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ABSTRACT

In this paper we de scribe LUSH-re solution (linear resolution with
E_nrestricted 2,_election function for Horn clauses), a r e finement of
linear resolution which has been proposed, but not named, by Kowalski.
It is a particularly simple and (especially for predicate calculus
programming applications) very natural system, with potentially
greater efficiency than SL-resolution.
restricted to sets of Horn clauses.

Its applicability is
An elementary proof of its

completeness (subject to this r e striction) is given.
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1. INTRODUCTION
Kowalski {1,2} has demonstrated the widespread applicability
of the clausal form of first-order predicate logic.

He has shown

how this language, originally developed a s the most suitable form
of predicate logic for the presentation of theorem-proving problems
to a computer, may be r egarded as a general-purpose programming
language.

The proving of a theorem corresponds to the execution

of a prograo;

and any complete r e s olution theorem-proving system

may be regarded as an interpreter for predicate calculus programs.
Thus when in {1} Kowalski describes a mechanism whereby predicate
calculus programs may be executed, he is also proposing a
r efinement of resolution.

He gives no name to this refinement;

we have called it LUSH-resolution ("linear resolution with
unrestricted selection function for Horn clauses").

LUSH-

resolution is (because of its analogy with the manner of execution
of prograI!ls written in conventional languages) the most natural
way of interpreting predicate calculus prograr.is.

It is also a

very simple and potentially efficient system, and so the question
of its completeness is of some importance.

The completeness is

tacitly assumed in {1}, and is said in {2} to be "easy to prove".
An investigation of the method which Kowalski had in mind led t o

some difficulties, and in the present paper we prove the completeness
of LUSH-resolution by a different method.

The system is applicable

only to sets of Horn clauses and the conpleteness result is, of
course, subject to this restriction.

Our proof does not depend

greatly upon existing results of r esolution theory and we have
tried to pres ent it in a reasonably elementary manner.
LUSH-re solution appears to be isomorphic with the Horn clause
case of Brown's systen SLM (selective linear model deduction) {6}.
Thus the completeness r e sult
completeness result for SLM.

provc>d here is subsuraed by the
Nevertheless, it seems worthwhile

to present a relatively simple and self-contained proof that does
not require familiarity with the more cor.iplicated fornalism of
SLM.
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2. MOTIVATION

We assume some familiarity with the basic terminology of
resolution systet1s:

terr.i, literal, clause,

substitution, etc.

In progranoing applications of predicate logic, the
unsatisfiable set of clauses which constitutes the program
frequently consists of Horn clauses, just one of these being a
purely negative clause.

The central idea of predicate logic

prograI!II!ling is an analogy with conventional progra.I!lrling languages
whereby the negative clause corresponds to a set of procedure
calls, and each remaining clause to a procedure declaration.
For example, consider the traditional program {1} for computing
the factorial of 2:

F: { :::: ~:~:; ,z) Fact (x,y) Times (s (x) ,y,z)
Fact (s(s(O)),w).
(In the notation of {1} and {2} the second clause of F, for
example, would be wr.itten as
Fact (s(x),z)

+

Fact (x,y), Times (s(x),y,z)

The correspondence between the two notations is obvious.

Fis

of course not a complete program, in as much as it needs to be
supplemented either by further clauses to define Twes, for example
Times (x,o,o)
Times (x,s(y),z) Times (x,y,w) Plus (w,x,z)
T:

Plus (x,O,x)
Plus (x,s(y),s(z)) Plus (x,y,z),

or by some special mechanism for implementing Times.)
It will be observed that F (or FUT) consists entirely of
Horn clauses, and that of these only the third clause of Fis
purely negative.

In the analogy mentioned above we regard the
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nega tive claus e as be ing a ca ll of the procedure Fact with the
arguraent 2 (=s(s(O))).
remaining c l ause s.
procedure ca lls:

This procedure is defined by t.~e

A procedure d ecla ration may of course include
thus the declaration o f Fact calls Tines, and

also calls Fa ct recursively.

But the only "unconditional"

procedure ca ll is the nega tive clause Fact (s(s(O)), w).

This

is why, in predicate ca lculus prograriming, negative clauses are
ca lled goal statements.
(The absence of a rigid distinction between input and output
parame ters weakens the analogy with procedures in ordinary
programming language s, but this point need not concern us.)
The analogy sugge sts a likely strategy which might be adopted
by a theorem-prover intended for use as an interpreter o f predicate
calculus prograns.

In programming termino logy, the obvious way

t o execute a program of the type described is t o start with the
"unconditional" procedure call, and successive ly substitute in it
procedure bodies f or proc edure names, repla cing f orna l by actual
parameters in the usua l way.

