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Abstract
Univariate multiquadric interpolation to a twice continuously differentiable function on a regular infinite grid enjoys second order convergence and
some excellent localization properties, but numerical calculations suggest that,
if the grid is finite, then usually the convergence rate deteriorates to first order
near the grid boundaries. This conjecture is proved. It is also shown that one
can recover su perlinear convergence by adding a linear polynomial term to the
multiquadric approximation. Making such addjtions is a standard technique, but
we find that the usual way of choosing the po'. ynomial fails to provide superlinear convergence in general. Therefore some new procedures are given that pick a
suitable polynomial automatically. Thus it is not unusual to reduce the maximum
error of the interpolant by a factor of 10 3 • Further, it is straightforward to include
one of the new procedures in multiquadric interpolation to functions of several
variables when the data points are in general position.
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1. Introduction

Multiquadric approximations to functions of several variables are employed in
many fields. A comprehensive review of this work is given by Hardy (1990) , who
mentions applications in geophysics, signal processing, meteorology, orthopaedics ,
pattern recognition and computational fluid dynamics, for example. He also surveys the known theoretical properties of these approximations, but there is a large
gap between theory and practice. Indeed, most studies of orders of convergence
are restricted to the case when function values are available on an infinite regular
grid , but often the parameters of a practical approximation are defined by interpolation to function values at unstructured data points. We close the gap slightly
by addressing interpolation on a finite regular grid in one dimension. In addition
to proving some new theoretical results , we find some new ways of augmenting the
approximation by a linear polynomial. Typically, they improve on current methods by providing a superlinear rate of convergence and by reducing the maximum
value of the error function by two or three decimal places. One of these techniques
seems to be particularly useful , because it is applicable when the data points are
in general position, even if one is interpolating to a function of several variables .
A recent exposition of the current theory of radial basis function approximation ,
which includes multiquadric interpolation, is given by Powell (1990b ).
We consider approximations of the form
n

s(x)

= L..\d(x-kh)2+(ch) 2 ]1 12 +a+,Bx, O:s;x:s;L

(1.1)

k=O

where the grid spacing h satisfies h = n- 1 for some positive integer n and where
c is a positive constant, namely the "multiquadric parameter". Further, a and ,8
are real parameters, and the coefficients { Ak : k = 0, l, .. . , n} are defined by the
interpolation conditions

s(jh)=f(jh),

j=O,l , ... ,n,

(1. 2)

the right hand sides being values of the function {f (x ), 0:::; x :s; 1} that is being
approximated. We give particular attention to the dependence of the error norm

llf-slloo

= O~x:9
max lf(x )-s(x )I

( l. ~)

on the choice of a and ,8 when f is sufficiently smooth and h tends to zero.
Specifically, we assume throughout the given analysis that f has bounded second
derivatives, and one of the theorems requires bounded third derivatives too.
Interpolation on the infinite regular grid in one dimension (and in higher dJ
mensional spaces) is studied by Buhmann (1990a, 1990b ). In this case k a nd.
j range over all integers in expressions (1.1) and (1.2) , and the interval [O, JI ;,
replaced by the whole real line. Now there is no advantage in choosing nonzeru
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values of a and /3, and the moduli of the errors {J(x)-s(x): xE'R.} are bounded
above by a constant multiple of h 2 • Further, the coefficients of s are the numbers
00

>-.k

L

= h- 1

µe f(kh-f..h),

(1.4)

kEZ,

l=-oo

for certain multipliers {µe : f.. E Z} that are independent of f, h and k and that
satisfy lµel = O(IRJ- 5 ) as IRI-+ oo.
The case when a and /3 are both zero in the approximation (1.1) is studied in
Sections 2-4. We see that the interpolation conditions (1.2) can be written in the
form
n
hLAjkAk=f(jh),

j=0,l, ...

,n,

(1.5)

k=O

where A is the ( n + l) x ( n + l) symmetric matrix whose elements have the values
Ajk=[(j-k) 2 +c2 ] 1 12,

j=0,l, ...

,n,

k=0 , l, ...

,n.

(1.6)

Because this matrix is nonsingular (Micchelli, 1986), the coefficients of s are the
numbers
n
>-.k

= h- 1 LA;] f(jh),

k=0,l, ... ,n.

(1. 7)

j=O

It is also known that the eigenvalues of A are bounded away from zero by a number
that is independent of n (Narcowich and Ward , 1989, 1990). Further, an extension
of this theory provides the condition
(1.8)
where Mis a positive constant (Powell, 1991), this result being analogous to the
absolute convergence of the sum of the coefficients {µl : f.. E Z} that occur in
equation (1.4). We note that expressions (1.7) and (1.8) provide the inequality

(1.9)
for all right hand sides of the system (1.5). Further, a stronger result is established in Section 2, namely that the smoothness off implies that ll>-.11 00 remains
bounded as h-+ 0. An important feature of this analysis is the identification of a
good approximation to the coefficients (1. 7), which is given by one of the quasiinterpolation procedures that are considered by Beatson and Powell (1990). Thus
we deduce thats enjoys the linear rate of convergence llf-sll 00 =0(h).
Another conclusion of Section 2, which is required in Section 3, is that, if f
is sufficiently smooth and if ll>-.11 00 is bounded away from zero as h -+ 0, then
llf-s11 00 is bounded below by a constant multiple of h. Our proof of this assertion
depends on another condition that is given by Powell (1991) and that is similar
to expression (1.8). It is that the inverse of the (n+l) x (n+l) symmetric matrix
with the elements
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3
j=0,l, ... ,n,

k=0,l, ... , n,

(1.10)

satisfies the inequality
(1.11)
where M is another positive constant.
The work of Section 3 is important to the question whether the smoothness
of J allows the convergence rate 1lf-sii 00 = O(h) of Section 2 to be improved.
Unfortunately the answer is negative in most cases. Indeed, it is shown that ,
if J is any nonzero linear polynomial, then ll.\11 00 is bounded av;ay from zero ,
so the assertion of the previous paragraph implies that the convergence rate is
only linear as h -. 0. This behaviour is apparent if one considers numerical
results (Powell, 1990a), but several months of work were needed to construct a
proof. The superlinear rate llf-s11 00 = o(h) occurs occasionally, howeYer, necessary
and sufficient conditions on f for this property being found in Section 4. These
conditions are also derived by Powell (1991), but his method of analysis is more
laborious than the one that we employ, because he gives careful attention to the
orders of magnitude of the elements of A- 1 • An advantage of his approach is
that it establishes that, when the rate of convergence is superlinear. then the
second order property llf-sii 00 =0(h 2 ) is obtained. On the other hand , our easier
investigation provides the slightly weaker bound llf-sii 00 = O(h 2 jlog hj).
There are two classical ways of including the linear polynomial term {o+,Bx ,
0 :S x '.S 1} in the approximation ( 1.1). They are addressed in the work of Micchelli
(1986) and they both provide a nonsingular system of linear equations that defines
the required values of pk : k = 0, 1, .. . , n }, a and ,B. The first of these methods
gives the property that s remains bounded if the range of x in expression ( 1. 1) is
extended from O:S x '.S 1 to all of the real line. In order to allow for large negative
and large positive values of x, we see that both Lk=O Ak-,B and Lk=O >.k+,B have
to vanish. Therefore the appropriate square system of linear equations is obtained
by adding the relations
n

L >.k =

0

and

,B = 0

(1.12)

k=O

to the interpolation conditions (1.2). In the other method, which is often used,
the two extra equations that define a and ,B are the constraints

(1.1 3)
Section 5 studies the rate of convergence of IIJ -slloo to zero as h-. O when each
of these procedures is employed. vVe find, unfortunately, that neither of them
provides a superlinear rate whenever J has bounded second derivatives, although
the latter procedure gives s f when f is any linear polynomial. In each case
we identify the necessary and sufficient conditions on f for llf-sii 00 =o(h) to be
achieved.

