative values, see fig.5. This phase-portrait is the fusion of the
nondegenerated phase-portrait and its mirror-image. The periodic solutions p(z)
correspond to periodic solutions 7P = pei 8o, 00 phase-constant (since 0z = 0), which
oscillate through the origin of the complex plane.

fig.5: the degenerate phase-portrait of (2.15) at Do= 0.
2.2.2

The non-classical case

The basic equation (2.2) is much more complicated than the classical (2.1). Nevertheless, and this is remarkable, for stationary solutions the equation is again integrable. Setting 7P( z) = p( z )eiB(z) one gets the system:
(2.18)

Pzz - p0; + P - p5 + Bp 3 0z
{ 2pz0z + p0zz - 4Hp 2 pz = 0

=0

The two integrals are given by
(2.19)
(2.20)

K

= Pz2 + p2( 1 - D(2H -

B )) - 1 p6( H 2 - BH

3

2

+ 1) + D
p2

As in the analysis of the stability of periodic solutions of (2 .2) we distinguish between
three cases
I. S < 0
We find that there are values D_ (H, B) < 0 < D+(H, B) such that equation (2.18) exhibits, in a D = Do plane, with Do E (D_, D+), D0 =/:- 0, a
phase-portrait similar to the one sketched in fig. 4: a center point p 1 (D),
a family of periodic solutions ( corresponding to quasi periodic solutions
of (2.2)), a homoclinic loop and a saddle point. No critical points exist
for Do (/. [D_, D+J- As in the classical case we observe:
• As D j D+ then Pi(D) --t R+,i = 1, 2, with P+ = (k+, Rt) a
boundary point of the region of stable periodic solutions (see fig.
2). Analogous behaviour occurs for D l D_.
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• Centerpoints p 1 (f!) correspond to ustable periodic solutions.
• Saddlepoints p 2(f!) are stable, unless they correspond to periodic
solutions on rL (see fig. 2.ii).
• The phase-portrait in an
case, at no = 0.

= f! 0 plane degenerates, as in the classical

In fig. I.ii we plotted all periodic solutions of (2 .2) in the (k, R 2) plane,
these periodic solutions also emerge as the critical points P1 (Do), p2(f!o),
f! 0 E (n_, D+), of (2.18). In fig. 6 we draw the ellipse of all crit ical
points p1 (f! 0 ), p2(f! 0 ) in the (p4, f!) plane and compare this ellipse (via
the transformation k = 0z = D.o.
+ H p2) with the ellipse of (2.5) in the
P2
2
(k, R ) plane.

1 ( Q)
_....._____~ -p ~
--- k

6.i) periodic solutions as critical
points of (2.18)

6.ii) periodic solutions R eikz of
(2.2) (see fig . l.ii)

Fig 6: the dashed line represents (in both figures)
stability curve (2.14) is plotted in both figures.

n = f! 0

;

critical

We remark that the critical stability curve (2.14 ), derived in the stability analysis of section 2.1, is a hyperbola in the k, R 2 plane and transforms ( via n = R 2k - H R 4 ) to a straight line, connecting (Rt, D+) and
(R~, f!_), in the (p4, f!) plane: in fig.6i) line (2.14) decides whether a
critical point of (2.18) is of saddle or of center type.
This is remarkable since one would not expect such a direct correspondence between the stability analysis and the analysis of stationary solutions.
The second stability criterion (2.13) does not appear m the analysis
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of stationary solutions: using only (2.19) and (2.20) it is not possible
to decide whether a saddle point is stable or unstable (i.e. whether it
corresponds to a periodic orbit on fu+ or on fL)-

II. S > 0, H 2

- BH +I> 0
There is one critical value D± = D±(B, H) corresponding to the critical
point P± found in section 2.1 II. For Do> D_ or D0 < D+ depending on
the sign of 2H - B, and D0 f:. 0 a phase portrait as in fig. 4 can be found
in the D = Do plane. Again we can compare between the hyperbola of
periodic solutions in the (k, R 2 ) plane (fig I.iii)) and the hyperbola of
critical points PI (Do), p2 (D 0 ), for Do > D_ (or D0 < D+) in the (p4, D)
plane. Critical stability curve (2.14) plays the same role as above, case
I (see fig. 7).

7.i) periodic solutions as critical
points of (2.18)

7.ii) periodic solutions of (2.2) (see
fig. I.iii)

fig.7: critical stability curve (2.14) is plotted in both figures, PI(Do)
and p2 (D 0 ) are indicated for a fixed D0 .

III. S > 0, H 2

- BH +I< 0
For all values of D we find one critical point PI(D) , of center type. All
points PI (D) correspond to an unstable periodic solution of (2.2). All
solutions of (2.18) in a D = Do plane are periodic.

Concluding remark. We have found that the existence of spatially quasi-periodic
solutions is not a peculiar property of the classical case.
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3

Slow time-periodic solutions in the case of complex coefficients

In this chapter we study solutions of the two types of modulation equations, admitting in the coefficients small imaginary parts. For the classical case the analysis
has been given in Doelman [3]. We recapitulate here the main points in as much as
needed for the sequel.

3 .1

The classical case

The classical modulation equation with small complex coefficients is given, m a
canonical form, by
(3.1)

~! =

(1 - (1

+ ic:b)

2

I</> 1 )</>

+ (1 + ica)

::!

with O < c ~ 1 and a, b E R, a f. b (for a= bone can eliminate the perturbation by
</> = e-ieatJ). We intend to
• investigate the effect of this perturbation on the special solutions ( quasiperiodic, homoclinic) found in section 2
• search for other types of special solutions.
The periodic solutions of the form </>(z, t)
R2

+ k2

= 1, w = -c:(bR 2

= Rei(kz+wt ) must satisfy

+ ak 2 ).

Hence, spatially periodic solutions are now also slow time-periodic. One is thus led
to consider solutions of the form
(3.2)

</>(z, t) = p( z)ei(O( z)-ewt)

with w E R a free parameter. Sustituting (3.2) into equation (3.1) and using the
integral f! of the unperturbed system (2.15), given by f!(z) = p 2 0z, we obtain a
three dimensional system

(3.3)

{ ~ : ~P

+ P3 + ~: + 1;::a2P[(a 2

w) - p2 (a - b)]

2

Dz = 1+:2a2P [(a - w) - p (a - b)]
System (3.3) is a perturbed version of integrable system (2.15). Due to the special
character of the perturbation, some properties of the unperturbed system do not
vanish:
1.
11.

the flow induced by (3.3) is volume preserving
there is a symmetry: z------> - z, V------> -V, f!------> -f!
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m. for values of the free parameter w between a and b ( a < w < b or b <
w < a) system (3.3) has two critical points: (p., 0, ±n.). The position
of these critical points do not depend on c:, these critical points are
also critical points of the unperturbed system: (p., 0, n.) is a perturbed
saddle or a perturbed center.
For finite(= 0(1)) time solutions of system (3.3) remain O(c:) close to solutions of
the unperturbed system. Since we are only interested in bounded solutions we study
solutions of (3.3) with initial data O(c:) close to the region of periodic solutions of
the unperturbed system in (p, V, n) space. Hence we define a Poincare map P for
the perturbed system. This map is the main tool to handle the flow of (3 .3). We
now give a short description of the Poincare map P.

/I;

As is remarked in section 2.2.1: for all n0 satisfying 0 <I n0 I<
there is
an interval (K1 (no), K 2 (no)) such that a solution of the unperturbed system with
integral values K 0 , n 0 , 1(0 E (K1 (no), K 2 (no)), is periodic: this describes a bounded
symmetric area E in (K, n) space. Integrals J( and n of the unperturbed system
are slow variables in the perturbed system: Kz,nz = O(c:). Return map P, with
"time" = z, is defined on an €-neighbourhood of E, Ee: let (Ko, no) E Ee, consider
fe(z) the solution of (3.3) with initial data V(0) = o,n(0) = n 0 and p(0) such that
K(0) = K 0 . Let (p, 0, D) be the next intersection point of fe with the V = 0 plane,
~~ < 0 (if such a point exists). Then, realizing that K = p2 - ½P4 + ~~ (see 2.17)

P(Ko, no) = (K, D) = (Ko+ 6.K(I<o, no), no+ Ln(Ko, no))
The essential observation is that one can compute the expressions LI( and 6.n,
which are O(c:), up to O(c: 2 ) using the solutions of the unperturbed flow (see section
3.2 for the computation of 6.J( and Ln in the non-classical case).
Using returnmap P, one can prove (see [3]):
Proposition 3.1 The quasiperiodic solutions of unperturbed equation (2.2) break
open as a consequence of the complex perturbation. However, for every value of free
parameter w between a and b, there exists one degenerated periodic solution (see
fig. 5) which "survives" the perturbation.
Proposition 3.2 There is a subset W = {w 1 , . . . , WN} U(a0 , a 1 ) of interval (a, b) (or
( b, a)) such that, for every c: small enough, two critical points of perturbed equation
(3.1.3) are connected by a heteroclinic orbit r w(z) for w E W.