In resolution t erns, this mea ns that

we should start with the gcal statement anct successivel y r e so lve it
with other clauses from the progran (=input set).

(As exp l a ined

in {1}, unification takes care of the pa ral'!leter r eplacement.)

Our

strategy t her ef ore is t o construct a linear r es olution derivation
with the goal sta t enent a s top clause, a ll the resolution steps
being input rather tha n ancestor resolutions.

(Such a deriva tion

is called purely linear.)
Let us examine this idea.

Suppose S t o be a set of Horn

clauses including exactly one goal statement G.

If there is to be

any chance of a successful computation from S then S must be
unsa tisfiable, and in that case {G} will be a s e t of support.
The completeness of linea r reso l ution with set-of-support restriction
assure s us o f the existence of a linear r efutation of S with t op
clause G.

Since S contains only Horn clause s, every clause appea ring

in such a r efuta tion D must be a goal statenent.

Hence ancestor

resolution is .ir.lpossible a nd any such D must be purely linear.
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3. LUSH-resolution
The above remarks show that computation in the oanner outlined
so far is possible, but we intend t o iopose a restriction.

Since

we are continually de riving new goal statenents from old ones, we
have a "top-down" proof procedure .

In choosing a literal in the

current goal statement upon which to perform the next r es olution,
we are selecting from among the currently outstanding subgoals
one which we sha ll next try to achieve (or to decompose into
more elementary subgoals).

It would be useful t o know that we

could make this choice arbitrarily, and that, however we make it,
we would never c ome to a situation of failure which would f orce us
to backtrack and reverse the earlier choice.

If this were the

case we could always choose our subgoals in the way that seemed
most promising, i.e. most likely to cut down the size of the search
space and lead most quickly to the null clause.
is Kuehner's "principle of procrastination":

A useful strategy

a lways select the

litera l that r e s olves with the smallest number of input clauses.
(Search, and backtracking in a wea.kc£ sense than that m~ntioned
above, would of course still in general be necessary, f or having
selected a lite ral L t o be resolved upon in the current goal
sta tement G., we should in general find more tha n one input clause
l.

that reso lved with Gi upon L, and hence more than one candidate
f or Gi+l' the next goal sta tement in the refutati on.)
As in the ca se of SL-re solution the way to f orna lise our
remarks about arbitrary choice of the l iteral to be r e solved upon
is

via the concept of a selection functi on, i.e. a function which

selects literals fron goal statements.

In the building of a

derivation, each time one chooses a literal from a goal statement,
one is taking a step in the construction of a selection function.
The mathematical formalism used makes it more convenient to talk
of a selection function as if it were initially given in its
entire~y, and as if it were defined for goal statements which do
not occur in the derivation.

The reader should, however, clearly

understand that in practice a selection function may well be
constructed dynamica lly.
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We began with the case of a set of Horn clauses with a single
goal statement because this case is of such importance in programming
applications and because it best illustrates the analogy with
conventional programming languages.

However, LUSH-resolution is

also applicable to sets of Horn clauses with more than one goal
statement.

In this case, several search trees must be investigated,

one f or each goal statement in the input set.

For each search tree

the corresponding goal statement is tried as top clause.

It may

be the case that more than one of these search trees contains a
refutation.

However, if G is a goal statement in the input sets,

and if there is a LUSH-reftttation D of S with top clause G, then
none of the other goal statements in Sis used as a parent clause
In this sense, one can always throw away
all but one of the goal statements in S; but the problem is to
in the formation of D.

know which one to keep!
If the reader wishes to be convinced of the incompleteness of
LUSH-resolution when applied to non-Horn clauses, he is invited to
attempt t o refute the full set on two atoms
AB

AB

AB

AB

using any selection function he cares to try.

4. CLAUSES, CHAINS, MERGING AND FACTORING

Resolution systems deal with disjunctions of literals.
been calling such disjunctions "clauses".

We have

Strictly speaking, a

disjunction of literals should be called a clause only if it is
regarded as being the~ whose members are its literals.

In the

clausal representation, the commutativity, a ssociativity and
idempotency of disjunction are built in.
BADDBBB

and

and

{ A, B, i5})

ABO (more properly written

Thus the two clauses
as

are exactly the same object.