=
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The conditions on f for superlinear convergence when a= /3 =0 can always be
satisfied by subtracting a particular linear polynomial from f. Alternatively, one
can take the view that the error of interpolation to the modified f is the same
as the error of interpolation to the original f by the function (1.1), provided that
the term {a+ /3x, 0 :S x :S 1} is the particular linear polynomial. Therefore t here
exist certain choices of a and /3 such that the approximation (1.1 ) enjoys second
order accuracy. It is known, for instance, that the parameter values

a=

½[f(0)+f(l)-f'(l)]

and

/3=

½[f'(0)+f' (l ) ]

(1. H)

are suitable (Powell , 1990a). Further, we find in Section 5 that these are the only
values of a and /3 that not only provide llf-s ll= =o(h) but also are independent
of h. If we allow a and /3 to vary with h, however, then many other choices
give superlinear convergence, because it follows from the work of Section 2 t hat
changes to a and /3 that are at most a constant multiple of h induce perturbations
to f- s that are bounded by a term of magnitude O(h 2 ).
Our main purpose is to show that dramatic reductions in the error llf-s1100 are
given by some other choices of a and /3 . Six new methods are presented in Section
6 with reasons for their inclusion. Three of them require the function values
{f(kh ): k=0 , 1, .. . , n} to be augmented by extra information, for example t he
derivatives f'(O) and f'(l) that occur in expression (1.14) , but the other t hree
methods are designed to employ only the data {f(kh ) : k = 0, 1, . .. , n}. It is
believed that all of these techniques provide the property IIJ-s11 00 = O(h 2 ) when
J has bounded second derivatives , but at present the theory is incomplete.
Some numerical tests of these techniques are reported and discussed in Section
7. They distinguish clearly between the 0( h) and 0( h 2 ) rates of convergence that
are expected. We find, however, that there are substantial differences between t he
accuracies of the various second order methods, the differences being particularly
striking for larger values of the multiquadric parameter c. In view of the improvements in accuracy that are achieved by the new techniques for including a linear
polynomial term in the approximation (1.1) , we conclude that we have identified
some good ways of fixing the values of a and /3 automatically, and that they are
much more successful than the current procedures that impose the constraints
(1.12), (1.13) or (1.14). The method that is mentioned in the opening paragraph,
t hat can be applied when the data points are in general position, gives a and
/3 the values that minimize the resultant sum of squares of coefficients I:~=O
Indeed, our work shows a strong correlation between high accuracy and coefficients of small modulus, but there is not much room to manoeuvre, because the
parameters and coefficients of s provide only two degrees of freedom after the
interpolation conditions ( 1. 2) are satisfied.

,\r
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5

00

and

ll.\ll

00

As mentioned already, we assume throughout this section that the parameters
a and /3 of the approximation ( 1. 1) are zero and that the coefficients {,\k : k =
0, 1, .. . , n} are defined by the interpolation conditions (1.2), which can be expressed in the form (1.5). First we deduce, from the vanishing of f-s at the interpolation points, that llf-sii 00 is at most a constant multiple of h 2 llf "-s "11 00 , which
is the subject of Lemma 2.1. Next we note the relation 11s"lloo = O(h- 1 11.\11 00 ) .
Then Lemma 2.2 shows that 11.\lloo remains finite as h-+ 0. We see that these
remarks imply the order of convergence

llf-sll oo = O(h 2 Jlf" -s"lloo) = O(h 2 JJJ"lloo+h 11.\lloo) = O(h) ,

(2.1)

which is stated formally in Theorem 2.3. Further, the given proofs will establish
that the first two of these three equations are valid for all choices of a and {3 .
The remainder of this section concerns the possibility that llf-sJJ 00 converges
to zero no faster than a positive multiple of h. If this happens , then it follows
from expression (2.1) that the strict inequality
lim inf 11.\lloo > 0
h-0

(2.2 )

is satisfied. We are going to show that the converse result is also true , namely that
condition (2.2) is not only necessary but also sufficient for the product h- 1 llf-s11 00
to stay bounded away from zero as h-t 0. This result is proved in Theorem 2.5,
using the relation
(2.3)
11.\lloo = O(h IJs"IJoo)
which is established in Lemma 2.4. Equation (2.3) is relevant because it follows
that, if condition (2.2) holds and if h-t 0, then the moduli of some second derivatives of the error function grow at least as fast as a positive multiple of h- 1 .
Theorem 2.5 requires f to have bounded third derivatives. It is of fundamental
importance to the work of Sections 3-5, but when it is applied it happens that
f is always a polynomial of degree at most one, although we continue to study
interpolation to a general function. This point will become clear later. It is
mentioned now in order to emphasise that the smoothness condition of Theorem
2.5 does not impose a condition on f in the subsequent analysis that is stronger
than the boundedness of second derivatives that has been mentioned already.
Lemma 2.1. Let {e( x) , 0 s; x s; 1} be any function that has a continuous second
derivative and that takes the values { e(j h) = 0, j = 0, 1, ... , n} at the interpolation
points. Then the inequality

(2.4)

is obtained.
Proof: Because e vanishes at the data points, we can regard e as the difference
e - e, where e 0 is the piecewise linear interpolant to the values {e(j h) : j =

=
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0, 1, ... , n }. It is well-known that the modulus of the error of this piecewise linear
interpolant is bounded above by the right hand side of inequality (2.4). Therefore
the lemma is true.
D
This lemma gives the first assertion of expression (2.1). In order to establish
the second one, we differentiate the function (1.1) analytically, finding the equation
n

s"(x)

=L

,\k (ch) 2 [(x-kh)2+(ch)2J- 3 12,

o:s;x:s; 1.

(2.5)

k=O
Thus we deduce the condition

(2.6)
It follows that jjs "!1 00 is at most a constant multiple of h- 1 i1Ai1 00 • Therefore the
second assertion of expression (2.1) is a consequence of the triangle inequality.
Before embarking on Lemma 2.2, we make the deduction from method A of
Beatson and Powell (1990) that we use to prove the lemma, because the result
of the deduction is also needed in Sections 3 and 4. Their method A defines the
approximation
n

s(x)

= Lµd(x-kh)2+(ch)2] 1 l 2 , o:s;x:s;l ,

(2.7)

k=O
where the coefficients are the numbers
µo

µk
µn

= ½h- i [ J(h) - f (0) ] + ½[f (0) + f (1) ]
= ½h- 1 [J(kh-h)-2J(kh)+J(kh+h)],
= ½h-l [ J(1- h )- f (1) ] + ½[ f (0) + f (1) ]

k=l,2, ... ,n-1) ·

(2.8)

We consider the piecewise linear function
n

o-(x)

= Lµk

lx-khl,

o:s;x:s;l.

(2.9)

k=O
By substitution of the coefficients (2.8), we can write

O"

in the form

n

CT(x) = LBk(x)f(kh) , O:s;x:s;l,
(2.10)
k=O
where the functions { Bk : k = 0, 1, ... , n} are also piecewise linear. Specifically,
we see that B 0 is the expression
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which takes the values {Bo(fh) = Oeo, f = 0, l, ... , n }. Similarly, En takes the values
{Bn(fh)=oen,f=O,l, ... , n}. Further, for l:Sk:Sn-1, equations (2.8)-(2.10)
imply that Bk is the hat function

Bk(x)

= ½h- 1 Jx-kh+hl- h- 1 Jx-khJ + ½h- 1 Jx-kh-hJ,

o::;x::;1,

(2.12)

which satisfies the conditions {Bk(fh)=oek,f=O,l , ... ,n}. Therefore the coefficients (2.8) have the property that a is the piecewise linear interpolant to the
data {f(jh) : j = 0, 1, ... , n}. In other words , our consideration of the definition
(2.9) has provided the identities
n

L µk lih-khl =

f(jh),

j =0, 1, . . . , n.

(2.13)

k=O

The magnitudes of {µk : k = 0, l , . .. , n} are going to be important. Therefore we
deduce from expression (2.8) that these coefficients satisfy the inequalities

lµo I ::; ½llf 'lloo

+ llfll (X)
(2.14)

We are now ready to establish the following assertion.

Lemma 2.2. When a and /3 are zero in the interpolant (1.1) to the data {f(jh) :
j = 0, 1, ... , n} , then the coefficients { Ak : k = 0, l , . .. , n} remain bounded as
h- 0.
Proof: Equations (1.5) and (2.13) give the linear system of equations
n

L Ajk (.Xk-µk)

- h-

1

k=O

n

n

k=O

k=O

L µk Jjh-khl - L
j=O , l , . ..

where, in view of the definition (1.6 ),
n

rj =

L µ Jj - k I -

[(j -

k {

rj

Ajk µk

,n,

(2.15 )

has the value

k) 2 +c2 ]1 12 } ,

j = 0, 1, . .. , n.

(2.16)

k=O

Further, some elementary algebra provides the bounds
n

JrjJ::;cI:JµkJ,

j=0,1, ... ,n.

(2.17)

k=O
Therefore, because expression (2.14) and the choice h=n- 1 imply the relation
n

L Jµkj ::; 2 llflloo + JJJ'lloo + ½JJJ"JJoo,

k=O

(2ol8)
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it follows that the right hand sides of the system (2.15) satisfy the condition

lri I ~

C[

2 llflloo

+ IIJ'lloo + ½llf" !loo],

j

= 0, 1, • • ·, n.

