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SUMMARY

In classification studies, when different clustering criteria are used on the same
data set the results are not usually identical; each clustering criterion appears
to be effective at uncovering particular kinds of structure in data, and might
impose unwarranted structure on a data set. A review is given of the reactions of
various research workers to this problem. In particular, investigators have often
undertaken a subjective synthesis of two or more classification schemes; where the
schemes agree, the relationships depicted are less likely to be purely artifacts
of the clustering criterion used. This paper describes more formal methods of
comparing classification schemes to allo~ more detailed ex~mination of areas in
which they agree.
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1.

INTRODUCTION

The explosion of interest in exploratory methods of multivariate data analysis in
recent years has left scattered through the research literature a large number of
classification algorithms [Cor71,Eve74,Har75]. New algorithms are still being proposed, but an increasing amount of effort is being devoted to the assessment and
comparison of existing methods of classification; for example, R.R.Sokal [Sok77]
opined:"Although clustering and ordination methods will undoubtedly be improved in the
future, we seem to have at our disposal an adequate array of techniques to serve
many purposes. I believe that the major effort in classificatory work in the next
• few years should be devoted to comparisons of different approaches and to tests
of significance of classifications. Work in these fields has so far been quite
unsatisfactory."
Little will be said in this paper on ordination methods, in which one seeks to
represent the objects in the data set by a set of points in some low-dimensional
space such that points which are close together correspond to objects which are
similar to one another; we shall concentrate here on the assessment and comparison
of clustering methods, i.e.,
(1) methods which seek to impose on the set of objects either a partition into
disjoint classes, or a covering of overlapping classes, such that objects
within a class are similar to one another;
(2) hierarchical methods, in which the similarities between objects are sunnnarized
in a nested set of partitions, which can be represented in a tree diagram, or
dendrogram.
The words "classification scheme" will be used to refer collectively to the
results of using such clustering methods.
It is worth noting that applied practitioners of the subject would appear to have
reached a measure of consensus on which clustering algorithms to use; a study
reported by R.K.Blashfield [Bla76] noted that nearly three~quarters of the published uses of cluster analysis in 1973 used one or more of three methods : single
link, average link (UPGMA) [SoM58], and the minimum sum-of-squares criterion
[War63].
·
The current interest in comparing clustering methods has been stimulated by the
increasing awareness of the extent to which clustering criteria can misrepresent
the structure in the data; for examples, see [Wis69,Eve74]. Each clustering criterion appears to be effective in detecting particular kinds of structure in data;
for example, the sum-of-squares criterion tends to favour hyperspherical-shaped
clusters, and the single link method will find clusters of any shape but requires
that these clusters be distinct and not linked together by chains of intermediate
objects. In short, each clustering criterion is pre-disposed to find clusters of
a particular "shape", and may well distort the data to some extent. Various
measures of distortion have been proposed [Cor71]; these can provide a warning
against dubious conclusions, but a more detailed study would be needed to investigate what was causing a high measure of distortion.
Given that each clustering criterion may be well-suited to uncovering particular
types of group structure, if we knew the "shape" of the clusters we might be able
to select an appropriate clustering method (The fact that different clusters in
the data could well have different "shapes" is an added complication). The circularity is immediately apparent : in general, we do not know the underlying
structure in the data; the investigation is being undertaken precisely in order
to find this out. The remainder of this section summarizes four directions from
which this problem has been approached.
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1.1.

ADAPTIVE CLUSTERING SCHEMES

In adaptive clustering schemes [Roh70,Che72,DiG77], the expected cluster shape can
be modified during the clustering procedure; this is usually achieved by basing
the definition of within-cluster distance on the disposition of the current group
members. To obtain reasonable results, the methods require each cluster to be composed of a fairly large number of objects. A limitation is that one must specify
beforehand the class of cluster shapes considered permissible [Roh70]; future
developments in this area could involve interactive or supervised programs, these
being liable to the charge of greater dependence on the subjective (and difficult
to specify precisely) choices of the user.
. 1. 2.