Heteroclinic orbit r w(z) connects two one-dimensional stable/unstable manifolds
of perturbed saddle points as w E {w 1, ... ,wN}, N-+ oo as c: ! 0, hence f w(z )
corresponds to a transition solution (of equation (2.1)) between two counterrotating stable periodic patterns. For w E ( a 0 , a 1 ) r w( z) connects two centerpoints
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corresponding to unstable periodic patterns. The proofs of these propositions rely
heavily on the symmetry in system (3.1.3): z---+ -z, V---+ -V,O---+ -0.
Remark Equation (3.1) has no quasiperiodic solutions which correspond to fixed
points of Poincare map P (proposition 3.1). However, numerical simulation of the
flow induced by (3.3) strongly suggests the existence of periodic points of map P
which also correspond to quasi periodic solutions of (3.1 ). The numerical simulation
exhibits also chaotical behaviour (see [3]).

3.2

The non-classical case

In chapter 2 we assumed that the imaginary parts of all coefficients of non-classical
modulation equation (1.3) are zero. This caused the disappearance of a special
feature of equation (1.3), the 0(1) term i,Bai)l<I>l 2 <I>. Since all other terms of (1.3) are
O(i) it was possible to eliminate i from (1.3) by rescaling r. If one wants to study
a perturbed non-classical modulation equation with real coefficients (see (2.2)) one
first has to assume that ,Bail = O(i) to eliminate i from (1.3). Then one assumes,
as in the classical case, that the imafinary parts of all coefficients of the rescaled
equation are O(e) (thus, all in all, ,Ba' = O(ie)). This yields, after rescaling

'!ft

(3.4)

ieb&j> I 'If 12 'If+ iegai>I 'If 14 'If+ 'lj;- I 'If
+i(B + ieb(i))'lj; 2 '1j;; + (1 - iw2)'!fzz ,

=

14 'If -

i(B + ieb(i>) I 'If

12 '!fz

which is a "proper" perturbed version of (2.2). Like in the classical case ([3]) we
consider slow time-periodic solutions, we set
(3.5)

'lj;(z, t)

= p(z)ei(B(z)-~wt),

w is (again) a free parameter. We obtain the three-dimensional system

Pz
Vz

=V

= p 5 (H 2 -

BH + l) + p(-1

+ 0(2H - B)) + ~:

2

-wp V

(3.6)
Oz =

+ €2V2p[p4(8H - () + P2T/ + 80 + ~]
-ep2[p4(8H - () + p2TJ + 80 + ~]
- €2V2<7p3V

with O(z) = p20z - Hp4, the integral of the unperturbed system, and parameters B
and Has defined in section 2.2. The new parameters, 8, <7, T/, (and~ can be expressed
in the complex perturbation coefficients b&i)' gai)' b(i)' f/i) and V2 of equation (3.4 ).
Parameter~ plays the role of free parameter, it depends on w, the free parameter
introduced in (3.5):

(3.7)

~

=

_v_2_-_w_
1 + e2 v?,
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We remark that critical points of (3.6) (if they exist) are also critical points of the
unperturbed system (t: = 0), and the position does not depend on t: . This is in
agreement with one of the basic properties of the perturbed classical system (3.3 ).
However, system (3.6) does not satisfy the other two basic properties of the classical
system:
1.
II.

there is no preservation of volume, unless c,
there is no symmetry z
0, c, = 8 = 0

-+

-z , V

-+

+8= 0

-V, n

-+

-n, unless

2H - B

=

We divide this section into two parts: in the first part we do not impose any conditions on the parameters of equation (3.6) ("real" parameters Band Hand perturbation parameters 8, c,, TJ, (, ( and v 2 ) ; in the second part we choose the parameters of
(3.6) such that the flow induced by (3.6) exhibits the same features as the classi cal
system.
3.2.1

General parameter values

First we observe that, due to the character of the phase-portrait of the unperturbed
flow (see section 2.2.2), bounded solutions of (3.6) have to remain O(t:) close to the
periodic solutions of the unperturbed system. Hence we again study system (3.6 )
by a Poincare map P (as in the classical case, see section 3.1): P: E-+ E , with E
the region in (K, D) space corresponding to periodic solutions of the unperturbed
system (with integrals I{ and n, see section 2.2.2). Consulting section 2.2.2 we
establish:
I. S < 0: E is a bounded region, as in the classical case
II. S > 0, H 2 - BH + I > 0: E is unbounded, however there exist for
every n0 a K 1 (D 0 ) and a K 2 (n 0 ) such that periodic solutions of the
unperturbed system correspond, for n = n0 , with points (I<, Do) with
/{ E (K1 (n 0 ),K2 (n 0 )): a finite interval (which is empty for n 0 < n_ or

no > n+)
III. S > 0, H 2 - BH + I S 0: E is unbounded , moreover every intersection
n = n0 n Eis an unbounded (half) line (this situation is similar to one
studied by Holmes [8]).
We define 6K(K, D) and 6n(I<, D) by
P:

E-+E
(K, n) f-t (I<+ 6K(I<, n), n

+ 6n(K, n))

Using the unperturbed system we are able to compute 61( and 6n accurate up
to O(t:). These quantities are the main tools of our analysis. We shall establish the
following results:
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Theorem 3.3 Consider the parameters B, H, 'T/, (, 8, v2 and a of equation (3.6) with
(8H - (, 'T/) -f- (0, 0 ). There is for every choice of B, H, 'T/, (, 8, v2 at least one nonempty interval (I; 1 , I; 2), I; 1 = -oo and I; 2 = oo is possible, such that for a E (I;1, I;2)
system (3.6) has periodic solutions for a range of ( = ((w) , w the free parameter
(thew-interval may also be unbounded).

Thus, for a wide range of parameters, partial differential equation (3.4) has solutions which are quasiperiodic in space and slowly periodic in time: some structure
of the stationary solutions of unperturbed equation (2.2) survives the perturbation.
Theorem 3.3 establishes the existence of a region D in the 7-dimensional parameter space: for parameter combinations inside D Poincare map P has fixed points.
Determining the boundaries of D can be considered as performing a bifurcation
analysis in the parameter space. A way to annihilate (or create) a periodic orbit
is to transform it, by adjusting the parameters, into a homoclinic loop (a global
bifurcation). We shall prove the following theorem:
Theorem 3.4 There exists a bifurcation-manifold of codimension one in parameter space; points on this manifold correspond to parameter combinations for which
system (3.6) has a homoclinic solution (for a certain choice of w ), i.e. a homoclinic
solution of the unperturbed system has survived the perturbation.

Thus equation (3.4) has slow time-periodic solutions which tend, for z
to the same stable periodic "wave" solution.

----+

±oo,

To prove theorem 3.3 we first have to derive the expressions for 6.I<(I<, n) and
6.n(K, n). When we have proved the existence of region D we set up a more detailed analysis of D: we determine parts of its boundaries, search for subdomains
( and interior boundaries) in which P has several fixed points etc .. Theorem 3.4 shall
be proved by this bifurcation analysis.
The derivation of 6.I<(I<, fl) and 6.fl(I<, fl) runs along the same lines as in the
classical case (see [3]).
Choose (I<0 ,n0 ) E E (or in an €-neighbourhood of E). Definer, as the solution of (3.6) with initial data V(0) = 0, n(O) = n 0 and p(0) such that I<(0) = I<0 ,
(p 0 , 0, D0 ) is defined as the next intersection point of r, with the V = 0 plane, with
V. < 0 (if such a point exists). As in the classical case: P(I<o, n0 ) = (Ko, D) with K 0
defined by the value of the integral I< of the unperturbed system in point (po, 0, Do)
(see (2.20)). Let Z, = Z,(I<0 ,fl0 ) be the return-time ('time'= z) of r,. It is clear
that
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rz, Kz(re(z))dz

(3.8)

6K(Ko, no)= lo

(3.9)

60(Ko, no)= lo

rz, n z(r e(z))dz

Expressions Kz and Oz are slow(= O(c:)): J( and n are integrals of the unperturbed
system. Let r 0 (z) = (p 0 (z), V0 (z), 0 0 (z)) be the periodic solution of the unperturbed
system with the same initial data as re, and period Z 0 (/{0 , 0 0 ). The initial data have
to be adapted a little(= O(c:)) for choices of (Ko,0 0 ) which are an O(c:) distance
outside E. Since I re - r 0 /= O(c:) on 0(1) "time"-scale, we obtain from (3.8) and
(3.9), using Kz, Oz = O(c:)

(3.10)

{ Zo
6I<(I<o, Do)= lo I<z(fo(z))dz

+ O(c:

2

)

Solution r 0 (z) is the orbit (p 0 (z), Vo(z)) in the D = Do plane, described by the J(
integral (2.20). It crosses the p axis (V = Pz = 0) in two points O < p(K0 , 0 0 ) <
p(/{0 , D0 ), see fig. 4. Defining

(3.12)
see again (2.20), and calculating Kz(P, V, 0) and Oz( P, V, 0) we establish:

f

2G ( 2)

p(K 0)

'

+ O(c: 2 )

(3.13)

60(K, 0) = -2c:

(3.14)

6K(K, 0) = -2c:a- f P ' p2J FK,n(p 2)dp
li>(K,O

P

n P

dp

l i>(K,n) JFK,n(p2)
·(KO)