(2.19)

Now, corresponding to the derivation of inequality (1.9), expressions (1.8) and
(2.15) give the bound
(2.20)
Therefore condition (2.19) implies that the differences {..\k-µk : k = 0, l, ... , n}
remain bounded as h---+ 0. Further, in view of expression (2.14) , the coefficients
{..\k: k=O , 1, ... , n} must remain bounded too, which is the required result.
D
Lemma 2.2 completes our justification of all the relations that are given in
equation (2.1). Therefore we have established the following theorem.
Theorem 2.3. Let the interpolation method of the second paragraph of Section
1 be applied to a twice continuously differentiable function J, the parameters a
and (3 being set to zero. Then the error llf-s ji00 is bounded above by a constant
multiple of h.
□

We see that inequality (2.6) implies that h lls"lloo does not exceed a constant
multiple of II..\II=• We now turn to the converse of this result.
Lemma 2.4. The coefficients

pk : k = 0, l , ... , n}

of the interpolation m ethod

of Section 1 satisfy the condition

(2.21 )
where the constant Mis introduced in the bound (1.11 ) .
Proof: We set x = jh in expression (2.5), and we note that the resultant term
of the form [· • -J- 3 / 2 is h- 3 times the matrix element (1.10). Therefore the linear
equations
n

LAikAk=hc- 2 s"(jh),

j=0 , l , ... ,n,

(2.22)

k=O

are satisfied by the parameters Pk : k = 0, 1, ... , n }. \Ve obtain an expression
for each parameter by multiplying this (n+l) x (n+l) system by the matrix A.- 1 .
Then we see that the required inequality (2.21) is a consequence of the bound
(1.11) , which completes the proof.
D
The final subject of this section is the magnitude of the error llf-s11= when f
is sufficiently smooth, l ..\11 00 is bounded away from zero and his sufficiently small.
The triangle inequality and Lemma 2.4 provide the relation

II/" -s"lloo

~

11s"lloo - !If "II=~ h- 1 c 2 M-l II..\II= - IIJ"lloo •

(2.23)

Therefore, by reducing h if necessary, we may assume the bound
(2.24)
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on the second derivative of the error function {e( x) = f ( x )- s (x), 0 ~ x ~ l}. We
let be a point of the interval [O, 1] at which the equation Ie II ( 0 I= II e II lloo holds)
and we assume without loss of generality that e"(O is positive. Let [a, b] be the
longest subinterval of [O, 1] that includes and whose points have the property

e

e

e"(x) ~ ½lle"ll 00 ,

(2.25)

a~x~b.

Our lower bound on llelloo depends on the length of this interval, namely b--a , which
is determined by the rate of change of second derivatives. Therefore we assume for
the remainder of this section that f is a thrice continuously differentiable function .
The derivative of expression (2.5) is given by the formula
n

s"'(x)

= -3 (ch) L, >..k(x-kh) [(x-kh)2+(ch)
2

2

t 51 2,

0 ~x ~ 1,

(2.26)

k=O

which implies the bound
n

11s"'lloo

~ 3(ch)

2

11>..ll oo

max

L, [(x-kh)2+(ch)2t 2

O~x~lk=O

say, M being a constant. Therefore, by reducing h if necessary, we obtain the
condition
(2.28)
from the assumptions that llf "'ll 00 is bounded above and ii>..ll 00 is bounded away
from zero. It is now straightforward to prove the following property of llf-s11 00 •
Theorem 2.5. Let the interpolation proc~dure of Section 1 be applied to a function f for a sequence of values of h that tends to zero, where a and /3 are zero
in expression (1 .1) and where f has bounded third derivatives. If ll>..ll 00 stays
bounded away from zero, then , for sufEciently small h, the error !If - s11 00 is of
magnitude h, the lower bound on this error being a positive constant multiple of
the product h 11>..lloo•
Proof: The property llf-s11 00 = O(h) is given in Theorem 2.3, so it remains to
show that llf-s11 00 is bounded below by a suitable multiple of h for sufficiently
small h. We employ the techniques that are described in the two paragraphs that
include expressions (2.23)-(2.28).
The identity e"(e) = l!e"lloo implies the condition e"(x) ~ ½lle" l 00 if xis any
point of the interval [e-11,e+11]n[0,l), where 77 is the number

(2.29)
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the last relation being a consequence of the bounds (2.24) and (2.28). Therefore,
for sufficiently small h, the length of the interval [a, b] of expression (2.25) is no
less than the right hand side of inequality (2.29). Now the standard difference
approximation to a second derivative provides the identity

e(a) - 2e(½a+½b) + e(b)

= ¼(b-a)2e"((),

(2.30)

where ( is a point of [a, b ]. It follows from expressions (2.24)-(2.25) and from our
lower bound on b-a that we have the condition
(2.31)
We see that the right hand side of this inequality is a constant multiple of h 11,\11 00 •
Therefore the theorem is true.
□
The analysis of this section has exposed several relations between II J - s II 00 ,
11>-ll oo and 11s"lloo when J is sufficiently smooth. Specifically, we have found that
11s "ll oo and h- 1 11>-ll oo are always of the same magnitude when his very small, that
11>-11 00 remains finite, that llf-s11 00 is bounded above by a multiple of [ h 2 llf "ll oo +
h 11>.11 00 ], and that condition (2.2) is necessary and sufficient for the error llf-s11 00
to be of magnitude h for all sufficiently small values of h. On the other hand , the
rate of convergence is superlinear as h- 0 if II >-11 00 - 0. These remarks support the
suggestion at the end of Section 1, that there is a strong correlation between high
accuracy and small values of the moduli of the coefficients {>.k : k = 0, 1, .. . , n}.

3. Interpolation to a linear polynomial

Let multiquadric interpolation be applied to a nonzero polynomial of degree at
most one at the equally spaced points {j h : j E Z} that range throughout the real
line. Then the error llf-s11 00 is zero (Buhmann, 1990a, 1990b ). Perhaps, therefore,
one might expect good accuracy if the method of Section 1 is applied to such a
function, the parameters a and /3 of the approximation (1.1) being zero. We find
in this section, however, that the order of convergence that occurs as h - 0 is
the worst that can happen when f has bounded second derivatives. Specifically,
we are going to establish that ll>.ll 00 is no less than a positive number that is
independent of h. Then, because J is a polynomial of degree at most one, we
deduce from Theorem 2.5 that llf-s11 00 is of magnitude h. Our analysis employs
the Cauchy-Schwarz inequality in a way that requires the following extension of
Lemma 2.2. Actually, the extension is true when f is any twice continuously
differentiable function , this assertion being proved where it is needed in Section 5.
Lemma 3.1. Let f be a nonzero polynomial of degree at most one, and let the
interpolation procedure of Section 1 be applied to J, using the parameter values

Univariate multiquadric interpolation

11

a= /3 = 0. Then the Euclidean norm ll>-ii 2 = [I::;= 0 >.i ]11 2 remains bounded as
h--+0, the bound being a constant multipleof llfll 00 •

Proof: The choice of f implies that the coefficients {µk : k = l, 2, ... , n-1} of
the definition (2.8) are all zero. Indeed, the equations (2.13) can be written in the
form
f (0) I1 - x I + J(1) Ix I = J(x), x E {j h : j = 0, 1, ... , n} ,
(3.1)
which implies the values µ0 = J(l), µn = J(0) and llµll 2 = [f(0) 2 + J(1) 2 ]11 2.
Further, equation (2.16) reduces to the expression

(3.2)
where Pi and qi are the numbers
Pi = j - [j2+c2 ]1/2

}

qi= (n-j) - [(n-j)2+c2 ]1/2

,

j=0 , l, ... ,n.

(3.3)

vVe deduce from the relations

(3.4)
that IIPll 2 and llqll 2 are uniformly bounded as h --+ 0. It follows from equation
(3.2), the values of µ0 and µn and the triangle inequality that llrll 2 is at most a
constant multiple of llfi1 00 • Now it is noted between expressions (1.7) and (1.8)
that the eigenvalues of the symmetric matrix A are bounded away from zero.
Therefore we deduce from the system (2.15) that 11>.-µlb/llflloo is also uniformly
bounded. Hence the property llµlb :::; 2112 llfll 00 and another application of the
triangle inequality give the required condition on i >-11 2.
D
We need some evidence that i >-11 00 might be bounded away from zero. We
assume without loss of generality that the polynomial J satisfies the condition
IJ(l)l 2: lf(0)I , and it is convenient to renormalize f if necessary so that we have
f(l) = 1. Therefore, because the structure of J gives [ J(l )-f (0)] = n [ f( h)-f(0 ) ],
we can employ the identity

- (n-l) f(0)

+ n f(h) + f(I) = 2.