SIGNIFICANCE TESTING APPROACH

In this approach, researchers have posed the following question : "In the absence
of any structure in the data, how would one expect a clustering criterion to
behave?" The absence of structure can be regarded as a "null hypothesis" to be
investigated. There have been difficulties in framing realistic null hypotheses
which allow one to make much analytical progress. Some work [Lin73,BaH76] has
assumed that the elements of the matrix of pairwise dissimilarities between
objects are ranked in random order, and has derived the distribution of various
statistics under this hypothesis. This assumption ignores the metric structure
usually contained in the dissimilarities, but Ling argues (Lin73] that this model
can be regarded as a limiting case and that if no significant clusters are indicated under this model then clusters are unlikely to be deemed significant under
any model. One suspects that it will prove more difficult to make much analytical
progress with more realistic null models, although recourse may be had to simulation studies [GoB75].
In carrying out a test of significance, one also has to frame an alternative hypothesis, and this has caused difficulties in this area. Clearly, an appropriate
alternative hypothesis would be to assert that there is some structure in the data
but this could take many forms, and tests to detect partic~lar kinds of structure
(EnH69,Har75,Boc77,Har77,Sne77a,Sne77b] need not be efficient at detecting other
kinds of structure. It may be that the notion of "fuzzy clustering" [Bez74,Boc79]
will prove useful here, in allowing one to test whether an observed "fuzzy" solution may reasonably be regarded as corresponding to a "hard" partition; alternat'.""
ively, some data sets may be more formally postulated as arising from a multivariate mixture model [Day69,Wol70], although the multivariate normal distribution
would seem to be inappropriate for many sets of data encountered in classification,
These more formal methods can be contrasted with the approach of many of the
earlier workers in classification, who would have described their work as "exploratory data analysis" [Tuk77], or as the generation of hypotheses about the structure in the data [WiD65,Jar70), hypotheses which might then be tested on new data.
The rationale is that data may well have many different properties; tests of
hypotheses concentrate on a limited number of properties to the exclusion of
others which might be of interest, so it might be wise not to resort to hypothesis
testing too early in the analysis. This reasoning would lead to a two-stage
process of analysis : "exploratory data analysis" followed by "confirmatory data
analysis" [Tuk77] on different data. Few, if any, classification studies have
proceeded to this second stage. In part, this has been due to the difficulty
associated with collecting new data: sometimes this is not possible, for example
when the set of objects is a collection of artifacts found at an archaeological
site, and division of the original data into two subsets has not seemed appropriate; in part, it has been caused by the difficulty of framing an appropriate
model and testing it on new data. The attitude adopted will depend on whether it
is possible and useful to regard the data as a sample from some relevant "population", or whether one is only interested in the set of objects under study.
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1. 3.

PROPERTIES OF CLUSTERING CRITERIA

Some of the work in the previous subsection can be described in terms of seeking
to investigate and control errors of the first kind, i.e. situations where a criterion wrongly asserts that there is structure in the data. The work in this subsection is concerned with errors of the second kind : if there is structure in the
data, we want the clustering criterion to detect it. There have been simulation
studies to investigate the performance of several clustering criteria in detecting
particular types of structure in data [BaH75,Dom75,KuF75]. This kind of approach
can be of use in eliminating "almost always bad" methods, but it can provide only
a limited amount of information. Even if one knew the most appropriate clustering
method for every conceivable type of data set which might arise, the problem is
that in general the precise form of the data is not known before the analysis
begins.
In some situations, however, one has a certain amount of information on the
expected properties of the data or the method of analysis. N.Jardine and R.Sibson
[JaS71] show that if one requires the classification method to satisfy a specified
list of axioms, then the only appropriate method of analysis is the single link
method. An alternative approach is the admissibility approach of L.Fisher and J,W,
Van Ness [FVN7li,VNe73] : they have constructed a list of properties which one
might expect the data to possess in some situations, and have investigated whether
or not the groups obtained from various'clustering methods would invariably
possess these properties, The rationale is that although one may not be able to
specify very precisely what properties one would expect of the data, one might
have some relevant information from the manner in which the data arose. One could
then use Fisher and Van Ness' admissibility table to select one or more admissible
clustering criteria, regarding the other criteria as inappropriate for the
particular data set being analysed,

1.4.