2c:

l

+

;;(K,n) [p 4 (2H - B) - 20]Gn(p 2 )

-'---'---~;=======---'-'------'- dp

JFK,n(p2)

i>(K,O)

+ 0 (c: 2 )

with

(3.15)

Gn(l) = p4(8H - ()

+ lTJ + (80 + l)

It is natural to substitute R = p2 in the expressions of 61( and 60. Since parameter a- does not appear in the expression for 60 one easily deduces:

if one can find K c, D.c E E such that 60.(Kc, D.c) = 0 then there exists (exactly)
one value of a- such that 61((/(c, Oc) = 0.
Let's fix 8, T/, (, B, Hand choose Do

f:- 0 such that
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• H2

-

BH + 1 > 0

• n 0 E (n_(H, B), n+(H, B)), for a definition of n_, n+ see section 2.2.2; n_ =
-oo, or n+ = +oo for S > 0.
Hence the phase portrait of the unperturbed system is as in fig. 4. Define p1 (no)
and p 2 (no) as the center and the saddle point of the unperturbed system, with
corresponding values of K: KE [K1(n 0 ) , K 2 (no)]. L>n has to be zero for some Ko
if
(3.16)
The limit expression is needed since 6n(I<,no) tends to infinite as K i K 2 (n 0 ) ,
this is due to the fact that FK,Oo (p 2 ) has a double zero at K = K 2 (no): the integral
diverges as K j K 2 (n0 ) . It should also be remarked that the periodic solution of the
unperturbed equation with integrals K and n0 tends to the homoclinic orbit (see
fig. 4 ), hence the return time of the map becomes oo. This interferes with the 0( c:)
approximation of solutions of the perturbed equation (3.6) on 0(1) time-scale. Remark that the situation is essentially different when Gn(p~(no)) = 0: (p 2 (no), 0, n 0 )
is now a critical point of (3.6), due to this zero in the numerator of (3.13) 6n does
not diverge as K i K 2 (n0 ) but tends to a finite number. We will come back to this
situation in the bifurcation analysis (and in the proof of theorem 3.4).
One observes that (3.16) is satisfied if
(3.17)

sign (Gn(Pi(no))-/ sign (Gn(p~(no))

Since ( = (( w ), w the free parameter, ( can be varied at will. This reduces (3.17)
to the following non-degeneracy condition (see (3.15)):
(3.18)

(Pi(no)

+ p~(no))(SH - () + 77-/ 0,

i.e. if (3.18) is satisfied there exists w1(no) < w2 (no) (w 1,2 = ±oo is possible) such
that for w E ( w1, w2) we can find Ko( w) such that L>n(/(0 , n 0 ) = 0. Remark that if
(3.16) is not satisfied it is still possible that there is a K 0 such that 6n(K0 , no)= 0.
With the observation above we know that we can now find a a = a( w) such that
6K(I<o, no) = 6D(I<o, Do) = 0
Define

~2 =

sup

{a(w): w E (w1(no),w2(no))}

rloE(01 ,02)

82

Remark that

E 1

= -oo

and

E2

= oo

are possible.

It is not necessary to assume that the unperturbed flow has a center and a saddle point in a f! = 0 0 plane (fig. 4). The same reasoning as above can be applied
to the case H 2 - BH + 1 ~ 0 (section 2.2.2 III): l:'>f!(K, f!) has a zero on the line
f! = 0 0 for some Ko if

(in this situation the Poincare map is defined for every K, f! with I { > K 1 (f!)). This
condition can be satisfied by varying ( = (( w) for every combination of parameters
H, 8, T/, ( and 8 (except if Dz = constant: 8H - ( = T/ = 0. One can now proceed as
above defining the quantities Ej = Ei( B,H,T/,(,8) = Ej(B,B,bg),g~i),b(i),b(i),v2 )
in terms of the coefficients of the original equation (j = 1, 2). Remark that only six
parameters of (3.6) are significant: v2 can be varied at will, this is due to the fact
that v 2 only appears directly in O(c: 2 ) terms of (3.6) However, adjusting v 2 changes
the values of T/, (, 8 and a (which are functions of the parameters of equation (2.2),
see for instance (3.7)).
Combining the cases H 2
3.3.

-

BH

+1

> 0 and H 2

-

BH

+1 <

0 proves theorem

Thus there is a region D in parameter space in which Poincare map P has fixed
points. Remark that the periodic orbits corresponding to these fixed points may be
attracting or repelling if a+ 8 -=/- 0. It is natural that one want to know more about

D:
• Is it possible to determine its boundaries?
• Are there subdomains of D for which equation (3.2.3) has several periodic
orbits?
The boundaries of D and of its subdomains can be found by projecting the bifurcationmanifolds for the flow of (3 .6) in the 8-dimensional (B, H, T/ , (, 8, a , v2 , O-space along
the axis of free parameter ( into the 7-dimensional parameter space. Some of these
manifolds can be computed, although the computational effort should not be underestimated.
(a) A critical point of (3.6), which is a perturbation of a centerpoint of the unperturbed system, can undergo a Hopf-bifurcation. One can compute the 7-dimensional
manifold at which a Hopf-bifurcation can occur. Crossing this manifold means the
creation or annihilation of a periodic orbit (a fixed point of map P). Projection of
this manifold into (H,B,T/,(,8,a,v 2 ) space results in a subdomain of Din which
Hopf bifurcations appear as free parameter ( is varied. One can compute explicitly
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the nondegeneracy conditions (by determining the centermanifold etc., see, for instance, Guckenheimer and Holmes [6]). These conditions also define manifolds in
parameter space (which are submanifolds of the Hopf-bifurcation manifold).
(b) A periodic orbit can also "disappear" into a homoclinic orbit (or vice versa):
a global bifurcation. At the bifurcation point there exist a homoclinic solution in
system (3.6), which is a O(c:) perturbation of a homoclinic orbit of the unperturbed
system. It is possible to compute a manifold in parameter space at which the ( unperturbed) homoclinic orbit of saddle point (p., 0) in a n = n. plane (see fig. 4)
survives the perturbation. It is, of course, necessary that (p., 0, f!.) is a critical point
of perturbed system (3.2.3), i.e.
P!( oH - ()

+ P~TJ + (on. + O = o

Remark that this can be achieved by chosing ( = (( w) correctly. Define K. =
K 2 (f!.): the value of unperturbed integral J( (2.20) at saddle point (p., 0, n.). As
was remarked above: 6.K(K., f!.) and 6.f!(K., f!.) do not diverge. Due to the
results of the theory of invariant manifolds one can show that D.K(K., n.) and
D.f!(K., n.) really do measure the changes of perturbed integrals I{ and n along
the perturbed homoclinic loop, although the approximations are not on an 0(1)
time scale (see, for instance Hirsch et al. [7] and Wiggins [17]). Thus one may
conclude that the homoclinic orbit of (p., 0, n.) survives the perturbation if
(3.19)

6.K(K., n.)

= 6.D(I<., n.) = o.

Furthermore one remarks that expressions (3.13) and (3.14) can be integrated explicitly for I{= K., f! = n. : FK,n has a double zero at a saddle point (see (3.12)),
hence there remain only quadratic polynomials (in R = p2) under the root expressions of 6.I< and Lf!. One can show that identities (3.19) can be satisfied, by the
same reasoning as above: find a zero of 6.f!(K., f!.) using parameters E, H, T/, (, o
and free parameter ( and construct a zero of LK(I<., n.) by chosing a. Remark
that FK.,n.(p 2) can be written as (see (3.12))
R · FK.,n.(R)

= ~(H 2 -

EH+ l)(R - R.)2(R - R,,)(R

+ R_),

with R = p 2 , R. = p;, R,, = p~ the intersection of the homoclinic loop with the
p-axis and R_ > 0, the third zero. The numerator of the integrand of 6.f!(K., f!.)
can be factorised into (oH - ()R(R - R.)(R - R.). Hence Lf!(I<., n.) becomes,
see (3.13)

Lf!(J<.,f!.)=-c:

(oH-()
{R"
- EH+ 1) JR,

✓½(H 2

R(R-R.)

✓(R- R,,)(R + R_)

dR+O(c:2).