(3.5)

Now equations (1.1) and (1.2) express f(0), f(h) and J(l) as linear combinations
of the coefficients {>.k: k=0,l, ... , n}. Thus condition (3.5) gives a relation of
the form
(3.6)
for certain multipliers {0k : k = 0, l, ... , n} that are studied carefully in the proof
of the following lemma. The method of proof is successful because I0kl is quite
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small when k is well inside the interval [O, n]. We will see that this property is
due to the fact that the multipliers in front of the modulus signs on the left hand
side of the identities

- (n-1) lkl + n lk-11 +In-kl= 2n 8ko,

k=O, 1, ... , n,

(3.7)

are the same as the factors of equation (3.5).

Lemma 3.2. Let the conditions of Lemma 3.1 be satisfied, where f is still a
nonzero polynomial of degree at most one. Then the coefficients of the interpolant
satisfy the condition IIAll 00 2: N/1 11111 00 , where M1 is a positive number that is
independent off and h.
Proof: We apply the construction of the previous paragraph, assuming without
loss of generality that llf 11 00 = f(l) = 1. \Ve find that the multipliers of equation
(3.6) have the values
0k = -(n-1) [(kh)2 +( ch)2 ]112 + n [(h-kh)2 + (ch)2 ]112

k=O,l, ... ,n.

(3.8)

By removing the factor h 2 from inside the square brackets, by employing the
identity hn = 1, and by subtracting h times expression (3.7) from both sides of
equation (3.8), we deduce the formula

-(1-h) c2

c2

0k -28k0 = k+[k2+c2p;2 + lk-ll+[(k-l)2+c2p;2

hc 2

k=O, 1, ... , n.

(3.9)

It follows from h:::; 1 that 11011 00 is bounded above by the constant 0 = 2(1+c).
Further, because the middle term on the right hand side of this formula exceeds
the sum of the moduli of the other two terms when k is in the interval [l, ½n], we
deduce the condition

(3.10)
Further, if we replace k by n- j in equation (3.9), where j is any integer from
the interval [2, ½n], then the denominators on the right hand side exceed 2(n-j),
2( n - j - 1) and 2j respectively. Because these numbers are bounded below by
2(j-l), we find that l0n-kl is also less than c2(k-1)- 1 when 2:S:k:S:½n.
It is appropriate to apply Cauchy-Schwarz to the left hand side of the identity
(3.6), because these bounds on l0kl and l0n-kl imply that the sum~;:;;% ai remains
finite as h--+ 0 for any fixed integer f that satisfies f 2'. 2. Indeed, if f 2'. 3, we have
the inequality

(3.11)
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We pick a value off that is independent of h and that gives the condition
(3.12)
where A is a constant upper bound on Pll 2 that is shown to exist in Lemma 3.1
when llfll 00 = l. The reason for this choice is that the Cauchy-Schwarz inequality
and expressions (3.11)-(3.12) imply the relation
(3.13)
Thus, when his so small that n exceeds 2f-1, equation (3.6) provides the bound
1 ::;

l-1

n

k=O

k=n-l+l

Lek Ak + L ek Ak ::; 2f 0 Plloo,

(3.14)

where the last inequality is derived from l0kl::; 0 and i>-kl::; l >-IJ 00 • Alternatively, in
the easy case when n::; 2f-1, equation (3.6) provides the condition 2::; 2f 0 Pll 00 •
It follows that 11>.lloo is bounded below by the positive constant 1'11 = ½(f 0)- 1 .
Therefore the lemma is true.
D
This lemma and Theorems 2.3 and 2.5 establish the following result.
Theorem 3.3. Let the interpolation procedure of Section 1 be applied for a
sequence of values of h that tends to zero, where a and /3 are zero in expression
(1.1), and where f is any nonzero polynomial of degree at most one. Then the
error IIJ-s11 00 is of magnitude h, the lower bound on this error being a positive
constant multiple of h llflloo•
D

In the next section we let f be a general function that is twice continuously
differentiable, and we deduce from this theorem that llf-s11 00 is of magnitude h,
unless two relations between f(0), f(l), f'(0) and f '(l) are satisfied. Therefore it
is usual as h-O for the rate of convergence of llf-s11 00 to zero to be only linear.

4. Conditions for superlinear convergence

vVe are going to derive necessary and sufficient conditions on f that imply the
superlinear rate of convergence llf-slloo = o(h), when s is defined by the interpolation procedure of Section 1 with a= /3 = 0. Equation (2.1) shows that it is
sufficient if Pll 00 tends to zero as h-0. We also found in Section 2 that the system of equations (2.15) is useful for bounding 11>-11 00 , where {µk : k = 0, l, .. . , n}
and {ri: j =0, 1, ... , n} have the values (2.8) and (2.16) respectively. The key to
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the work that follows is the question: can it happen that both µ 0 and µn tend to
zero as h-O?
The definition (2.8) gives the coefficients
µo

= ½[ f (0) + f (1) + f ' (0) ] + 0 ( h) } .

µn

= ½[f(O)+ f(l)- f'(l)] + O(h)

(4.1)

Therefore we are going to study functions f that satisfy the equations

J'(O) = -f(O)- J(l)

and

(4.2)

J'(l) = f(O)+ J(l).

In this case we deduce from formula (2.8) that the first line of expression (2.14)
can be strengthened to the inequality
lµol

= I ½h-l [f(h)- f(O)] - ½J'(O) I~ ¼h IIJ"lloo,

( 4.3)

¼h

and similarly lµnl is also bounded by
llf"ll 00 • By including these new bounds
in the method of proof of Lemma 2.2, we find the following result.
Lemma 4.1. Let the conditions of Theorem 2.3 be obtained. If J satisfies the
equations (4.2), then the coefficients {Ak: k=O, 1, ... , n} all tend to zero as h-O.

Further, the interpolant enjoys the superlinear rate of convergence

llf-s11 = o(h).
00

Proof: The above remarks and expression (2.14) provide the relation
(4.4)

It follows from equation (2.16) that inequality (2.17) can be strengthened to the
bound
2

n

lril

< ½hllf"lloo?; lj-kl+[(j~k)2+c2]1/2

n

<

h II f

"II oo [c + ½L

c2 k-1 ]

k=l

which yields the equation

llrlloo = O(h+hllog hi).

(4.6)
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Therefore, by applying the condition (1.8) to the system (2.15) as before, we
strengthen the bound on II>- - µlloo to a constant multiple of (h + hllog hi) . It
follows from expression (4.4) and the triangle inequality that II>. II 00 also satisfies
the equation
(4.7)
11>-lloo = O(h+hllog hi),
which proves the first assertion of the lemma. By substituting this equation into
expression (2.1), we find the relation
(4.8)

so the second assertion of the lemma is also true.
D
Theorem 3.3 and Lemma 4.1 imply that the conditions (4.2) fail whenever
f is a nonzero polynomial of degree at most one, but of course there are easier
ways of reaching this conclusion. It is important because it follows that, for every
differentiable function {J(x), 0:::; x:::; 1}, there is a unique polynomial p of degree
at most one such that the function g J - p satisfies the equations

=

g'(O)

= -g(O) -

g(l)

and

g'(l)

= g(O) + g(l).

(4.9)

Specifically, one can derive the formula

p( x)

= ½[ f (0) + f (1) - f ' (1) ] + ½[ J' (0) + f ' (1) ] x,

0 :::; x :::; 1,

(4.10)

by some straightforward algebra. In order to estimate the accuracy of interpolation when f is a general function with bounded second derivatives, we define
p and g in this way, and we let SJ, Sp and s 9 be the interpolants to f, p and g
respectively. Because of the linearity of the interpolation procedure, we have the
identity s 9 SJ - Sp. Therefore we can express the error of interpolation to f in
the form
(4.11)
J-s, (g-s 9 ) + (p-sp).