{B,A,D,D,B,B,B,}

In our discussion

of LUSH-resolution we need to distinguish (for example) BADDBBB from

-

ABD,

so we regard these expressions as denoting strings of literals,

henceforth called chains.
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When two occurrences of a literal are replaced by a single
For chains, it is

occurrence, we say that a merge has occurred.

meaningful to say that merging is allowed or prohibited;
clauses, merging is in a sense automatic.
the resolvent of the chains

ABC and

merging does not take place, and is

for

Thus we might say that

-ABD

is

BCBD

if

BCD if merging does take

place.
Factoring occurs when a substitution is applied to a clause
or chain, unifying and merging two of its literals.

Thus in the

chain
P(x,b) Q(c) P(a,y)
the first and third literals are ~nifiable wit.~ most general
unifier
x:= a,

y:= b.

Applying this substitution we get
P(a,b) Q(c) P(a,b)
which we can merge to give
P(a,b) Q(c).
Thus P(a,b) Q(c) is a factor of the original chain.
Resolution systems which deal with non-Horn clauses need
factoring for completeness.

In LUSH-resolution factoring is

prohibited, for the following reasons.
(i)

LUSH-resolution

is intended to be analogous to

conventional programming systems, and these have
no operation corresponding to factoring.
(Exercise:
(ii)

What would such an operation be like?)

In SL-resolution { 4}, all possible factors of
input clauses are generated before the main
search for a refutation can begin.

Examples

abound (see Brown { 6 }) in which this input
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factoring adds a great many useless branches to
the search space and makes an otherwise easy
problerl difficult.
(iii)

Investigation (i.e. the proof given in this paper)
shows that LUSH-resolution is complete without
factoring.

The question now arises:
resolution?

should we allow merging in LUSH-

In practical applications, the question is unlikely

to be important.

A stage in our completeness proof will involve

passing from results about "ground" (variable-free) chains to
results about general chains.

If the "general level" results are

to show that factoring is unnecessar.h

then the "ground level"

results upon which they are bnsed must not assmne that any merging
takes place.

Thus for convenience we define LUSH-resolution in

such a way that merging as well as factoring is prohibited.
The reader who fully understands the proof will be able to see how
to modify it (at some expense in the complexity of terminology and
notation) so as to cover a system identical to LUSH-resolution
except that merging is optional.

He will also be able to show

that each merge carried out reduces the number of resolution steps
needed in the refutation.

This does not necessarily mean that

merging should be allowed in computer implementations, since the
extra work of looking for possible merges may be greater than
that of redundantly repeating resolutions.

In hand computation

by LUSH-resolution, merging is virtually certain to be of benefit.

S. FORMAL DEFINITIONS
We are now ready to define our system precisely.

It is

convenient for us to have a phrase for "linear resolution without
merging or factoring".
Definition
A pseudo-linear resolution derivation D from a sets of chains
is a sequence
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of chains such that Co
obtained from C.

Es and (for i

= 1,2, ••• ,m) Ci is

and some chain of S'-..{C 0 } by resolution

1.-1

without merging or factoring.
What we have defined might more appropriately have been called
a "pseudo-(purely linear) resolution derivation"., but this is the
only case we shall need.
Definition

By a selection function we mean a function cf> defined on some
set of goal statements, such that whenever cf>(G) is defined 1 its
value is some (necessarily negative) literal occurring in the goal
statement G.
It follows from the definit~on that for no selection function
cf> is cf> ( 0

)

defined.

Definition
Let S be a set of chains.
chain is based on S

A term, atOI!lic forr:iula, literal or

iff all the constant, function and predicate

symbols occurring in it oc.:cur also in S ( and occur in the same
r8le, with the same number of argument places).
Definition
Let S be a set of chains.
selection function

cf>

A selection function for Sis a

such that cf>(G) is defined wherever (i) G is a

goal statement based on s and (ii) G

+D•

The purpose of this definition is to enable us to say concisely
that cf>(G) is defined for every chain G that might occur in a
derivation from

s.

Definition
Let S be a set of Horn chains, and let
for

s.

cf>

be a selection function

A LUSH-derivation from s with selection function

"LUSH-derivation from S by <1>") is a sequence

of goal statements such that
(i)

Dis a pseudo-linear derivation from S;

p

(or
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For i = 1,2, ••• ,m, the literal in G.

(ii)

J.- 1

resolved

upon in the formation of G. is the literal
l.

~ (Gi-l} selected in Gi-l by~.

Definition
If Dis as in the previous definition, then Dis a LUSHderivation of G.
m

'l'heorem o.

A LUSH-derivation of O is a LUSH-refutation.

(Correctness of LUSH-resolution).

If there is a LUSH-derivation of G from S then S
G is true in every model of S).

FG

(i.e.

If there is a LUSH-refutation

of S then Sis unsatisfiable.
Proof
A LUSH-derivation is a resolution derivation, and resolution
is known to be a correct inference rule.