This expression can be made zero by adapting the parameters: there are enough
parameters to adjust Rs, while R., R_ and R,, remain fixed. Remark that it is
necessary that O < R. < Rs < R,, and thus, for instance
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T/

8H - ( < O
(see (3.15), we assume here that 8H - (-=/ 0). Thus, by choosing a- correctly it is
possible to satisfy (3.19). Eliminating ( from identities (3.19) yields one expression
P(B, H, T/, (, 8, a-)= 0, a manifold of codimension 1 in parameter space determining
a boundary, or an interior boundary, of D: crossing this manifold in parameter space
means the creation or annihilation of a periodic solution by a global bifurcation.
This proves theorem 3.4.
(c) It is possible to study Poincare map P close to a fixed point: one has to linearise
L:.O and L:,.l{ in the neighbourhood of a zero (remark that it is difficult to determine
L:.O, etc). One can now look for local bifurcations of map P:

dt

• a saddle-node bifurcation: two periodic solutions melt together and disappear
• a Hopf-bifurcation: this causes the creation of a invariant torus for the flow of
(3.6), corresponding to a quasiperiodic solution of original equation (3.4) with
three different frequencies
• a period doubling bifurcation
etc.
There are of course more complex bifurcations possible.
We may conclude that one can determine (parts of) the boundary of domain D
and its subdomains. However, the computations are very extensive: we have (for
the greater part) computed the bifurcation domains in (B, H, T/, (, 8, a-, v2 ) space in
the case of Hopf-bifurcation and the homoclinic bifurcation. We did not analyse the
bifurcations of map P (mentioned in part (c)) .
3.2.2

2H - B

= 8 = a- = 0

In this subsection we study the case in which the non-classical system behaves like
the classical one. The conditions 2H - B = 8 = a- = 0 relate quantities which are
essentially independent. Therefore they are non-generic and will only by accident
occur in applications. Nevertheless it is worthwhile to work out briefly the implications.
In terms of coefficients of equation (3.4) 2H - B = 8 =a-= 0 means:

i3 + 3.B = 0, b(i) + 3&(i) = 0 and v 2 B + b(i) = 0,
or, with

/3 = iJ + id(i),/J = B + ic&(i):
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/:J + 3~ = 0 and v2 Re/:J +Im/:)= 0.
With this choice of the parameters system (3 .6) is symmetrical and volume-preserving:
(3.20)
with S as defined in (2.6). In order to apply the method used in Doelman [3] we
have to impose some further conditions:
• S < 0 (see section 2: the curve of periodic solutions of (2.2) is an ellipse)

• parameters ( and T/ are such that, for an arbitrary value of the free parameter
( = ((w), system (3.20) either has no critical points or only two critical points
( with again a degeneration in the n = 0 plane): for arbitary values of ( and T/
4 critical points may exist, this disturbs the analysis of the important Poincare
map P (see 3.1). Thus we choose
T/

2

T/

> --.
" = 0 or -(-< 0 or -c-vCB
1

(3.21)

Conditions (3.21) become in terms of the parameters of the original equation (3.4 ):
v2

-

(i) -

g0

-

0 or

b(i)
0
V2 -

g0

2

b(i)

< 0 or

0

(i) _

V2 -

> r--o·

(i) _

g0

v -S

If the coefficients satisfy the conditions above we can use the methods of Doelman
[3]: one can define a Poincare map P and compute it up to O(c: 2 ). System (3.20)
exhibits now the necessary properties ( divergence free, symmetries, etc.) which are
essential for the analysis. Hence we establish:
• The "regular" periodic orbits of the unperturbed system (fig. 4) break open
as a consequence of the perturbation. There is, however, one singular periodic
solution in the n = 0 plane (fig. 5) which survives the perturbation. The
situation is not exactly similar to the classical case: the degenerated periodic
solution of (3.20) does not correspond to a periodic solution of (3.4), but to
a degenerate quasiperiodic solution. This is due to the fact that, unlike in
the classical case, 0z ¢ 0 in the O = 0 plane of the unperturbed non-clasical
system: Bz = Hp 2 ¢ 0 if H -f O (see (2.19)). Since this quasiperiodic solution
oscillates through the origin of the complex plane it differs essentially from the
non-degenerated quasiperiodic solutions of the unperturbed equation.
• There is a set X such that there exists a heteroclinic orbit connecting two
critical points of (3.20) for every ( E X (set X is a transformation of a set
W since ( = ((w), with w the free parameter). These heteroclinic orbits
correspond to solutions of (3.4) connecting counterrotating periodic patterns.
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Remark: as we can check in section 2: for S < 0 and 2H - B = 0 the unperturbed
system has a phase portrait in an=
plane as in fig. 4 for 0 <I
I<
Thus ,
as in the critical case: n+ = -n_. The critical separation points P_ = (k_ , R:_)
and P+ = (k+, Rt) satisfy R_ = R+, however k+ =/ -k_ in general, which is the
case in the classical situation (to satisfy also k+ = -k_ in the nonclassical situation
we have to demand B = 0 (i.e. B = B = 0), conic (2.5) is now, as in the classical
case, a semicircle). Consulting the results of the stability analysis of section 2.1 and
applying the extra condition 2H - B = 0, we observe:

no

no

2h·

• 0 :S B '.S y'2: all saddle points of the unperturbed system correspond to stable
periodic orbits.

• y'2 < B < 2: some saddle points are unstable.
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Chapter 5: Finite dimensional models of the
Ginzburg-Landau equation

1

Introduction

Starting point of the investigations in this paper is the so-called Ginzburg-Landau
equation:

2
i)2if>
OT =(a+ ,Blif>I )if>+' 8(2

8if>

with a,,B,, EC and if>((,T): Rx R-+ C. This equation appears as modulation
equation describing the nonlinear evolution of disturbances of, a basic pattern of
a physical system, which are linear unstable. Problems of practical interest , such
as Poiseuille flow, Rayleigh-Benard convection, reaction-diffusion systems, can be
modelled into one general description for which one can derive a modulation equation
which governs the nonlinear evolution of patterns (for control parameter R close
to the critical linear stability bound Re) (see DiPrima et al. [l], Newell [9] or
Doelman [2]). The Ginzburg-Landau equation can be considered as a model equation
describing this nonlinear evolution: coefficients a, ,B, 1 can be computed for a given
practical problem (see [2]). The derivation process yields that Re a> 0 and Re 1 >
0; to balance the linear growth we choose Re ,B < 0. Hence we find as rescaled
Ginzburg-Landau equation:

(1.1)

~~ = (1 -

2

(1 + ib)l1/Jl )1/; + (1 + ia)!:~

with a, b E R. The equation can be used to study the stability of periodic solutions
of the basic equation, which are solutions of the type 1/J(z, t) = Rei(kz+wt) of (1.1).
Stuart and DiPrima [13] established that all periodic solutions are unstable if

1 +ab< 0
(see also looss et al. [5]). Instability of all periodic solutions suggests the presence
of chaotic behaviour. To investigate (1.1) more thoroughly one can restrict oneself
to a special class of solutions: the space-periodic, even solutions, i.e. one sets
00

(1.2)

1/;(z, t) =

L

Zn(t) einqz

n=-(X)

for some q

> 0, with Zn:

R-+ C and Zn(t)
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= Z_n(t) for

all n.

1.1

Remark

This spectral expansion is physical quite natural, it corresponds to the zero-flux
boundary conditions, ~~ = 0, at the ends of the interval [0, 2t]Substituting (1.2) into (1.1) yields
(1.3)

Zn= (1 - n 2 q2 (1

+ ia))Zn -

(1

+ ib)

L

ZkZeZ~

k+l+m=n
with z;. the complex conjugated of Zm. This equation, and also equation (1.1)
for other boundary conditions, has been studied by Ghidaglia and Heron [4]. They
derived upper- and lower-bounds on the dimension of the global attractor, see also
Doering et al. [3]. It appears that infinite dimensional system (1.3) has a finite
dimensional attractor of (low) dimension Dq(a, b)(Dq(a, b) ---+ oo as q l 0). Equation
(1.3) has also been studied numerically: Kuramota and Koga [7], who studied (1.3)
as a model for chemical turbulence, fixed q, and took b, a measure for the nonlinear
coupling between the reactants, as bifurcation parameter. Moon et al. [8] and Keefe
[6] fixed the coefficients of the Ginzburg-Landau equation and used q as bifurcation
parameter. Keefe [6] considered a= 4, b = -4 (thus 1 +ab< 0) and q E [0.6, 1.4],
and found a global attractor of maximal (Lyapunov) dimension 3.05 (at q ~ 0.950).
Computations of the wave-number spectra ([6], [8]) show that the relative energy
content of a mode Zn, Pq(n) (see (3 .19)), is a rapidly exponentially decaying function
of n (for q fixed) and Pq(n) < 10- 4 for n ~ 4 for all q > 0.6.
It is of course impossible to study numerically an infinite dimensional system. Moon
et al. [8] investigated a truncated model of (1.3) with 64 modes. They checked that
increasing the number of modes does not alter the dynamics of the flow.

The outcome of the research in [3] and [4] and the numerical simulations carried
into execution in [6] and [8] justify a study of the truncation of (1.3):

z<N>
z<N>
z<N>•
k
l
m

(1.4)

k+l+m=n
lkl,lll,lml~N
for n

= 0, 1, ... , N

and

z!,;1> = z!!':j

for all m, N.

In this paper, we study these finite dimensional models of the Ginzburg-Landau
equation.
As in [3], [4], [6], [8] we are mainly interested in the global attractor of the flow
induced by (1.4): we want to determine its position in the N + 1-dimensional phasespace. Moreover, we like to investigate the influence of N on the global attractor
(the numerical results of Moon et al. [8] and Keefe [6] suggest that this influence is
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negligible).
Our first result is that there exist (for all N) a region Ratt which attracts the flow
induced by (1.4):
N

Ratt = {z E

cN+i :

lzol 2 + 2 L lzn l2 ::;

1}

n=l

Using this we derive our main result: for all a> 0 there exist constants I<(a) and
M(a), I<(a) and M(a) are independent of N, such that for M ~ M(a)

(1.5)

.