=

=

Further, two applications of the triangle inequality provide the bound

(4.12)
which is illuminating when the conditions (4.2) fail. Indeed, because pis nonzero
in this case, we deduce from Theorem 3.3 that llp-splloo is bounded below by a
positive multiple of h. On the other hand, the equations (4.9) and Lemma 4.1
give the relation llg-s 9 l 00 =o(h). It follows from inequality (4.12) that the rate
of convergence to zero of the error IIJ-sJlloo is only linear in h. This observation
is combined with Lemma 4.1 in the following theorem.
Theorem 4.2. Let the interpolation procedure of Section 1 be applied to a twice
continuously differentiable function J, the parameters a and /3 being set to zero. If
J satisfies the conditions ( 4.2), then the superlinear rate of convergence IIJ-s 11 00 =
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o( h) is achieved as h ~ 0. Otherwise, for all sufficiently small values of h, the ratio
llf-slloo/ h remains finite and is bounded below by a positive constant.
□
Some information is available that helps to quantify the superlinear rate of
convergence that has just been mentioned. Specifically, we have established that
the bound (4.8) is valid when f is any twice continuously differentiable function that has the properties (4.2). We have preferred to omit this bound from
the statement of Theorem 4.2, however, because our method of analysis is not
suitable for identifying the actual order of convergence. Indeed, we recall from
Section 1 that Powell (1991) proves that the conditions (4.2) imply the second
order rate llf-s11 00 = O(h 2 ). The advantage of our work is that, by using one of
the quasi-interpolation procedures of Beatson and Powell (1990), we have derived
rather easily the necessary and sufficient conditions on f for the superlinear convergence of multiquadric interpolation at equally spaced points when there are no
polynomial additives.

5. Current choices of the linear polynomial term
vVe now allow a and /3 to be nonzero in the approximation (1.1). We recall from
Section 1 that the expressions (1.12)-(1.14) provide three different ways of fixing
the values of these parameters that are not new. We call these procedures Methods
2-4 respectively, and we let Method 1 be the choice a = /3 = 0 that is studied in
Sections 2-4. The analysis of this section shows that the convergence properties
of Methods 2 and 3 are comparable to the assertions of Theorem 4.2 on Method
1. Indeed, superlinear convergence depends on two independent relations between
f(O), J(l), f'(0) and f'(l). We find, however, that Method 4 gives the condition
II f-s II 00 = o( h) whenever f is twice continuously differentiable. These conclusions
are derived from the following lemma.
Lemma 5.1. Let the interpolation procedure of Section 1 be applied to a twice

continuously differentiable function f, using any technique that causes a and /3

to be well-defined for every h, so a and /3 are allowed to depend on h. Then the
superlinear convergence property llf-sll==o(h) is equivalent to the limit
(5.1)

where pis the polynomial (4.10) and q is the function {q(x)=a+/3x,O~x~l}.
Proof: The definitions of s and q allow the interpolation conditions (1.2) to be
written as the system of equations
n

L Ak [(jh-kh)2+(ch)2 ]1 12 = f(jh) k=O

q(jh),

j =0, 1, ... , n.

(5.2)
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Therefore we can take the view that the coefficients { Ak : k = 0, l , .. . , n} are
calculated by applying the Method 1 interpolation procedure to the function f-q .
Further, the resultant error function , f - q- SJ-q say, is the same as the error
function of the original calculation, because this calculation approximates f by
SJ-q+q. We express f-q in the form

(5.3)
=g+p-q =g+p,
which defines the functions g =f - p and p =p- q, where p is the polynomial
f-q

(4.10) . Further, because the linearity of the Method 1 interpolation operator
gives SJ-q
s 9 + sp, where s 9 and Sp are the Method 1 interpolants to g and p
respectively, we have the identities

=

(5.4)

=

Recalling from Section 4 that the choice (4.10) causes the function g f-p to
satisfy the conditions (4.9) and that consequently g enjoys the property llg-s 9 1i 00 =
o( h) , it follows from expression ( 5.4) that the required superlinear convergence
occurs if and only if llft-splloo is also o(h). Now fi=p-q is a polynomial of degree
at most one, so Theorem 3.3 implies that the magnitude of llfi-spll 00 is the same
as the magnitude of the product h llftlloo• Hence the property llf- sll oo = o(h)
is achieved if and only if llfilloo tends to zero as h-+ 0, which is the limit (5.1 ).
Therefore the lemma is true.
D
In order to apply this result to Methods 2 and 3, we require estimates of the
relevant values of a and /3 . They are obtained from the fact that the following
conditions are satisfied when a= /3 = 0.
Lemma 5.2. Let the conditions of Theorem 2.3 bold. Then the coefficients of
the interpolant have the properties
n

I I:Ak-

[ f(O)+f(l)]

I= O(h)

k=O

(5 .5)

n

I I: k Ak -

n J(O)

I = 0(1)

k=O

Proof: We begin by establishing the second half of expression (5.5). Since inter·
polation to f(O) gives the equation
n

h

I: Ak (kz+cz) 1/z = f(O),
k=O

we deduce the relation

(5 .6)
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Therefore the Cauchy-Schwarz inequality implies the condition
n

IL

k Ak - n J(O) I ~ c

k=O

n

2

ll-\ll 2 [ L

2

(k +c

2

t

1 1 2
] ! •

(5.8)

k=O

We see that the sum in the square brackets is bounded above by the constant
I:~ 0 (k2+c2 )- 1 • Therefore the second line of expression (5.5) is valid if 11-\11 2 also
remains bounded as h - 0.
In order to establish this property, we again let g be the difference g J - p,
where p is the polynomial ( 4.10). Further, we let {,\~*) : k = 0, 1, ... , n} denote
the coefficients of the Method 1 interpolant to the function *, where * is any
element of the set {f, g, p}. Then the linearity of the interpolation operator and
the triangle inequality provide the bound

=

(5.9)
Now the conditions (4.9) allow f to be replaced by gin Lemma 4.1 and its proof.
Moreover, the elementary inequality p< 9 ) 112 ~ ( n+l ) 1 / 2 II ,\(9 ) 11 00 is satisfied by every
vector in nn+l. Thus equation ( 4. 7) implies the relation

(5.10)
which shows that p( 9 )11 2 tends to zero as h - 0. Moreover, Lemma 3.1 asserts
that pCP)ll 2 remains bounded as h - 0. Therefore the second line of expression
(5.5) is a consequence of the conditions (5.8) and (5.9).
By considering the reflective symmetry of the interval 0 ~ x ~ 1 about x = ½,
we find that the above argument also gives the property
n

I

L (n-k) ,\k -

n J(l) I = 0(1).

(5.11)

k=O

Therefore our analysis so far provides the relation
n

n

k=O

k=O

I [ L k Ak - n f(0)] + [ L (n-k) Ak - n J(l)] I = 0(1).

(5.12)

We multiply both sides of this equation by h and we merge the two sums on the
left hand side. Thus we obtain the first line of expression (5.5), which completes
the proof.
D
The estimates of a and /3 for Methods 2 and 3 are derived by combining
expression (5.5) with the equations (1.12) and (1.13) respectively. It is then
straightforward to derive conditions for superlinear convergence from Lemma 5.1.
This analysis is presented in the proofs of the following two theorems.
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Theorem 5.3. Let the interpolation procedure of Section 1 be applied to a twice
continuously differentiable function f, where the parameters a and f3 are fixed by
!vlethod 2. Then the superlinear rate of convergence llf-sjj 00 = o(h) is achieved
as h-+ 0 if and only if J has the derivative values

= J'(l) = 0.
{ Ak : k = 0, 1, ... , n}

(5.13)

J'(O)

Proof: The relevant coefficients
are defined by the system
(5.2), where q is the constant function {q(x) = a,0 $ x $ 1}. Therefore it is
appropriate to replace f by f-q in the first part of Lemma 5.2 , which gives the
relation
n

IL

Ak - [f(0)+ J(l)-2a]

I= O(h).

(5.14)

k=O

It follows from the constraints (1.12) that the polynomial q takes the form

q(x)=½[J(0)+J(l)]+O(h),

0$x::;l.

(5.15)

Therefore, remembering the definition (4.10) of p, we see that condition (5 .1)
holds if and only if both f'(l) and J'(0)+ J'(l) are zero, which is equivalent to
the equations (5.13). The theorem is now a consequence of Lemma 5.1.
□
Theorem 5.4. Let the interpolation procedure of Section 1 be applied to a twice
continuously differentiable function f , where the parameters a and /3 are fixed by
Method 3. Then the superlinear rate of convergence llf-s11 00 = o(h) is achieved
as h-+0 if and only if f(0), J(l), J'(0) and J'(l) satisfy the equations

J'(0)

= J'(l) = f(l)- f(0).

(5.16)

Proof: In this case we set {q(x)=a+/3x,0::;x::;1} in the system (5.2) , so now
the replacement of f by J - q in Lemma 5.2 provides the bounds
n

I L Ak - [J(0)+ f(l)-2a-/3] I= O(h)
k=O

(5.17)

n

I Lk,,\k-n[f(0)-a]l=O(l)
k=O

It follows from the constraints (1.13) that the parameters satisfy the conditions

a= J(0)+O(h)

and

/3 = f(l)- J(0)+O(h).