Q.E.D,.

6. INTERPRETATIONS AND HERBRAND INTERPRETATIONS
Below we briefly refresh the reader's memory of the most
elementary parts of the terminology of model theory (for the case
of sentences in clausal form}, for without a clear grasp of words
like "unsatisfiable", even the statement of the completeness result
cannot be understood.

We also remind the reader of the basic facts

about Herbrand interpretations, which will be needed for the proof.
S always denotes a set of chains (or clauses).

We assume for

simplicity that at least one constant symbol occurs in

S1

for the

modifications necessary when this assumption fails, see, for example,
{ 3}.

The Herbrand universe
based on

H(S) of Sis the set of ground terms

s.

An interpretation I of Sis determined whenever the following

data are specified:
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(i)

A non-empty set DI, the domain of I;

(ii)

For each constant symbol c occurring ins, an
element c

(iii)

1

of D ;
1

For each m-ary function symbol f occurring in

s,

(iv)

a map

For each n-ary predicate symbol P occurring in

s, a map

Let I be an interpretation of Sand Ca chain based on S
(e.g. a chain of S).

Then I attaches a truth value to C in the

n valuation vis a map from the set of

following manner.

variables occurring in C to the domain o of I.
1
For the duration of the present paragraph let "good" mean
"containing no variables not occurring ir. C".
clauses (ii) and (iii) of the definition

OL

By virtue of

an interpretation, such

av may be extended so that it is defined on all good terms based
on s.

By virtue of clause (iv) of that definition, v assigns a

truth value to all good atomic formulae based on

s.

Define the

truth value assigned by v to a negative lite~al to be the negation
of the truth value assigned to the corresponding positive literal.
Define v(C) to be true if v assigns~ to at least one literal of

c,

and v(C) = false otherwise.
At this ~tage we quantify over v;

we say that C is true in I,

or I satisfies C, or I is a model of C, or I
for every valuation v.

r, C,

iff v(C) == ~

Finally, we say that I satisfies S iff it

satisfies every chain of s, and Sis unsatisfiable iff no interpretation satisfies it (i.e. iff S has no models).
A Herbrand interpretation of Sis any set of ground atomic
formulae based on

s.

If J is any Herbrand interpretation of

s,

we associate with Jin the following manner an ("ordinary") interpretation J* of S (see the clauses of the definition of "interpretation"):
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(i)

DJ* is to be just H(S).

(ii), (iii)

The· constant

and

function symbols of S

are interpreted in J* in the obvious ways,

for

example, each constant symbol denotes itself.
(iv) If t1, ••• ,tn e:

H(S')

then PJ*Ct1, ••• ,tn) is to

b e ~ if P(t1, ••• ,t;.i) e: J, and otherwise false.
Above we defined the phrase "I satisfies S" (and synonymous
phrases) where I is an interpretation of

s.

It is not difficult

to see that, in the case where I is J*, the interpretation corresponding
to a Herbrand interpretation J, we could have used the following

slightly different definition, not mentioning "valuations":
(i)

A ground atomic formula (positive ground literal)

based on Sis true in J* if it is a member of J,
and is otherwise false in J*.
(ii)

A

negative ground literal based on Sis true or

false in J* according as the corresponding positive
literal is false or true in J*.
(iii)

A

ground chain based on

S

is true in ~T* iff at

least one of its literals is true in J*.
(1~;j

A

ger.-1rfll chair1 based on

s is

true in J* iff ell

its ground instances based on Sare true in J*.
(v)

Sis true in J* (J* satisfies

s, etc.) iff every

chain of Sis true in J*.
The above formulation is the one which will be used in the
proofs that follow.
model of

s,

If J* satisfies

S

we say that J is a Herbrand

we also use phrases which blur the distinction between

J and J*.

The construction of J* fran J shows that if S has a Herbrand
model then it is satisfiable.

We shall also use the converse

result, a proof of which may be found in, for example, {3}_.
The main reason for introducing Herbrand interpretations is
that one may perform set-theoretic operations upon them.
.iI!lportant case is that of intersection.

The

For example, if Sis
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the set consisting of the single chain P(a) Q(a), then S has
just four Herbrand interpretations, namely the empty set and

Of these, all but the empty set are Herbrand models.

He may

consider intersections of these Herbrand interpretations;
example,

M1

n

r-1 3

"" M 1 ,

whilst

M

1

n

M

2

is empty.

for

The intersection

of two Herbrand interpretations is always a Herbrand interpretation,
but as the example of M1

n

M2 shows, the intersection of two

Herbrand models need not be a Herbrand model.
that in this example

S

Observe, however,

contains a non-Horn chain.