COMPARATIVE STUDIES

The approaches considered thus far assume that one has some information about the
data set, but often this is not available. The final approach accepts the fact
that different criteria are predisposed to find particular kinds of structure, and
so analyses a given set of data by several different methods, (In such studies, it
is connnon to employ both clustering and ordination methods of analysis, but we
will concentrate here on the comparison of the results from different clustering
methods). If the classifications obtained using two or more different clustering
criteria do not differ markedly, then one has more confidence in the reality of
any group structure indicated; the results are less likely to be purely artifacts
of a clustering method. Subjective assessments of several classifications have
been connnonly made [Min65,WWL66,GWW68,GrA69,Sch7O,SnS73]. Other situations in
which it might be relevant to compare two or more classifications - and which are
investigated by most of the above-mentioned authors - are comparisons based on
different measures of dissimilarity (possibly based on different sets of variables)
relating to the same set of objects, and the comparison of a numerical classification with one based on external criteria. The remainder of this paper describes
some more formal ways of synthesising the results from different classifications
of the same data.

2.

COMPARING CLASSIFICATIONS

The methods to be described in this section will be illustrated on a set of 16
objects [GPC66], where an object corresponds to a collection of botanical quadrats
from Gotland which are dominated by a single species. Figs. 1 and 2 sunnnarise the
results of analysing these data using the single link and complete link methods.
Sectioning the two tree diagrams at the places indicated by the dashed lines

s

yields the partitions into the four single link groups
S1 (12), S2 (1,5-7 ,15), S3 (2,3,8-10,13,14,16), S4 (4,11),
and the five complete link groups
C1 (12), C2 (1,5-7,15), C3 (2,3,10,13), C4 (8,16), Cs (4,9,11,14).
Various statistics have been used to compare two classification schemes [GoK54,
SoR62,Ran71], but these give a measure of the overall agreement between two
classifications without directly indicating which objects are contributing towards
this agreement. Some of these statistics can be interpreted in terms of fit and
error distributions associated with the two classifications [Fra76]. The remainder
of this section describes an approach aimed at identifying the "intersection" or
"area of agreement" between two classification schemes : partitions and coverings
are considered in subsection 2.1, and dendrograms are considered in subsections
· 2. 2 to 2 .4.
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Fig. 1. Single Zink dendrogram of Gotland data.
2.1.

COMPARING PARTITIONS AND COVER~fGS

Table 1 sunnnarises the number of objects occurring jointly in the single link and
complete link groups {S.,C. (l<i,j<5)} defined above; the empty group S5 is intro1
duced so as to equalise thJ number-of groups in each partition. Rand's coefficient
[Ran71] for these partitions takes the value 0.8, indicating a fair measure of
agreement; perfect agreement would be given by a value of 1. In order to determine
what is causing this agreement, match the groups in pairs, with one group in a
pair from each partition, so as to maximise the number of objects in connnon in the
set of matched pairs of groups. This is just the assignment problem in operational
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Fig. 2. Complete link dendrogram of Gotland data.
reseacch [SYF59]; the optimal matching is shown by the starred entries. The two
partitions are seen to agree in the relationships indicated between 12 of the
objects; the proportion in connnon, 0.75, may be regarded as a measure of the
agreement. The groups detected by both criteria are
( 12) , ( 1 , 5-7 , 15) , ( 2 , 3 , 10 , 13) and ( 4 , 11) ,

Table 1. Comparison of single Zink and
complete Zink partitions of the Gotland data.
Complete link groups

Single
link
groups

C1

C2

C3

Ci+

Cs

S1

1*

0

0

0

0

S2

0

5*

0

0

0

S3

0

0

4

2

2

Si+

0

0

0

0

2*

(Ss)

0

0

0

0

7

*

*

0

and one might therefore have more confidence in the existence of these groups;
the other objects could be regarded as being intermediate between some of these
groups, or as outliers. This procedure is also applicable to the comparison of
different coverings of the same set of objects.
An alternative approach [DiS76] to the comparison of several different classific-

ations of the same objects would be to define 6(i,j) as the number of classifications for which objects i and j belong to different classes, and to investigate
the g classes {Ch(k) (h=l, ••. ,g)}, where Ch(k) = {ii 6(i,j)<k V jsCh(k)}. The
case k=O yields
"strong patterns"; for
the Gotland data, these are the
groups of objects corresponding to the non-empty cells of Table 1.
The illustrative example considered above compared an m-partition with an n-part. ition form= 5 and n = 4. The procedure can be applied to a range of values for
m and n to investigate different levels of structure in the data. The method of
comparing trees, to be described in the next three subsections, attempts to carry
out simultaneously such investigations at all levels of similarity.

2.2.