(5.18)

Hence, in view of expression (4.10), we can write p-q in the form

½[ J(l )-J(O)-J'(l )] + {½[ J'(0)+ J'(l )]-[ J(l )-f (0)]}x + 0( h ),

0 $ x::; 1. (5.19)

Therefore the limit (5.1) is equivalent to the equations (5.16). Thus Lemma 5.1
gives the required result.
D
The superlinear convergence property of Method 4 is an immediate consequence of Lemma 5.1, because the parameter values (1.14) are exactly the coefficients of pin the definition (4.10). Indeed, in this case the limit (5.1) is obtained
by virtue of the identity q =P· This observation is also presented as a theorem .
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Theorem 5.5. Let the interpolation procedure of Section 1 be applied to any

twice continuously differentiable function f, where the parameters a and /3 have
the values (1.14). Then the approximation (1.1) enjoys the superlinear rate of
convergence IIJ-sll==o(h) as h-+0.
□
Some of our analysis is also relevant to the case when the values of a and /3
are independent of h and the equations (1.14) are not satisfied. Now the number
jjp-qll= is a nonzero constant. Therefore we deduce from Lemma 5.1 and from
the replacement off by f-q in Theorem 2.3, that, for sufficiently small values of
h, the error norm 11/-sli= is bounded above and below by positive multiples of
h. On the other hand, when a and /3 depend on h, then Lemma 5.1 shows that
the interpolation procedure provides the property llf-sll==o(h) if and only if a
and /3 tend to the values (1.14) as h-+ 0. This remark might be useful to future
investigations of some of the new methods for fixing a and /3 that are presented
in the next section.

6. Some new choices of the linear polynomial term
Calculating the coefficients {).k : k = 0, l , ... , n }, a and /3 of the approximation
(1.1 ) to satisfy the equations (1.2) is analogous to univariate cubic spline interpolation when the knots are the data points, because in both cases two degrees
of freedom remain after the interpolation conditions are obtained. In cubic spline
interpolation it is suitable to take up this freedom by imposing one extra condition
on the approximation at each end of the interval O ~ x ~ l, because an element
from the space of approximating functions that vanishes at the data points is small
if and only if it is small near both ends of the range of x. Numerical calculations
of such elements show that this property also applies to the multiquadric approximations that we are studying. Therefore three of our new methods for fixing a
and /3 are suggested by the range of techniques that are known to be successful
for cubic spline interpolation (see Powell, 1981, for instance).
Specifically, remembering that Methods 1-4 are defined in the first paragraph
of Section 5, we let Method 5 augment the conditions (1.2) by interpolation to
the derivatives /'(O) and /'(l). Therefore the equations

s'(0)

= f'(O)

and

s'(l)

= /'(1)

(6.1)

are satisfied. Secondly, Method 6 takes up the two degrees of freedom by interpolation at the mid-points of the first and last intervals, so expression (6.1) is
replaced by the conditions

s(½h)

= f(½h)

and

s(l-½h)

= /(1-½h).

(6.2)
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Thirdly, Method 7 includes the equations

= ¾f(0) + ¾J(h) - ½J(2h)
s(l-½h) = if(l) + ¾J(l-h) - ½J(l-2h)
s(½h)

}
'

(6.3)

so it differs from Method 6 only in the choice of two right hand sides. Although
Methods 4 and 5 employ the same data, the numerical results of the next section
suggest that , in typical applications, Method 5 yields much smaller values of
llf-s11 00 • The accuracy of Method 6 seems to compare favourably with Method 5,
and it is sometimes advantageous that no first derivatives off are needed by this
technique. Method 7 is attractive because it only requires the data {f(jh) : j =
0, 1, ... , n }. We see that expression (6.3) provides approximations to the function
values J(½h) and f(l-½h), which are exact when f is any quadratic polynomial.
Therefore we expect any differences between the error norms llf - s II 00 that are
given by Methods 6 and 7 to be of magnitude O(h 3 ). Although we do not doubt
this conjecture, we find in Section 7 that changing from Method 6 to Method 7
can cause serious loss of accuracy when the relative error llf - sJJoo/llflloo is of
magnitude about 10- 5 , which is a typical tolerance of a practical application.
The obvious way of implementing these methods is to calculate { Ak : k =
0, 1, . . . , n }, a and f3 by solving the (n+3) x (n+3) system that occurs when the
interpolation equations are augmented by the appropriate two extra conditions
that have been specified. It should be noted , however, that the nonsingularity of
these systems is still a conjecture rather than a theorem, the truth of the conjecture
being "clear" if one considers numerical results. An alternative implementation,
whose notation is going to help the specification of further methods , begins by
applying the Method 1 interpolation procedure to the three functions {J( x ), 0 ~
x ~ 1}, {a(x) = 1, 0 ~ x ~ 1} and {b(x) = x, 0 ~ x ~ l}. We recall from the proof
of Lemma 5.2 the notation {>-i*) : k = 0, 1, ... , n} for the coefficients that occur
when Method 1 is applied to the function *, and we note that a and b are the
polynomials that are multiplied by a and f3 in expression (1.1 ). It follows that
the required interpolant is given by the formula
n

s(x)

= L (>.~) -a>.ia) -f3>.ib)) [(x-kh)2+(ch)2 ]1 12 +a+ f3x,

0 :S:x ~ 1, (6.4)

k=O

for each choice of the parameters a and /3. Indeed, we see that the calculated
coefficients{{,\~•): k = 0,1, ... ,n}: * E {J,a,b}} ensure thats satisfies the
interpolation equations. Further, each of the pairs of extra conditions on s provide
two linear equations in a and f3 that are intended to determine the values of these
parameters.
Method 8 is mentioned in the penultimate sentence of Section 1. Here a and
f3 are chosen to minimize the sum of squares
n

Jl>.IJ~ = L Pi!) -a>.ia) -f3,\ib))2,
k=O

(6.5)
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where we are using the notation of formula (6.4). We wish to give particular
attention to this method, because it has the strong advantage of being easy to
use when the data points are in general position. Therefore we prove that it has
some useful properties.
Theorem 6.1. The Method 8 implementation of the interpolation procedure of
Section 1 always defines the coeflicients { ).k : k = 0, l , ... , n} , a and /3 uniquely.
Further, if it is applied to any twice continuously differentiable function f , then

the superlinear rate of convergence llf-sll==o(h) is achieved.
Proof: The coefficients { { >.1*) : k = 0, l, ... , n} : * E {/, a, b}} of expression
(6.5) are well-defined because the matrix (1.6) is nonsingular. Therefore the first
statement of the theorem is true if and only if the vectors >,(a) and ).(b) are linearly
independent. Now we deduce from the definitions of ).(a) and ).(b) that, for every
choice of the multipliers a and~' the vector &>.(a)+~>.(b) is determined by the
interpolation conditions
n

L (a>.1a) +~>.1b)) [(j h-kh)2 +( ch)2 ]

112

= a+~jh,

j =0 , 1, ... 'n.

(6.6)

k=O

Therefore this vector vanishes if and only if we have a=~= 0, which establishes
the required linear independence of ). (a) and ). (b).
In order to prove the second statement of the theorem, we extend our superscript notation, letting ).( 4 ) and ).( 8 ) denote the vectors of parameters that are
calculated when a and /3 are fixed by Methods 4 and 8 respectively. Further,
by studying the paragraph that includes expressions (5.9)-(5.10), we identify ).( 4 )
with ).(9 ), which satisfies the bound (5.10). Therefore, since the definition of
Method 8 forces the relation p( 8 ) 11 2 :s; jj).( 4 ) !Ji, we infer that p( 8 ) 11 2 tends to
zero as h ._ 0. Further, the elementary inequality 11>.(8 ) II= :s; p( 8 ) 11 2 implies that
1!>.(8 )JJ 00 also tends to zero. It follows from equation (2.1) that Method 8 yields
the condition llf-sJJ 00 =o(h ), which completes the proof.
D
Our numerical experiments will show that :\1ethods 7 and 8 are less successful
than Method 6 at providing a small value of the error norm llf-slJ 00 • Therefore
the following Method 9 is an attempt to match the performance of Method 6
using only the function values {f(jh) : j =0, 1, ... , n }. It tries to force the ratios
9
6
9
9
9
9
6
6
9
).~ ) : >.i ) : ).~ ) and ,\~ 2 : >.~ 1 : ).~ ) to be similar to the ratios >.~ ) : >.~ ) : >.~ )
6
6
and ,\~ 22 : ,\~ 21 : ,\~6 ), respectively, where, when * is an integer, we continue to let
{,\ 1·) : k = 0, l, ... , n} be the coefficients that are determined by Method *· It
can be verified experimentally that , when J is twice differentiable, then the given
ratios of the components of ).( 6 ) are relatively insensitive to the particular choice of
f. Therefore, because we may not have the data for Method 6 when f is a general
function, we apply that method to the quadratic polynomial {!( x) = x 2 , 0::; x :s; 1}
6
instead, calculating the coefficients {.>:1 ) : k = 0, 1, ... , n}, say. Then Method 9