(N)

J<(a)

h~~p IZM (t)I::; M<>

Thus the maximal magnitude of a mode zt") of the global attractor decays faster
than any algebraic power as function of M- 1 and we have estimated the position
of the global attractor in phase-space by bounds independent of N. Therefore, as
was suggested by the numerical simulations, we may conclude that the influence
of N on the global attractor is small. As a corollary of the analysis we can prove
that there is a Q 0 = Q 0 (b), independent of N, such that the Stokes solution (i.e.
ztl = e-ibt, ztl = 0 j = 1, ... , N) is a global attractor of system (1.4) for q > Q 0 .
Numerical simulations (see section 4, fig. 1) show that the Stokes wave is a global
attractor as long as it is linear stable (see section 2).
The results mentioned above are derived in section 3 (section 2 consists of some
basic observations). In section 4 we investigate numerically the dynamics of (1.4)
in cases of radical low-dimensional truncation: N = 1, 2 and 3. We study these
systems by a projection of a Poincare map into the plane spanned by Re Z6N) and
Re z!N) (see section 4). We compare in detail between these projected sections of
the global attractor for N = 1, 2, 3 and N = 31 (the case studied by Keefe [6]) .
It should be remarked that the conclusions on the similarities between the global
attractors are all based on the comparisons between these projected sections.
The outcome of the numerical simulations is summarized in fig. 1 (section 4).
There is a neat agreement between the numerics and the analysis of section 3: system (1.4) exhibits for N = 3 the same qualitative and quantitative features as the
32-dimensional complex system studied by Keefe [6], i.e. the modes ztl, ztl, ...
etc. do not significantly influence the asymptotic dynamics of the flow of (1.4).
The behaviour (fort -+ oo) of the solutions of the 3-dimensional system (N = 2)
differs only slightly from the N = 3 system for values of q close to a chaotic region.
For N = 1 system (1.4) exhibits already remarkable similarities with the higher
dimensional systems.
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1.2

Remark

Although the higher order modes appear to be very small (see section 3, 4 and [6],
[8]) they do not become zero, i.e. they do not disappear as t --+ oo. Thus the higher
order modes do not influence the low order ( zaN\ ztl, ... ) modes of the attractor ,
but the attractor is on a manifold which has to be described by all N + 1 axes of the
N + 1-dimensional phase-space. One could try to find a transformation of the base of
the spectral expansion {einqz}~=-oo to determine a base such that the global attractor
can be spanned by the first N' vectors of the new base (for some N'). This has been
done by Sirovich and Rodriguez [12]: they determined a linear transformation by
integrating (1.4) for N = 15 with q fixed at 0.950, the most chaotic case, and solving
(numerically) an eigenvalue problem. System (1.4) written down along this new base
still excites all modes, however truncated to a (complex) 3-dimensional system, it
exhibits the same dynamic behaviour as the system studied by Keefe [6]. It should
be remarked that it takes a great numerical effort to obtain good approximations of
the coefficients of the terms of this truncation, the truncation still excites 8 modes
of the standard base.

1.3

R e m ark

Ghidaglia and Heron [4] proved that the dimension Dq of the global attractor of
untruncated system (1.4) becomes oo as q l 0. Estimate constant K(a) (see (1.5))
also tends to infinite as q l 0. Moon et al. [8] studied the dynamics of (1.4) for q <
0.6, they observed that the influence of z1N), ztl, etc. grows as q decreases. Hence
we expect that system (1.4) will not exhibit the "correct" asymptotic dynamics as
q deacreases below 0.6.
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2

Some basic observations

In this section we derive some elementary results which are useful in the sequel of
this paper.
a. The stability of the Stokes wave

Equation (1.1), with the zero-flux boundary conditions, has a simple time-periodi c
solution: 'ljJ(z, t) = e- ibt, the so-called Stokes wave. This solution can also be regarded as a solution of finite-dimensional systems (1.4 ):
N
(z0(N) , ••. , z(N))

(2.1)

-_ ( e -ibt , 0, ... , 0)

The Stokes wave is a solution of (1.4) for any N (also N

2.1

= oo).

Property

Stokes solution (2.1) of N-dimensional systems (1.4) is stable for
q > q0 (a,b)

(2.2)

=

_ 1 + ab
2
2

1+a
Thus, the critical (bifurcation) value of q does not depend on N. Remark that (2.1)
is stable for all q if 1 + ab > 0. It appears in the numerical simulations that (2.1) is
the only attractor for the flow induced by (1.4) for q > q0 , it is a global attractor. In
corollary 3.6 we prove a weaker result: (2.1) is a global attractor for q > Q 0 > q0 , Q 0
independent of N.

Proof
We linearize along the Stokes wave:

ZdN)(t)

=

e-ibt + zo(t),

zt)(t)

=

The equations of (1.4) decouple, setting Zk

wk= -[(l
for k

+ k2 q2 ) -

Zk(t)

k = 1, ... , N

= e-ibtwk yields

i(b + ak 2 q2 )]wk - [l

+ ib]wk

= 0, 1, ... , N. The zero solution of this system is stable if
2 > 1 -2(1 +ab)
q - k2
1 + a2
k = 1, ... , N

(w 0 = 0 is stable for all q ). Remark that ztl is the first mode which becomes
unstable.
b. Symmetries
There are two transformations T<I> and S,, which carry over solutions of (1.4) to
other solutions
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T ,J, (zo(N) , ... , z(N))
N -- ( e i,J,z(N)
o , ···, e i,J,z(N))
N ,

(2.3)

</>

E [O , 21r)

Remark that, in a sense, we did already use T,J, in the proof of property 2.1. Using
T,J, one derives:

2.2

Property

Isolated, periodic solutions of (1.4) has to be of the form r(t)
w ER and some complex vector A(N) E cN+i _

= A(N) eiwt for some

Although this result is quite classical we give a short proof:

Proof
Let f(t) be a general isolated periodic solution of (1.4), T,J, generates a surface of
solutions:

Thus, f(t) has to be invariant under T,J,. Using the Fourier decomposition of f(t)
00

r(t)

=

I:

aneiwnt,

n=- oo

an E cN+I, w E R, one easily derives that the only periodic solutions, invariant
under Tq, are r(t) = Aeiwt for w E R,A E cN+I.
Property 2.2 yields that isolated, periodic solutions of (1 .4) can be found by solving
the N + l dimensional complex system
(2 .5)

iwAk

= (l - k 2 q2(1 + ia))Ak - (1 + ib)

L

AeAmA~ .

f+m+n=k
Using T,J, we can reduce (1.4) to a 2N + 1 dimensional real system, by setting
Zk = Rkei,J,k and replacing </>0 , ••• , </>N by </>o-</>N, ... , </>N-i -</>N- The isolated periodic
solutions of (1.4), solutions of (2 .5) , are stationary points of this system. The
stability of the periodic solutions can now be computed by direct linear analysis.

Remark
The above results are also true for the untruncated (N

96

= oo)

system.

3

Estimates on the position of the global attractor

In this section we study the asymptotic dynamics of the flow induced by N + 1dimensional system (1.4). It is our goal to derive estimates on lim sup IZ~)I for
t- oo

general N, and independent of N. The disappearance of the Nin the constants of
the estimates is achieved by a limit process of successive estimates. To start this
process we need an estimate like
limsup 1ztll :S 1 for all M
t-oo

This result is a direct consequence of proposition 3.1.

3.1
Let

Proposition

(zJNl, ztl, ... , zfl)

be a solution of system (1.4). Then, for all N ~ 0:

N

limsup
t- oo

L 1zt\t)l2 :S 1
k=-N

Thus the regionRatt = { z E cN+i:
for the flow induced by (1.4).

lzo l2 +2I:;~ 1 lzd 2 :S 1} is a domain of attraction

Proof
Set
N

(3.1)

w(Nl(z , t) =

L

zt\t)eikqz

k=-N

It is natural to expect that w(N) is an approximation of '11, a solution of (1.1). Since
zt) satisfies (1.4), w(N) is a solution of a partial differential equation resembling
(1.1):

(3.2)
with

(3.3)

R(N)

= (1 + ib)
k+l+m=n

In corollary 3.10 we will prove that IR(N)I = oc;fl)'v' /3 > l.
We now derive an equation for Iw(N) 12 ; by integrating this equation over one (spatial)
period we obtain
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(3.4)
2~

(remark that

foq" R(N) · ir,(N)•dz

[7 1ir,(N)l2dz =
lo

21r
q

= 0). Since

f,

1ziN)12

k=-N

I:: 1zt>1 2= I(t)
N

we obtain, with

k=-N

(3.5)

dl < 2J - 212
dt -

which proves the proposition .

Remark
A similar result, for the untruncated system (R(N)
DiPrima et al. [3] and Newton and Sirovich [10].