Theorem 1 (Fundamental theorem on Horn clauses).
Let all the clauses in the set

S

Then any

be Horn clauses.

intersection of (a non-zero number of) Herbrand models of S
is itself a Herbrand model of

s.

Proof
We shall need only the case of the intersection of two models
and we prove only this case.

The result follows for any finite

positive number by induction.

(The proof for an arbitrary,

possibly infinite indexed set of models is v~ry similar to the
case we give).
Let

M1

and

M2

be Herbrand models of s.

Let

sand ce any ground instance of c based on s.

C

be any clause in

Thence (being a

Horn clause) is of one of the two following forms:

... Bm

Ci)

ce

=

cu,

ce

= AB1 •••

where m > O and

Bl

-Bm

A, Bi , ••• , B are atomic formulae.
m

M1 and M2 both satisfy c, so both satisfy ce, so each satisfies
some literal of ce.

-

In case (i), M1 satisfies some Bj , so (for this j) Bj
hence Bj

t

Mi

n M2-

Thus Mi

In case (ii), either

n N2

satisfies

ce.

¢

M1 1
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(a)

Ml and M2 both satisfy A (in which case,

so does

M

1

() M )
2

or
(b)

In t'1is case,

at least one of
M

1

M1

and

M2

(sc\y

M 1)

falsifies A.

must satisfy some other literal of

ca,

Bj.

say

Proceed as in case (i).
Thus, in every case,
were arbitrary,

M

1

of every clause of

() M

2

s.

M1

n

M2

satisfies

ca.

Since

c and e

satisfies every ground instance (based on S)
Hence

M

1

() M
2

is a Herbrand model of

s.

Q.E.D.
We could, of course, have stated this theorem in terms of chains
instead of clauses;

the proof would have been identical.

important to note that if
then the literals of

ce

c is a chain

and

ca

an instance of

are in bijection with those of

c.

It is

c,
If L

c, the literal corresponding to Lin this bijection
If C and ce were clauses, the corresponding function might

is any literal of
is L8.

not be one-to-one.

7. STRATEGY OF THE COMPLETENESS PROOF

The basis of completeness proofs for resolution systems is
Herbrand's theorem
If Sis an unsatisfiable set of clauses (or chains) then there
is a finite set S' of ground instances of clauses (or chains) of s
which is truth-functionally contradictory.
For a proof see, for example, { 3}.
Exercise
Verify that Herbrand's theorem for clauses and Herbrand's
theorem for chains are equivalent.
The statement that an inference system is complete usually means
that its rules of inference admit every logically valid deduction
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expressible in the language of the system.

However, in the case

of resolution systems, which are always used for proofs by
contradiction, "complete" is normally used in the slightly weaker
sense of "refutation•complete".

Thus we say that a resolution

system R is complete iff, for every unsatisfiable set S of clauses,
R

»

admits a refutation of

s.

Since LUSH-resolution is restricted

to Horn clauses and since its clauses are represented as chains,
we must prove that if Sis an unsatisfiable set of Horn chains and
pa selection function for

s,

there is a LUSH-refutation of S by~-

Resolution systems are usually proved complete in two stages.
First the result is proved in the case in which s consists of
ground clauses (or chains).

In this ground case the absence of

variables (corresponding to the absence of quantifiers in nonclausal systems) makes the problem essentially combinatorial.
Then the result is proved for general unsatisfiable Sas follows.
Herbrand's theorem assures us of the existence of an unsatisfiable
sets• of ground instances of clauses of
result gives a refutation

The ground completeness

oi of s•. Somehow a refutation D of S
-The
difficulty of this step depends upon

o•.
the brand of resolution in question.
is constructed from

s.

Where a selection function is

involved, difficulty is created by the possibility that the selection
fun:tion in£' rcay not be simply related to that in

o.

In the case

of SL-resolution this difficulty is overcome by considering many
potential£' simultaneously.

With LUSH-resolution we adopt a

o• is
not quite the ground ~ase of the desired completeness theorem, but

different ~echnique.

The ground result

we use to set up

a different result tailored to provide the required properties of

o.

This result will be an upper bound on the possible lengths of certain
ground pseudo-linear resolution derivations.
Completeness proofs often make some use of minimally unsatisfiable
sets.

A set of clauses is minimally unsatisfiable iff it is

unsatisfiable but the removal of any clause would make it satisfiable.
We shall see that every unsatisfiable set of clauses has a minimally
unsatisfiable subset.