2

2
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Method 1

a= 0,

/3 = 0

Method 2

/3 =

Lk=O Ak = 0

Method 3

Lk=o >.k

Method4

a=½[J(0)+J(l)-f'(l)],

Method 5

s'(O)

Method 6

s(½h) = J(½h),

s(l-½h) = f(l-½h)

Method 7

s(½h) ~ J(½h),

s(l-½h) ~ f(l-½h)

Method 8

Minimize Lk=O Af

Method 9

Fit Ao: A1: A2 and An-2: An-l: An to some Method 6 ratios

Method 10

Minimize an estimate of

0,

= 0,

= J'(O),

Lk=O k Ak

s'(l)

=0
/J=½[f'(0)+f'(l)]

= f'(l)

/lf-s11

00

Table 6.1: The conditions that fix a and

picks the values of a and

/3

that minimize the expression

2

min"'"""'
[(A(9)_...,,5.(6))2
L..,
k
I
k
6
"Y,

/3

k=O

+ (A(9)
n-k -oJ.(6)
n-k )2].

(6.7)

In other words, letting the required interpolant have the form (6.4), we seek the
least value of the sum of squares

(6.8)
where the variables are a, /3, 1 and 5. Therefore again a small system of linear
equations has to be solved. We ignore the resultant values of I and o, the required
approximation being expression (6.4). This technique can be implemented so
that, when n is large, the work remains dominated by the factorization of an
( n + l) x (n + l) matrix, but we do not give details because the idea behind thEmethod is too intricate to be attractive. We will present some numerical results ,
however, and they are rather good.
In the next section Methods 1-9 will be compared by computing the estimate
max

0~m~4n

I J(¼mh)-s(¼mh) I,

(6.9)

of llf - s11 00 , where m is confined to the integers. It is therefore of interest to
know the least value of this expression over all choices of the parameters a and.

24

R.K. Beatson and M.J.D. Powell

j3 of the approximation (6.4). We define Method 10 to be the result of this
calculation. Thus the Method 10 estimates of llf-s11 00 are lower bounds on the
values of expression (6.9) that are achieved by the other nine procedures. Further,
each distance from the lower bound provides a measure of the opportunities for
improving the accuracy by making a different choice of a and /3. Table 6.1 provides
a summary of the range of methods that have been mentioned for determining
these parameters.

7. Numerical results and discussion

Our interpolation procedures that include the methods of Table 6.1 were applied
to the functions {J(x) = x 2 , 0 ~ x ~ 1}, {f(x) = ex, 0 ~ x ~ 1} and {f(x) = x 112,
0 ~ x ~ 1}, the multiquadric parameter being set to c= 1. The estimates (6.9) of
the resultant values of llf-s11 00 are displayed in Tables 7.1, 7.2 and 7.3 respectively,
where the notation pq denotes the number p x lOq. We see that the successive
columns show the effects of halving the spacing between adjacent interpolation
points. Thus the first two tables demonstrate the linear rate of convergence of
Methods 1-3, and they provide excellent support for the conjecture that all the
other methods enjoy the property llf-s11 00 = O(h 2 ) when f is twice continuously
differentiable. There are no Method 7 and Method 9 rows in Table 7.1 , because
these techniques reduce to Method 6 when f is any quadratic polynomial. Since
f'(0) is infinite in the calculation of Table 7.3 , our analysis is not relevant to its
results, which suggest that the rate of convergence is llf-sll 00 =0(h 1 l 2 ). Further,
the infinite derivative prevents the use of Methods 4 and 5.
The main purpose of these tables is to compare the accuracies of the interpolants that are given by the different ways of determining a and /3. We find that
lVIethods 2 and 3 are not much better than :'.\fethod 1, although they have the
ability to reproduce constant and linear polynomials respectively. It is clear from
the later rows of the tables, however, that the addition of a linear polynomial
to the multiquadric approximation allows very substantial reductions in the error
norm llf-si1 00 when f has bounded second derivatives. The tables suggest also
that Method 4 is the least successful of the ~second order" methods, followed by
Method 8. Indeed, there seem to be no good reasons for preferring Method 4,
because Method 5 gives greater accuracy consistently and employs the same data.
It is curious that the parameters (1.14) of 1Iethod 4 have some merit , because,
unlike the choice (6.1) of Method 5, it is not obvious that they are helpings to be
a good approximation to f. We see in Tables 7.1 and 7.2 that both Methods 5 and
6 yield error norms that are of the same magnitude as the optimal accuracy that
is shown in the bottom line. The middle four columns of Table 7.2 suggest that
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Method
Method
Method
Method
Method
Method
Method
Method

1
2
3
4
5
6
8
10

llf-s11

Table 7.1:

n=20
2.07 _3
3.93_3
2.06_3
1.99_4
5.86_6
5.09_6
7.23_5
3.93_6

n=lO
4.57 _3
8.23_3
4.47 _3
8.17 -4
2.35_5
2.04_5
2.89_4
1.57 -5

n=20
8.37 _3
5.34_3
2.11_3
2.59_4
7.86_6
6.6-5-6
2.0.5_5
1.03_4
8.61_6
5.17 -6

10

Table 7.2:

llf-slloo

Method
Method
Method
Method
Method
Method
Method
Method

1
2
3
4
5
6
7
8
9

1
2
3
6
7
8
9
10

Table 7.3:

n=lO
8.32_2
8.06_2
7.65_2
2,19-2
6.30-2
5.83_2
5.57 _2
l.lL2

llf-slloo

n=80
4.8L 4
9.49_4
4.80_4
1.20_5
3.66_7
3.18_7
4.5L6
2.45_7

n=l60
2.37 _4
4.72_4
2.37 _4
2.96_6
9.15_ 8
7.94_ 8
1.13_6
6.13-s

when c= 1 and J(x) = x2, 0::; x:::; 1

00

n=lO
1.58_2
1.12_2
4.66_3
1.04_3
3.10_5
2.55_5
1.56_4
4.30_4
6.59_5
2.00_5

Method
Method
Method
Method
Method
Method
Method
Method
Method
Method

n=40
9.86_4
1.92_3
9.84_4
4.86_5
1.46_6
1.27_6
l.8L5
9.81-1

n=40
4.30_3
2.6L3
9.95_4
6.42_5
1.98_6
1.70_6
2.70_6
2.51_5
1.36_6
l.3L6

n=80
2.18_3
1.29_3
4.83_4
1.60_5
4.96_7
4.28_7
3.61-1
6.21-6
3.86_7
3.31-1

n=l60
1.10_3
6.41- 4
2.38_-t
3.98_6
1.24_-;1.07_-;9.40-s
1.54_6
1.02_-;8.30_ 8

when c=l and J(x)=ex, o::;x::;1

n=20
5.84_2
5.70_2
5.50_2
1.55_2
4.46_2
4.12_2
3.94_2
7.83_3

n=40
4.11_2
4.03_2
3.93_2
1.09_2
3.15_2
2.91_2
2.79_2
5.54_3

n=80
2.89_2
2.85_2
2.80_2
7.73_3
2.23_2
2.06_2
1.97 _2
3.92_3

n=l60
2.04_2
2.02_2
1.99_2
5.46_3
1.58_2
1.46_2
1.39_2
2.77 _3

when c=l and J(x)=x 1 12, o:::;x:s;l
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the error in Method 7 is dominated initially by the CJ ( h 3 ) term of the errors in the
quadratic approximations to J(½h) and f(l-½h), and then the O(h 2 ) asymptotic
error of the interpolation procedure is seen in the rightmost column. We note also
that Method 9 simulates Method 6 quite well when f is the exponential function
and h is small.
The calculations of Table 7.3 were done in order to investigate experimentally
whether Methods 6-9 have any advantages over Methods 1-3 when f includes
a singularity. The numerical results of the table suggest that one should also
prefer the new methods when f is not entirely smooth. Any singularities of
f that are well inside the interval O :S x :S 1 are less relevant to our studies,
because, remembering the analogy to cubic spline interpolation that is stated in
the opening paragraph of Section 6, all well-conditioned methods for fixing a and
/3 must depend mainly on the form of {J( x ), 0 :S x :S 1} near the ends of the range
of x.
Throughout Sections 2-6, we let the multiquadric parameter c be a constant.
Some highly exciting discoveries have been made recently, however, concerning
gains in accuracy that can be achieved from larger values of c. In particular, it is
proved by Madych and Nelson (1990) and by Buhmann and Dyn (1991) that , if
f satisfies certain smoothness restrictions, if the range of x is the whole real line,
and if c=h- 1 , then the error norm JJJ-sJJ 00 tends to zero faster than h'- as h-+0 ,
where R is any positive integer. Further, Powell (1990a, 1990b) studies the case
when J is a quadratic polynomial and s is the multiquadric interpolant to f on
the infinite integer grid Z, so the grid spacing is h = 1. He finds an expansion of
the error function that, for c~ 1, is dominated by the term