0) has been obtained by

We want to derive upperbounds on IZt\t)I for t -+ oo, i.e. we are interested
in the position of thew-limit set of a solution of (1.4) with arbitrary initial data.
We have now proved that an w-limit set of (1.4) will be always inside Ratt· In the
sequel we choose the initial data such that
N

(3.6)

I(t)

=

~

1zt>(t)l2 '.:S

1 for all t,

k=-N

which can be achieved by choosing the initial data inside (or on the boundary of)
Ratt• This is no restriction. It is a priori possible that a solution of (1.4) remains
outside Ratt for all finite t. However, such a solution approaches, arbitrary accurate,
one or more solutions of (1.4) which satisfy (3.6). This is due to the fact that an
w-limit set consists of a collection of solutions of the differential equation (see, for
instance, Verhulst [14]). Thus, estimates on the behaviour for t -+ oo for solutions
satisfying (3 .6) are valid for all solutions.
We proceed by estimating individual modes 1zt>1 for t -+ oo (assuming (3.6)).
The estimates we derive are valid for all values of parameters a, band q(q > 0). We
are mainly concerned with estimates which bound 1z¼")I by functions of M which
decay as M grows and which are independent of N.
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3.2

Theore m

For M 2:: M 0 (q) 2:: 2:
(3.7)

limsuplZt"\t)I :SLM¾ '
t ..... oo

Loo does not depend on N, Loo = max(Mo - l,J{:l 1qtb

2
),

for some I{= J<(M0 ).

Thus , for any N, a mode 1zt'7)(t)I will become smaller than

/J

2 ,

for some K, as

t - oo. The proof of this theorem is based on an iterative estimation-process: first
we derive a (rough) estimate for 1zt")I depending on N, the N disappears after "oo"
iteration steps.

3 .3

Proof of theorem 3.2

Define F}:) =

z(N) z(N) z(N)•

I:

k

l

m

k+ l +m=M

lkl,lll,lml::,N
and ct)= -(1

(3.8)

:t

+ ib)zt'7l•FJ:l- (l

-ib)zt'7lFJ.fl•. Then, by equation (1.4):

1zt"l1 2 = 2(1 - M 2q2)1zt-7l1 2 + cC:l

We observe, using proposition (or (3.6)) that
N

IFAfll

< I: 1ztl1
k=-N

I:

1zJMl11z!,;"li

l+m=M-k

lll,lml::,N
N

< I: 1ztl1
k=-N

N

(11z(N)12
2 l

I:
l=-N
IM-k-ll::,N

and

for all L :S N . Thus :
(3.9)

IF¼')I :::; ✓2N

+1

Expression cC:) can be estimated by

(3.10)
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+ 11z<N)
2 M-k-l 12)

From (3.8) we deduce: if 1 - M 2 q2 < 0 then

(3.11)

1
. sup IZM
{N)( t ) 12 ~ sup IG(N)
11m
M I
M2
t-oo
t
q21
21 1 -

which yields, using 1zt7>1 ~ 1, (3.9) and (3.10)

(3.12)

.
1zCN>(t)l2 <
1imsup
M
-

- 00

J(l 11+ b2)(2N
+ 1)
M2 21
-

q

This situation is exactly as above: since we are only interested in estimates for the
w-limit set (t--+ oo) we may from now on assume that (3.12) is satisfied for all t.
This idea will again be used (frequently) in this proof: strictly speaking we derive
estimates on the limsup fort --+ oo of IZt'\ but we immediately assume that the
inequality holds for all t. Inequality (3.12) can be reformulated into:

(3.13)

1zt'\t)I

~

t

for all t,

with M such that 1-M2 q2 < 0, i.e. M 2 M0 (q) > ¼and £ 1 = N¼ L 1 (q, b). Constant
L 1 depends on the choice of M 0 , if for instance M0 is such that MJq 2 - 1 2 aMJq 2
for some a > 0 then one may choose

(3.14)

L1=Ka·-Y3~
q

7a·

(estimating ✓2N + 1 by~· ✓J°), with Ka =
Remark that Ka, and thus L 1 ,
becomes larger as one chooses Mo smaller. Substituting (3.13) into (3.10) and (3.11)
we obtain
3

(3.15)

(N)I

IZM

~

.Cl
M½

for M > Mo

(and, as in mentioned above, we assume that (3.15) holds for all t). We can now
start a process of successive estimates:
Step A: a new estimate for

IF¼"ll

Inequality (3.9) can be sharpened using (3.15):

(3.16)

~

N

I:

1ziN>1

k=-N

(Ci)

<

I:
k=-[£i)

N

1zt>1 + 2

I:

1zt>1

k=(£1]+1

in which we use [£ 1 ]= entier of £ 1 . By proposition 3.1 we have (see above)
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[.C1]

L

1ziN>1:::; /2[£1] + 1 :::; /2.c1 + 1

k=-[.Ci]

We want to apply (3.15) to the second term of (3.16), to this end it is necessary
that [.Ci] + 1 ~ M 0 • If this is not the case we replace £ 1 by .c; = £ 1 + £1, £1 E N
such that [£ 1] + £1 + 1 ~ M 0 . We immediately skip the accent of .c; . (Remark that
£ 1 is of order N¼, hence large for large N.) Thus, by (3.15)

with here, a= ~' in the sequel we use other values of a E (~, 2). Hence, we deduce
(using £ 1 > Mo - 1 and assuming Mo~ 2)
(3 .17)
with C1

= 12 as a= ~ : IF¼">I is bounded by a term of order N¼, while the previous

estimate of

IF¼">I, (3.9), is only of order N½.

Step B: a new estimate for
Using estimate (3.15) of
(3.11) we find:

1zt>1

1zt>1

7

(3.18)

1zt>1:::;

f;f

for M

and new estimate (3.17) of

wt>1

Ill

(3.10) and

~ Mo

with

9

and thus £ 2

= N¼·t · L 2 (q,b),L 2 = /(2 (

1 2
~ :b

)7, with /(2 a certain constant.

It is clear that we can continue this process by using (3.18) in stead of (3.15) in
step A and B:
15

< .Cl
lz<N>1
M
- M't
.
I 5 II
( •~)')'3
with
£ 3 = Nr1·ii
· 1(3 ~
, for some exponent 13 ( one may have been forced
to adapt £ 2 in step A to obtain [£ 2 ] + 1 ~ M 0 ). We can now again return to step
A, etc. We obtain, for the general n th step:
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< L~-rn

z(N)I
M
-

l

r2-2-n

,l...,n

Af2-2-n

= I( . 0+b2 y rcL½-rn ,
vn -1 n -1
a

q

with Ka as in (3.14) and Cn
one can show:

Ln

81(2~
-+

a

q2

= cx4::!!1 , O'n = 2-2-n (see (3.17)).
as n

-+

By basic calculations

oo

( this can be done be deriving the exact expressions for the exponents of
and observing that Cn -+ 8 as n -+ oo ).
Remark that any time step A is used it is necessary that [L;]
define L 00 = max(Mo -1, sK~v;W)
and deduce
q

+1 ~

(I<a · Vi:b

2
)

Mo. Hence, we

whi ch proves theorem 3.2.

3.4

Remark

One can see directly that L 00 is independent of N: let f3n be the exponent of N in
= Nf3nLn(q,b). Applying, one time, step A and step A yields:

Ln: Ln

/Jn+ 1
hence /Jn

3.5

-+

3•2n - 11) /Jn

= (4 . 2n -

0 as n

-+

oo.

Remark

The essential result of this proposition is the fact that IZtl can be bounded by
j.;2 for t -+ oo, I( independent of N . Of course I( can be sharpened by a more
sophisticated procedure using less rough estimates.
Numerical simulations demonstrate that for q > q0 (a, b) (see (2.2)) Stokes solution zt> = e-ibt+<Po, zt>
0 k = 1, ... , N attracts all solutions of (1.4), it is a
global attractor (see section 4). This result does not follow from our analysis (the
estimates are not sharp enough), however:

=
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3.6

Corollary

= Q0 (b) > q0 (a, b), Q0 independent of N,
limsup 1zt>1 = 0 for k = 1, ... , N
t-+oo
lim
1zt>1 = 1
t-+oo

There exists a Q0

such that for q > Q0 :

Hence, the Stokes solution is a global attractor for the flow induced by (1.4) as
> Q 0 • Remark that this result can not be a direct consequence of theorem 3.2
since £ 00 2: Mo - 1 2: 1.
q

Proof
It is clear that the main part of the assertion follows from estimate (3.12) in the
beginning of the proof of theorem 3.2. Define Q< = Q<( b, N) > q0 (a, b) such that
lim sup 1zt>1 ~ t for k = 1, ... , N and 0 < t ~ 1. The equation for zt> then reads
t-+oo

(see (1.4))

z~N) = zt) - (1 + ib)zt>1zt11

2

+ 0(t 2 )

Hence, zt> will tend to an O(t) neighbourhood of the Stokes solution IZ~N)I = 1.
From the linear stability analysis (section 2) follows that there exists a neighbourhood of 1zt) I = 1 in ( z~N)' ... , z>J"l) space which is invariant for the flow induced by
(1.4): once a solution enters this neighbourhood it will be attracted by 1zt>1 = 1,
1zt>1 = 0, k = 1, ... , N (this is due to the fact that all relevant eigenvalues are
strictly negative). Thus choosing t = to small enough, (and therefore Q 0 large
enough) yields the result ( to can be chosen independent of N). Thus, remark that,
by using only estimate (3.12) , Q 0 increases as N increases, which is not natural in
view of theorem 3.2. However, for large N and M we can apply theorem 3.2: using
estimate (3.12) is not necessary if~ ~ t: 0 • Hence Q 0 can be chosen independent of
N.
The result of theorem 3.2 can be improved by using another type of estimate for
We observe that IF¼')I has to be small for large M: in proposition 3.1 and
theorem 3.2 we only used estimates on F,W) independent of M. Although it requires
a lot of "bookkeeping", it is not difficult to prove, by basic calculations

IF¼"\

3.7
Let

Lemma
ak

> 0, k = -N, ... , N with

- ak

= a_k

for all k.