THE INTERSECTION OF TREES

The extent to which two tree diagrams resemble one another can be measured using
Sokal and Rohlf's cophenetic correlation coefficient [SoR62]. In the remainder of
this section, we will be less concerned.with an overall measure of agreement than
in seeking to identify which parts of the classifications are contributing to the
agreement. A method will be described for obtaining a maximal reduced tree which
does not contradict the information contained in the two original dendrograms,
i.e. we will seek to "prune" as few branches as possible from each of the two
original trees so as to render them in some sense "equivalent". The relationships
summarised in this pruned tree will retain the information on the objects about
which the classifier is more confident. A disadvantage is that one would have
difficulty specifying any criterion related to the objects which the reduced tree
satisfies optimally; it will just be the intersection of trees, each of which
will separately have optimal properties.
It is still necessary to specify what one means by "equivalent" dendrograms, and
for this purpose it is useful to regard a hierarchical classification as a transformation T : d ➔ a of the original measure of dissimilarity d(i,j) between each
pair of objects i and j into a transformed dissimilarity ct(i,j), where ct(i,j)
denotes the level of the dendrogram at which objects i and j first come into the
same group. Because of the many different ways in which clustering criteria can
be defined, the actual values of {ct(i,j)} often contain little information beyond
their rank ordering, and this is all that will be required in the following
formulation.
Sibson [Sib72} discusses types of equivalence b~J:ween two trees, T1 and T2, which
one may regard as being defined by the sets of transformed dissimilarities
{ct1(i,j)} and {a2(i,j)} respectively.
T1 and T2 are defined to be global order equivalent if
ct1(i,j) 2 ct1(k,i) <=> ct2(i,j) 2 ct2(k,i) for all objects i,j,k,i.
T1 and T2 are defined to be

ct1(i,j)

2

ct1(i,k) <=> ct2(i,j)

2

local order equivalent if
ct2(i,k) for all objects i,j,k.

The aim of this section can now be stated more formally : given two dendrograms,
seek to prune as few branches as possible from each of them so as to ensure that
the reduced trees are global (or local) order equivalent. From experience, it
seems possible that global order equivalence may be too stringent a requirement
for many data sets and pairs of clustering criteria. This paper concentrates on
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local order equivalence, and the next subsection describes an algorithm for seeking the optimal reduced tree,
2. 3.

A PRUNING ALGORITHM

Local order equivalence of two dendrograms may be stated informally as follows :
consider moving up each dendrogram, starting from the same object; all objects
must be encountered in the same order (including the preservation of ties in the
orderings). This must hold for all starting positions. For example, consider following the branch attached to object 8 in figs, 1 and 2. In fig. 1, the objects are
encountered in the order
8, (9,14), (2,3,10,13), 16, (4,11), (1,5-7,15), 12,
where the ranks of all objects enclosed within the same pair of brackets are tied.
'In fig. 2, the objects are encountered in the order
8, 16, (4,9,11,14), (1-3,5-7 ,10,12,13,15).
II
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Fig. 3. A pruned tree : intersection of single
Zink and complete Zink dendrogrOJ71s of GotZand data.
DE~ine a. (l<i<N=16) as the maximum agreement between the two sequences along the
i
bran~h,
as the number of objects in the largest possible subs~quence
which does not contradict the orderings of either of the original sequences
(including the preservation of ties). For a fuller description of this statistic
and an algorithm for evaluating a. and identifying the objects in agreement, see
[Gor79], For e.xample, it can be v~rified that as= 9, with the two sequences
having in common the objects
8, 16, (4,11), (1,5-7,15).

'I.e.

N

N

If

l

a. = N2 , the two dendrograms are local order equivalent. If
l.

I
i==l

a. <
l.

N2 ,

i=l
an iterative approximating algorithm can be used to delete one object at a time
until the reduced dendrograms become equivalent. Because the set of a. objects
l.
need not be uniquetK defined, let
1 if the j tHbject occurs in an optimal set of ai objects in agreement
v .. = {
with the i
pair of sequences,
l.J
O otherwise.
th
Define a. =
V •• , the number of branches for which the j
object occurs in an
J

optimal

l·l.

l.J

subsequence. Clearly,

I,1.

a. <

].-

l.J
9

a. , with equality only if each subJ

sequence is uniquely defined.
The algorithm can be sunnnarised as follows :1. Let M (the current size of the data set) = N.
2. For the current set of M objects, evaluate {a.,cr.}.
3. If
4. If

l·J

l·J

J

J

a. = M2 , the reduced trees are local order equivalent, STOP.
J

a. < M2 , delete an object with minimum value of a.; set M = M-1 and go
J

J

to step 2.