the second derivative J"(x) being a constant. Thus, increasing c from 1 to 5
reduces the error by a huge factor, its value being about 3.7 x 10 10 • Substantial
gains can also occur when the range of x is finite, but they are far less dramatic.
For example, Tables 7.4 and 7.5 show the dependence of llf-sJJ 00 on c when his
fixed at h=0.025, the function f being taken from Tables 7.1 and 7.2 respectively.
vVe see that all but one of our techniques enjoy substantial gains in accuracy as
c is increased, the exception being Method 7. Indeed, equation (6.3) implies that
the Method 7 interpolant satisfies the condition
IJJ-slloo > Jf(l-½h) - s(l-½h) J
l.f(l-½h)-[if(l)+¾f(l-h)-½f(l-2h)] I-

(7.2)

Now the right hand side has the value J1~h 3 f 111 (()J, where ( is a point of the interval [1- 2h, 1], by virtue of the standard expression for the error of polynomial
interpolation in terms of derivatives. Therefore, if f "' ( 1) # 0, then the Method 7
error norms JJJ-sJJ 00 cannot become very small as c is increased for a fixed value of
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Method
Method
Method
Method
Method
Method
Method
Method

1
2
3
4
5
6
8
10

Table 7.4:

9.81-1

JJJ-sJJ

Method 1
Method 2
Method 3
Method 4
Method 5
Method 6
Method 7
Method 8
Method 9
Method 10

Table 7.5:

c=l
9.86_4
1.92_3
9.84_4
4.86_5
1.46_6
1.27-6
l.8L5

00

c=l
4.30_3
2.6L3
9.95_4
6.42_5
1.98_6
1.70_6
2.70_6
2.5L5
1.36_6
1.31-6

JJf-sJJoo

c=2
4.04_4
7.67 -4
4.0L4
3.78_5
1.08_6
4.66_7
4.87 _6
4.29_7
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c=3
l.6L4
2.97 _4
1.59_4
2.29_5
4.28_7
2.00_7
1.95_6
1.97_7

c=4
6.67 _5
1.20_4
6.59_5
1.25_5
1.58_7
7.78_8
8.23_7
7.35_8

c=5
2.82_5
4.95_5
2.78_5
6.44_6
5.78_8
2.98_8
3.49_7
2.62_8

when n=40 and f(x)=x2, 0~x~l

c=2
1.62_3
1.04_3
4.10_4
4.96_5
1.55_6
6.70_7
3.20_6
6.98_6
9.16_7
6.15_7

c=3
5.87 _4
4.03_4
1.64_4
3.0L5
6.31-1
2.95_7
2.92_6
2.87 _6
3.64_7
2.90_7

c=4
2.22_4
1.63_4
6.89_5
l.66_5
2.39_7
l.18_7
2.83_6
1.24_6
1.34_7
l.lL1

c=5
8.53_5
6. 75_5
2.94_5
8.69_6
9.04_8
4.66_8
2.85_6
5.43_7
5.29_8
4.08_8

when n=40 and J(x)=ex, 0~x~l

h. In particular, in the calculation of Table 7.5 we have

J/

6

h3 f "'(1) J = 2.65 x 10- 6 ,

which is in close agreement with the numbers in the Method 7 row , partly because
we are tabulating the estimate (6.9) of Jlf-sJI=• Since the error of Method 7 is in
such close agreement with that for piecewise quadratic interpolation, we can view
the Method 7 and Method 10 rows of Table 7.5 as a comparison of the errors in
piecewise quadratic and multiquadric interpolation. Thus we draw the important
conclusion that the multiquadric interpolant augmented by a linear polynomial
sometimes gives substantially better accuracy than a piecewise quadratic approximation, even when the data are confined to a finite interval.
We take the view that Method 7 does not deserve further attention , and that
the results of Methods 5, 6 and 9 are not very different from those of Method
10. We also wish to dispute the belief that Method 3 is a good way of fixing the
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f(x)=x 2 , o::;x::;1
n=lO
n=20
n=40
n=80
n=160

c=l
4.47 _3
2.06_3
9.84_4
4.80_4
2.37 _4

c=3
8.65_4
3.59_4
1.59_4
7.42_5
3.58_5

c=l
4.66_3
2.lL3
9.95_4
4.83_4
2.38_4

c=5
1.69_4
6.7L5
2.78_5
1.24_5
5.81-6

llf-slloo

Table 7.6:

f(x)=ex, o::;x::;1

n=lO
n=20
n=40
n=80
n=160

c=3
2.96_5
7.81-6
1.95_6
4.88_7
1.22_7

c=5
2.13_4
7.47 _5
2.94_5
1.28_5
5.90_6

for Method 3

f(x)=x 2 , o::;x::;1
c=l
2.89_4
7.23_5
l.8L5
4.51-6
1.13_6

c=3
9.70_4
3.82_4
1.64_4
7.55_5
3.61- 5

f(x)=ex, o::;x::;1
c=l
4.30_4
1.03_4
2.51- 5
6.21-6
1.54_6

c=5
5.58_6
1.37_6
3.49_7
8.72_8
2.18_8

c=3
5.65_5
1.23_5
2.87 _6
6.90_7
1.69_7

c=5
l.4L5
2.45_6
5.43_,
1.27_7
3.07 _8

Table 7. 7: JJJ-si1 00 for Method 8

f(x)=x 2 , o::;x::;1
c=l

n=lO
n=20
n=40
n=80
n=160

1.57 -5
3.93_6
9.81-1
2.45_7
6.13_8

c=3
3.05_6
7.88_7
1.97_7
4.92_8
1.23_8

Table 7.8:

c=5
3.69_7
1.04_7
2.62_8
6.53_9
1.63_9

f(x) =ex, o::;x::;1
c=l
2.00_5
5.17 _6
1.31-6
3.31-1
8.30_8

llf-slloo for

c=3
5.65_6
1.25_6
2.90_7
6.96_8
l.7L8

Method 10

c=5
9.16_7
1.85_7
4.08_8
9.54_9
2.30_9
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parameters a and (3. Therefore Tables 7.6, 7.7 and 7.8 show the performance of
Methods 3, 8 and 10 respectively, when both c and h are varied. vVe find that
typically Method 8 misses the optimal accuracy by a factor of about fifteen, while,
in the case of Method 3, it is not unusual for llf-s11 00 to be more than a thousand
times larger than the least value that can be achieved. Therefore, if one requires
a technique for adding a linear polynomial to a multiquadric approximation when
interpolating to data, then we recommend strongly that Method 8 be preferred
to Method 3. Such gains in accuracy are also usual if one switches from Method
1 or 2 to Method 8. We expect similar advice to apply to the interpolation of
functions of several variables, but this is a subject for future research.
We are less enthusiastic about Methods 5, 6 and 9, although their performance
appears to be better than that of Method 8. Method 5 does not seem to offer any
advantages over Method 6. We believe that Method 6 is superior to Method 8 in
one dimension , and it may be possible to develop some successful extensions for
higher dimensions , but it is far from clear how one should augment the interpolation conditions in order to fix the coefficients of the polynomial term. Method 9
is dependent on an implementation of Method 6. Therefore there are some weak
reasons for giving relatively little attention to the theoret ical properties of the
techniques that have yielded the best numerical results. On the other hand , good
support for Method 8 is provided by Theorem 6.1. Further, it is very encouraging
that Table 7. 7 suggests that this procedure enjoys both second order accuracy and
the ability to benefit substantially from larger values of c.
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