Thus in our ground case we shall be dealing

with minimally unsatisfiable sets of ground Horn chains.

We shall

show that such sets of chains are subject to very strong conditions,
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and these conditions will do most of our work for us.

tJe shall

use them to establish the upper bound mentioned above, by
associating numbers called weights with chains, and showing that
a resolution step increases a negative weight by at least l, but
never makes it positive.

8. PRELIMINARIES TO THE PROOF
In any completeness proof it is always necessary, in proceeding
fran D' to D, to use some kind of "lifting" argument in which is
proved the existence of a clause satisfying certain conditions.
A

standard lifting lemma serves for many kinds of resolution.

Because LUSH-resolution must be shown not to need factoring, our
lifting lennna must be different from (but can hyp?ss the main
difficulty of) the standard one.

To avoid interrupting the flow

of the argument later, we prove it now.

(The notation is chosen

to match that employed at the point where the lenuna will be used.)
Lemma 1

(lifting lemma).

Let~ be a gcal chain and let C be a Horn chain.

c• be ground instances of Gm and

C

Let G~ and

respectively, and let G~+l be a

chain formed from G' and C' by resolution without merging.
m

there is a goal chain Gm+l such that
(i)

Gm+l can be formed from Gm and

c by resolution

without factoring;
(ii)

G;+l is a ground instance of Gm+l.

(Thus Gm+l completes the commutative diagram

r ·'

\.::; m

I

C

I

-

1 -

-·· -➔

l
I
I

i
I

\J,1

.. I

{ .~ i

r, +-· 'l

Then
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in which the continuous arrows denote resolution and the broken
arrows denote ground instantiation).
Proof
Standardise G and C apart so that they have no variables in
common.

Let

m

A'

be the literal in

G1
m

which is resolved upon

(with A' in C') in the fornation of G~+i•
Now there is exactly one literal in
in G' 7
m

call this literal

A*.

G

m

corresponding to

A'

There is a substitution A such

that
A* A

= A',

G A = G' •

m

m

t

Similarly th~re is exactly one literal, A say, in C
corresponding to

A'

in

G;,

and there is a substitutionµ such

Cµ

= C'.

that
(2)

Now
since the substitution A may be taken to affect only those
variables occurring in G, and since such variables do not occur
m

inc.

Applyingµ wa get

a:

A'

by (2).

But from (1) we have
A*

Aµ = A'µ
= A' since A' is ground.

Combining these results we get
A* Aµ = At Aµ

t

so A* and A are unifiable with most general unifier~, say;
there is a substitution 8 such that

All=

~a .

and
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It follows that G and C resolve, the literals resolved upon being
m
A* in Gm and At inc. Define Gm+l to be the resolvent. It is
not difficult to see that G'
substitution

a.

l!l+ 1

is a ground instance of G via the
m

Since Gm+l was constructed without factoring,

the lemma is proved.
Q.E.D.
Having completed, in the lifting lemna, one of the final steps
of the proof, we now begin the first steps.
a set of chains.

Throughout, S denotes

Most of the remarks we shall make would remain

true if the word "chain" were replaced by "clause" wherever it
appears.

The reader may notice a number of results which c ould

be proved by either resolution-theoretic or model-theoretic

arguments, and is invited in such cases to supply the argument not
given.

He may also notice that some results could have been stated

in more general form.
In the following lemma we collect some elementary facts which
will be of use.

Though they are mostly obvious and well-known, we

give proofs in order to make the treatmeut reasonably self-contained.
Lemma 2
If Sis un~atisfiable then it has a finite, minimally

(a)

unsatisfiable subset S1.
(b)

If Sis minimally unsatisfiable then it is finite.

(c)

If Sis unsatisfiable then it contains at least one goal

chain(= purely negative chain) and at least one purely positive
chain.
(d)

If

S

contains only ground chains and is satisfiable, and if

the atomic formulae A1 , ••• , Am do not occur positively ins, then
S

has a Herbrand model in which A1, ••• ,

(e)

(Robinson's purity principle.)

A
m

are all false.

If s contains only ground

chains and is minimally unsatisfiable, and if the atomic formula
A occurs ins, then A occurs both positively and negatively ins.

Proof
(a)

Call the operation of deleting a chain from an unsatisfiable set

legal iff the resulting set is also unsatisfiable.