- I: az ~ 1
lkl:",N
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- ak ~ lk1a for some o:

> 1, lkl > k0 •

Then

L

G

~ IMI"'

akataml

k+l+m=M

for some G

= G( o:, L ), IMI > M1 = M1 ( o:, L, k0 ),

L

Hence, since IFJ;l I ~

G and

1ztl11ztl11z.<:7l1,

M1

independent of N.

we establish, using theorem 3.2

k+l+m=M

and lemma 3.7

IFJ:'ll ~ ::.2

for some

G,M > M1 ,

G and M 1 independent of N. This new bound for FJ;l can be used to estimate
dtfl. Thus, as in the proof of theorem 3.2 we deduce, using (3.10) and (3.11)

limsup 1ztll

~

t-+ OO

ML'3

for

M > M1

and some L' independent of N. We can now again start a process of successive
estimates similar to the process used in the proof of theorem 3.2: step A has to be
replaced by an argument as above, using Lemma 3.7. This yields:

3.8

Theorem

For all o: ~ 2 there exists a I< ( o:) and a M (o: ),
such that for M > M(o:)
limsup IZW\t)I
t-+ oo

3.9

~

J( ( o:)

and M( o:) are independent of N ,

KM(~)

Remark

Hence we have proved that lim sup 1ztll declines faster to O (as function of M)
t-+ oo

than any power of M- 1 as M increases. However, we did not prove that this decay
is exponential. The wave number spectra computed numerically by Moon et al. [8]
(with N = 63, i.e. 64 modes) and Keefe [6] (N = 31) exhibit an exponential decay
of
(3 .19)

p(n) = lim
q

t-+OC>

fio IZANl(r) l2dT
Llkl$N Iio 1zt\r)l 2 dr

as a function of n (for q fixed and T0 "large").

In the proof of proposition 3.1 we introduced the "trigonometric polynomial" w(Nl( z, t),
see (3.1) . The function w(N) is a solution of a 'perturbed' Ginzburg-Landau equation:
104

oiJ!(N)

-at- = (1 -

(1

a21J!(N)

+ ib)liJ!(N)l 2 )iJ!(N) + (1 + i a )8z-2 - + R(Nl(z , t) •

We can now estimate R(N), using theorem 3.8 and lemma 3.7

Hence,

3.10

Corollary

lim sup IR(N)(z, t)I

= O(J

0

)

for all a> 0 uniformly in z.

t-+ oo
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4

Bifurcation histories for N = 1, 2 and 3

In this section we study, numerically, three low-dimensional truncated models of the
Ginzburg-Landau equation: system (1.4) for N = 1, 2 and 3. We compare these
models to each other and to the outcome of the N = 31 model studied by Keefe [6].
As Keefe we fix a = 4 and b = -4 and use wavenumer q as bifurcation parameter in
the range 0.6 < q < =· It should be remarked that system (1.4) with respectively
N = 1, 2 or 3 is a 2-, 3- or 4-dimensional complex differential equation which can be
reduced, using symmetry T<t, (section 2), to, respectively, a 3-, 5- or 7-dimensional
real system.
We determine numerically the asymptotic dynamics (t -+ =) of the flow induced
by (1.4), for arbitrary initial data (inside Ratt, see section 3), using a Poincare map:
we plot the projection in the Re(ztl), Re(zJN)) plane of the section of a
solution Z(t) of (1.4) at Im(zt)) = 0 with -film(zt)) > 0. The set of points
in the Re(Z6N)), Re(zJN)) plane, depending on the value of parameter q, is
called wq.
The set of points S0 wq, induced by solution S0 Z(t), S0 as in (2.4), is the mirror-image
of wq in the Re(Z6N))-axis. Thus S0 wq = Wq if Wq is symmetrical. (There is an interplay of merging and splitting between wq and S0 wq which causes many bifurcations.)

In this section we will sometimes refer to Keefe's results ([6],N = 31) as the untruncated N = = model. The magnitudes of the various modes (N = 1, 2, 3) are very
similar to the magnitudes of the modes in the N = 31, or= case: max(IZ6N)I)::; 1
(and decreases as q decreases) and max(IZ~N)I) ::; 0.4 for any N; 1zJM)I and 1zJN)I
are very small compared to 1ztll and 1zJNll : 1zJMll
0.01 and 1zJNll
0.001
(although they grow as q decreases).

~

~

The results are summarized in fig. 1. Here we plotted, for N = 1, 2, 3 and "="
the bifurcation values of q. Lines connecting the "N-beams" represent similar bifurcations. Parts of the N-beams with the same character in it represent similar
structures wq in the Poincare sections, for different N. We did not plot all bifurcation values of q: in regions (x) and (y ), E, F and G more bifurcations can be found.
As was remarked (and partly proved) in section 3: the Stokes wave is a global attractor for the flow as q > q0 ( a, b). For a = 4, b = -4 we have q0 ( 4, -4) = ~ '.::::'. 1.328 ....
We discuss in detail the differences and similarities between the bifurcation histories of (the asymptotic dynamics) of solutions of (1.4) for N = 1, 2 and 3 with
bifurcation parameter q.
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Figure 1. Bifurcation values for q decreasing from 1.4 to 0.6. Shaded regions stand
for q values at which (1.4) has a chaotic attractor.

Regions A and B
N = 1,2,3 (fig. 2)
The Stokes wave corresponds to a critical point in the (Rk/Pk - <l>N) system:
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- this critical point undergoes a pitchfork bifurcation, due to symmetry Su, as
q passes through q0 (-4,4) = 1.328...
- as q decreases further the two new stable critical points become unstable again
by a Hopf-bifurcation, at values of q, now dependent on N.
Translating this back to solutions of (1.4) yields:
- entering region A: two new stable periodic solutions split of from the Stokes
wave.
- entering region B: the two periodic solutions bifurcate into invariant tori, by
a Hopf-bifurcation, see fig. 2.
These two bifurcations can be analysed locally in the (Rk, <Pk - <PN) system.

Remark
Newton and Sirovich [10],[11] analysed the untruncated equation (1.1) near the
Stokes wave W(z, t) = e-ibt using perturbation techniques. For q close to qo(a, b)
they found two, stable, symmetric, even, periodic solutions, the same we find in
the truncated system. In [11] they proposed, but did not prove, a Hopf behaviour
similar to the behaviour we observed at the next bifurcation value.
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r··-.
\, ··- ..... ,
\,

'•
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,.....

'

I . DO ,-.....,,- - - - - - - - - - , - J I. DO ,-.....,-------------:-11, 'DO

AEIZOI

AEIZOI

a
b
Figure 2. Region B . a: N = 1, b: N = 2, c: N = 3.

Region C
N

= 1,2,3

(fig. 3)

The tori grow larger and melt together (wq
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Region D
N

= 1, 2, 3 (fig.

4,5)

The attracting forces of the 8-shaped Wq become weaker as q decreases. At the next
bifurcation value a chaotic attractor, enveloping the 8-shaped wq, appears ( although ,
for a small range of q both attractors seem coexistent). Remark that, although for
different values of q, the topological features of the Poincare sections for N = 1, 2, 3
(and "oo") are still similar. Keefe [6] computed the Lyapunov dimension Lq of this
chaotic attractor as a function of q: Lq is larger than 3 for q E [0.910, 1.030]. Hence
the dimension of the governing system has to be at least 4, thus N = 1, which is
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essentialy a 3-dimensional (Rk, <Pk - <PN) system, can no lon ger exhibit the same
Poincare sections as N = 2, 3 and "oo". The maximum value of Lq, Lq = 3.05, is
attained at q = 0.950 , thus N = 2, 3 can still give the same pictures as N ="oo".
These pictures lack every kind of structure: they are 2-dimensional projections of a
structure with dimension larger then 3, they need to be examined using a different
approach (see [6]) .
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Remark
The w-limits sets are necessarily inside Ratt (see proposition 3.1) . However , the
numerics show that a solution of (1.4) in thew-limit set passes the Stokes solution
(and thus the boundary of Ratt) frequently very close (for q in chaotic region D) .
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This is possible (and not surprising) since for these values of q the Stokes wave still
has an N-dimensional attracting manifold and a 1-dimensional unstable manifold:
solutions may flow close along unstable solutions of saddle type.

Region E
N = 3 (fig. 7)

,

In fig. 7 we show how the wq's leave the chaotic region for N = 3. Although the
bifurcation values are not identical (they differ ~ 0.002), the topological structure
of the wq's is the same as observed in the N = 31(00) case. There is a different
bifurcation sequence for N = 2 at the boundary of chaotic region D, see region (x).
The wq's are again identical, for N = 2, 3, at q = 0.900 (see figure 6).
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We now describe the bifurcation history for N
= 0.900.