The object selected for deletion at step 4 need not be uniquely defined, and
while the algorithm will find a locally optimal reduced tree, there may exist
larger trees satisfying the equivalence criterion. The algorithm thus shares with
many other classification algorithms the property of being an approximation to an
optimal solution; a complete search of all tree forms becomes rapidly less feasible as the number of objects increases.
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Fig. 4. A pruned and grafted tree: synthesising the information contained
in the singZe Zink and compZete Zink dendrograms of the GotZand data.
Fig. 3 gives the reduced dendrogram obtained when the above algorithm is applied
to the dendrograms shown in figs. 1 and 2. There are, however, two other reduced
trees containing nine objects which do not contradict the information contained
in figs. 1 and 2; there is some structure contained in the branches which have
been pruned, and the next subsection describes an approach which reincorporates
this information into a single figure.
2. 4.

REGRAFTING PRUNED BRANCHES

The branches which were pruned in order to obtain the skeletal tree shown in fig.
3 are located in contradictory positions in figs. 1 and 2. In seeking to represent
the relationships between all the objects in a single sunnnary tree diagram, one
approach might be to reattach each pruned branch to the skeletal tree in a position
which is "average" with respect to its location in the original dendrograms; some·
of the algorithms described by J.A.Hartigan [Har67] could prove useful in this
context. Rather than attaching a branch in a position for which neither of the
original trees might offer support, a more conservative approach will be adopted
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here : a branch will be attached to the reduced tree at the lowest possible level
of dissimilarity for which its subsequent relationships with the skeletal set of
objects are agreed between the two original trees. Low-level relationships which
are cotmnon to both of the original dendrograms will be preserved in the act of
grafting.
Fig. 4 shows the result of carrying out this operation: branches which were
pruned then regrafted are represented by dashed lines. For example, the precise
relationship between object 8 and the set of objects (4,9,11,14) is disputed in
figs. 1 and 2, but its subsequent relationship with objects (1,5-7,15) is not in
dispute; it joins the group (4,9,11,14) no later than the position indicated.
Note also that the low-level relationships between objects 2,3,10 and 13 can be
preserved in fig. 4 because they appear in both figs. 1 and 2, but the precise
level at which these objects join the rest of the data set is uncertain; this
feature is discussed further in the final section.
3.

DISCUSSION

Throughout the paper, the work has been described in terms of comparing two
classification schemes. The extension to comparing more than two partitions is
straightforward, but it seems likely that a very efficient algorithm would be
needed for the comparison of more than two dendrograms; an inefficient algorithm
could get trapped in inferior local opti~um solutions.
The tree-comparison method seeks very detailed relationships, and some care should
be taken in the choice of clustering criteria : if two clustering criteria are
best suited to uncovering markedly different structure in data, they are likely to
agree closely only if there are very distinct relationships in the data set. For
data for which the structure is less clear-cut, it might be advisable to use clustering criteria which are more closely related to one another [Sch70J. This would,
of course, have implications for the degree of confidence with which one could
claim to have detected structure in the data.
The results of using the tree-comparison method to analyse several larger data
sets suggest that the method might be of most use in studying lower-level relationships between the objects. There was often close correspondence between partitions for a moderate number of groups, and a reasonable agreement about the way
in which the objects within these groups were related; but it was found that the
later amalgamations, between the last few groups, often took place in different
ways in the two dendrograms. This observation is in accord with experience recorded in the literature, [Roh70,Kru77] that clustering methods give the small-scale
relationships between objects but that the large-scale relationships are better
detected by ordination studies. The tree-comparison method, therefore, would seem
most relevant for the examination of such small-scale relationships, when it would
be desirable to identify all maximal subsets whose relationships do not contradict
any of the original dendrograms. Relevant subsets c~#ld be detected by the comparison of sequences "censored" at, or before, their k
member; in each sequence,
all objects after the first k would receive the same rank.
Study of the results of applying the methods to a wider range of data sets would
be desirable, as would a more efficient pruning algorithm, but it is believed that
the methods described -in this paper could make a contribution to the analysis of
multivariate data.
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