Thus an

unsatisfiable set is minil'lally unsatisfiable iff no legal deletions
from it are possible.
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By the compactnesd theorem for the predicate calculus, S has
a finite unsatisf .i.able subset So.
one by one;

Perform lega l deletions from So

by the finiteness of s 0 , it mcst happen that after a

finite number of chains have been deleted, no more legal deletions
are possible,

The resulting set S1 is easily seen to be the

required set~
Q.E.D. (a)

(The above argUI!lent can clearly he re-phrased in more precise
form as an induction on the cardinality of So.)
(b)

Apply part

(a)

to S;

we must have S = S1.
Q.E.D.(b)

(c)

Let T (respectively

F)

denote the IIerbrand interpretation of S

in which every ground instance of an atomic formula based on Sis
true (respectively false).
Tis a Herbrand model;
Fis a Herbrand model.

If S contains no goal statement, then

ifs contains no purely positive chain, then
In either case ~he unsatisfiability of

S

is contradicted.
Q.E.D.(c)
(d)

Since Sis :3ati.sfiable it has a c!erbrand reodel M.

Let M* be

the Herbrand interpretation which is identical with M except that
Ai , ••• , A are false in M* regardless of their truth values in M.
m

Then M* is easily seen to satisfy

s.

Q.E.D. (d)

(e)

Ue assume that A occurs negatively in Sand deduce that it also

occurs positively.
implication.

A similar argument establishes the converse

Suppose then that A occurs negatively in the chain C

(and possibly other chains) of S but that A does not occur positively
in any chain of

s.

By

the minimal unsatisfiability of

s, s,{c}

is

satisfiable, and so (by the previous part of the lemma) has a Herbrand
model in which A is false.

Clearly any such model also satisfies

and the unsatisfiability of Sis thereby contradicted.
Q.E.D. (e)

c,
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(The reader May wonder why iD parts (a) and (b) of the above
leI!lllla we consider (albeit only, in effect; to dismiss it again) the
possibility that Smay contain infinitely many chains.

In reply

we entreat him to consider once more the factorial example.

Ne

hinted in section 2 that in an implementation of predicate logic it
might be desirable on grounds of efficiency to provide a special
mechanism for implementing predicates like Times which deal with
&imple arithmetic, best done by hardware.

In the factorial example

the set of chains T defines multiplication as repeated addition,
and addition as repeated incrementation.

If the reader attempts

to calculate the factorial of 2 by means of the chains of Fu The
will soon see the need for a mechanism which would, for example,
recognise Times (s(s(O)), s(O), z) and instantiate z by hardware
rather than by the chains T.

For theoretical studies the most

a~propriate way to regard such a mechanism is as an infinite
reservoir of positive unit chai11s of the form Times (

a:,

13, y)

•

Of course only finitely many of these chains would be used in any
computation.)

9. THP. BODY OF THE_ PRO~~
He shall use the abbreviation MUSOGHC

to stand for

"minimall!• unsatisfiable set of ground Horn chains".

As prom::.sea.

in section 7 we investigate the properties of such sets in some
detail,

We begin with

Lemma 3
Let S be a MUSOGHC.

Then

(a)

S contains at most one goal chain1

(b)

S contains at most one positive occurrence of any atomic
formula.

(In the "arrow" notation for chains, both assertions may be
summarised thus:

no two chains in Shave the same left-hand side.)
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Proof
(a)

Sup~se S contains two goal chains

possibly others).

C1

and C2 (and

Let

, ......,.
i-H \
'--r''

So = S -...... k1,C2}

.

S1 = So U {ci} = s-k2}
S2 = s0 uk2} =

s-{cd

From the minimal unsatisfiability of Sit follows that S1 is
satisfiable, so it has a Herbrand model M1.
Herbrand model M2.

M1

Similarly s 2 has a

and M2 are both Herhrand models of So, and

hence (by the fundamental theorem on Horn clauses) so is M1

n

M2 •

Now ?11 satisfies C1 and J!lUSt therefore satisfy soroe (necessarily
negative) literal

B of C1.

It follows that B, being false in

M1 , is false in M1 n M2 •
Similarly
it satisfies C2i and since (as we have already remarked) it
satisfies So, it must be a model for the whole of s, contradicting
the claimed unsatisfiability of that se~.
(?.E.D. (a)

(b)

Suppose S contains two chains C1, C2, each containing the

atom A ~s a positive literal.
t ~J

1 ,

and us before let M1

As before, d~fine So, S1 and S2 by
and M2 respectively be Herbrand I!lodels

of the satisfiable sets S1 and S2.
(i)
(ii)

Two cnses now arise:

M1 and M2 both falsify A;
At least one of fI1 and 112 satisfies A.

In case (i), the same argur.tent as in part (a) shows that M1
a Herbrand model of So, of C1, of C2, and hence of
suppose for example that M1 satisfies A.

s.

n

M2 is

In case (ii),

Since A occurs positively

in C2, M1 satisfies C2 and hence the whole of s.