3 for increasing q, starting at

q

=f S0wq

- q

= 0.905 :

- q

= 0.908 : the loops of Wq split in two ("period-doubling")

- q

= 0.910 : another "loop-splitting": the onset of a sequence of loop-splittings

Wq becomes asymmetrical: Wq

=

0.911 : chaos, wq =f S0 wq: the big loop of wq does not intersect the
Re(Zg 3 >)-axis, it grows nearer as q grows

- q

- q

= 0.912:

the big loop of wq becomes tangent to the Re(zg 3 >)-axis: Wq merges

with Sowq.
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Region (x)
N

=2

(fig. 8)

Again we discuss the bifurcation behaviour for increasing q, startin at q

= 0.900.

- q = 0.905 : as N = 3 : w 9 becomes asymetrical
- q

= 0.915:

different from N = 3: the big loop of w 9 touches the Re(Z6 2 ))-axis:
w9 and S 0 w9 merge. Hence, w9 and S 0 w9 , merge before getting chaotical, while
wq gets chaotical before merging with S 0 wq for N = 3. In fig. 8a we plotted wq
and Sowq in one picture to show what happens when wq and S 0 wq merge.

- q

= 0.918

- q

= 0.920 : wq and S 0 wq merge again:

- q

= 0.921

i

,r-....
··:•.·.

·.

:

Wq

becomes symmetrical again

: chaos, after a sequence of period-doublings
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As q decreases further system (1.4) enters for N = 2 and N = 3 a second chaotic
region, F. The routes to and from chaos are similar to the situation around region
D: a chaotic attractor appears "suddenly" as q decreases into region F, it disappears by a sequence of period-halvings. Also, as in regions (x) and E, there is a
difference between the case N = 2 and N = 3: for N = 2 (region (y)) wq and Sowq
melt together before getting chaotical, for N = 3 (region G) wq becomes chaotical
before merging with S 0 wq (both cases for increasing q). The bifurcations for N = 3
are again similar to N ="oo".
We observe that the wq are again topologically the same for N

=

1, 2 and 3 as

q has entered region H, see fig. 9. Chaot ic attractor wq originates from the wq of
fig. 9a, N = 1, by a process which had been observed before: as q increases the
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intersection point of Wq with the Re(Za >) axis becomes tangent, Wq and Sowq merge
into one chaotic attractor. It should be remarked that one can find only one perioddoubling in region (y) (N = 2, q increases). It seems that there is no complete
sequence of peridod-doublings: chaos appears suddenly after wq has become asymmetrical again (just as in the case N = 1). These observations may be caused by
the numerical inaccuracy.
j

;·• .

0-0.857

.. ...
. ...

·-. ....

' NN.,_
- _______,.,.__,_..i:,..
.
~
~
...
,

,

.,,..

.,

,.

I

.... .

.
'

-~'

.

r--...
··•

·····)

, •"'

0-0.830

··-...

. ··· .......)

N
~

·_.,.
. .··

..

.•· j

t/l

,,' /

.·,,.-·
t,,,

~ - - - - - -- --~.m~•~--------_.,..1.m'
RElZOI

.m
RE!ZOI

RElZOI

a
b
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C

Regions H , I and J
N

= 1, 2, 3 (fig. 9,10)

The wq 's are similar for N = 1, 2, 3 and 31 (oo) for q in regions H and I . At the
bifurcation between H and I the asymmetrical 8-shaped Wq becomes symmetrical
(i.e. merges with S0 wq)- It should be remarked that in region I, for instance at
q = 0. 750, the wq 's are not only topologically equivalent, but also their proportions
and the position in the plane are very much alike. Keefe [6], i.e. N = 31(00), found
the next bifurcation at q = 0.700: all even modes (i.e. Z 0 , Z 2 , ••• ) disappear, and an
attracting periodic solution, with only non-zero odd modes appears. Remark that
due to symmetry Su solutions with only non-trivial odd modes are possible. Hence
we search for an isolated periodic solution with zt> = zJN) = ... = 0.

N=l
Setting za

1

>

= 0 we find

which has a periodic solution
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(4.2)

Wq(t)

= Q(q)eiO(q)t

with Q(q)

= ✓~(l -

q2 ), 0(q)

= (b -

a)q 2

-

b

Straightforward computation shows that this solution can not be stable. (Next
1
bifurcation appers at q = 0.513: Wq collapses into an isolated orbit with
l # 0).

za

N=2

Za

z?l

Setting 2 l =
= 0 we again obtain (4.1) with periodic solution (4.2). Wq(t) is
a stable stationary point in the (Rk, <Pk - </> 2 )-system for q E [0.574, 0.706]. This is
in agreement with the numerical observations: the even modes disappear is this q
region, solutions tend towards Wq , i.e. Wq is a global attractor.

N=3
We now obtain a two dimensional
with an isolated periodic solution

z(13 l

=

r q1 (t) , z(3 3 l

=

zPl, zJ3 l system, after setting za3l = zJ 3 l = 0,

r 3q (t)

This solution resembles Wq: IIWql - lf9 II and lf~I are small, the periods of Wq and
rq are almost the same, etc. Using the (Rk, <Pk - ¢>3 ) system we compute that rq
is stable for q E [0.574, 0.698]. We observe numerically a disapperance of the even
modes on this region, (0,
0, r~) is also a global attractor.
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Samenvatting
Modulatievergelijkingen beschrijven de niet-lineaire evolutie van verstoringen van
een laminair stromingspatroon. In vele processen in de natuur treedt patroonvorming op: met behulp van modulatievergelijkingen kan het optreden en de stabiliteit
van, bijvoorbeeld, periodieke stromingspatronen worden geanalyseerd.
In dit proefschrift worden verschillende aspecten van de eigenschappen van modulatievergelijkingen (en oplossingen daarvan) bestudeerd. Belangrijke onderwerpen
in dit verband zijn: de stabiliteit van periodieke oplossingen ( deze corresponderen
met waarneembare periodieke stromingspatronen), de verschillende speciale typen
van patronen (oplossingen) die met behulp van modulatievergelijkingen beschreven
kunnen worden, het gedrag van de oplossingen onder (kleine) verstoringen van de
coefficienten van de vergelijking, het benaderen van een modulatie (partiele differentiaal) vergelijking met behulp van eindig dimensionale modellen.
De afleiding van een modulatievergelijking, uit een gegeven, algemeen, fysisch
systeem, wordt beschreven en geanalyseerd in Hoofdstuk 2. De kennis van het
afleidingsproces stelt ons in staat om degeneraties op een systematische manier
te behandelen; dit leidt tot de afleiding van de gedegenereerde modulatievergelijking. Verder wordt in Hoofdstuk 2 de stabiliteit van periodieke oplossingen van
gedegenereerde modulatievergelijkingen voor 2-dimensionale en voor 3-dimensionale
systemen bepaald.
In Hoofdstuk 3 worden tijds-periodieke oplossingen van de Ginzburg-Landau
vergelijking met coefficienten met kleine imaginaire delen bestudeerd ( de GinzburgLandau vergelijking is een afgebroken modulatievergelijking). Aangezien de stationaire Ginzburg-Landau vergelijking met reele coefficienten integreerbaar is, is
dit hoofdstuk in essentie gewijd aan het bestuderen van een niet-lineaire verstoring van een integreerbaar systeem. Er worden methoden ontwikkeld om dit systeem te analyseren, zoals het benaderen van een Poincare afbeelding met behulp
van het integreerbare systeem; deze methoden worden ook weer in Hoofdstuk 4
toegepast. In dat hoofdstuk worden gedegenereerde modulatievergelijkingen met
reele coefficienten en met coefficienten met kleine imaginaire delen bestudeerd De
stabiliteit van periodieke oplossingen wordt bepaald; het stationaire, reele probleem
blijkt weer integreerbaar te zijn. De verstoringen van dit systeem worden bestudeerd
zoals in Hoofdstuk 3. De resultaten verschillen van het niet-gedegenereerde geval:
het verstoorde stelsel heeft nu we! periodieke oplossingen ( die corresponderen met
quasi-periodieke oplossingen van de modulatievergelijking). Het blijkt mogelijk de
coefficienten zo te kiezen dat het verstoorde stelsel homocline oplossingen heeft.
Hiervoor moeten de methoden ontwikkeld in Hoofdstuk 3 worden uitgebreid .
In Hoofdstuk 5 worden eindig-dimensionale Galerkin-benaderingen van de Ginzburg-Landau vergelijking op een eindig interval met periodieke randvoorwaarden
bestudeerd. Er worden schattingen afgeleid die de positie van de globale attractor
van de stroming bepalen. Deze schattingen zijn onafhankelijk van de dimensie van
het afgekapte stelsel. De 2-,3- en 4-dimensionale complexe systemen worden met be117

hulp van de computer gesimuleerd. Het blijkt <lat het 4-dimensionale systeem precies
hetzelfde ingewikkelde chaotische gedrag vertoont als een 32-dimensonaal systeem
<lat al eerder bestudeerd werd (zie Hoofdstuk 5 voor een referentie). Deze resultaten
suggereren <lat de Ginzburg-Landau vergelijking met periodieke randvoorwaarden
goed kan worden benaderd met laag-dimensionale modellen.
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