In either case,

we have the desired contradiction.
Q.E.D. (b)

We can now prove
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Theorem 2
Let S be a MUSOGHC

and let S contain occurrences of

There there are exactly
exactly n distinct lite1.als A1 , ••• , A •
n
Exactly one of these is a goal chain, and for
n+l chains ins.
each integer i (1

~

i

~

n), exactly one of the remaining n chains

has Ai as its positive literal.
Proof
Combine Lemma 3 with parts (c) and (e) of Lemma 2.

Theorem 2 provides a st~ong necessary condition for a set of
ground Horn chains to be minimally unsatisfiable.
strengthens the condition further.

The next lemma

(Incictentally, the strengthened

condition is a lso sufficient.)
Defin~.tion
A

loop is a set of ground Horn chains which can be named

C1 , ••• ,c

m

(m

> 1) in such a way that (for i = 1, 2, ••• , m) the

-

positive literal of Ci occurs negatively i~ Ci+l•
is modulo m;

in other words,

(Addition here

cm+ 1 is to be interpreted as C1.)

Examples
1.

The oet consisting of
AC

BFD

2.

four chains
CP..B

DAE

To s ee •i.:hi s , wr ite

i s a loop .
C1 =

i::hE:l

AC

c,

=

--

BFD

C1t=

C AB.

A set consisting of a single chain is a loop iff that chain is
a tautology.

Lemma 4
No

MUSOGHC includes a loop.
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Proof
Let S be a MUSOGHC

of Sis a loop.

and suppose that the subset

For 1 < i < m let the positive literal of
-

Ai.

c.

-

be

i

Since Sis minimally unsatisfiable and since m ~ l, the set

S , L is satisfiable,
A1 , ••• , A

m

and by Theorem 2 (or Lemma 3 (b)), none of

can occur positively in s ......._ L.

has a H~rbrand model in which Ai, ••• , A are all false.
.
each Ci contains some Aj

m

(indeed we

may

s- L

By Lemma 2(d),

take j

=i - 1

Since

(mod m)),

this modei is also a model of each Ci ~nd hence of the whole of

s.

Thus the unsatisfiability of Sis contradicted.

Suppose we have ~ssigned numbers to certain atoms,
denote the number assigned to an atom
~eight of A.

A

let us

by wt(A) and call it the

Theh in the following way we extend the definition of

the function wt from atoms to the chains which can be built from
those atoms:
(i)

for each atom A, define wt (A) = - wt (A)

(ii)

1

define the weight of a chain to be the sum of the
weights of its literals.

By the usual convention on empty sums, (ii) implies that
wt(D)=

o,

in general non-empty chains may also have weight zero.

However, if we require atoms to have positive weight, we can say
that the weight of

a

goal chain is negative or zero, and is zero

only if the chain is empty.
It is also convenient to insist that the weight of any atom
(and hence any chain) shall be an integer.
Definition
A system of weights is a function assigning positive integers
to certain atoms, extended by rules (i) and (ii) above to all chains
built from those atoms.
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The importance of weights arises from the fact that, for
ground chains in the absence of merging, the weight of a resolvent
is the sum of the weights of its parents.

Specifically,

Lemma 5
Let C and D be ground chains and let Ebe a chain obtained
from C and D by resolution without merging (whether or not the
opportunity for merging arises).
weights in which wt(C) and

Suppose we have a syste111 of
are defined.

wt(D)

Then

wt(E)

is

defined and is equal to wt(C) + wt(D).
Proof
wt(E) must be defined since every atom occurring in E occurs

in C or D and hence has a weight.

The rest is obvious, since the

weight of the literal resolved upon in C cancels the weight of its
complement in D.

At this point we again remind the reader that in order to prove
the completeness of a system which does not incorporate factoring,
we must use ground results which do not assume that merging takes
place.

In particular, these results must not assume that their

input chains are presented in fully-merged form.

In the terms

of the following lemma, we must not assume that p = 1.
Lemma 6
Let S be a MUSOGHC
by Theorem 2 it contains.

and let G be the unique goal chain which
Let the number of distinct atomic

formulae occurring in S be n.
(a)

Then

The chains of S , {G} (which by Theorem 2 are n in

number) can be named Ci, ••• , C in such a way that, for 1 < i < n,
n
the atomic formulae occurring negatively in Ci are among
Ai, ••• , Ai-l.

(Here Ai denotes the atomic formula which is the

unique positive literal of Ci).
(b)

If pis the maximum number of occurrences of any one

literal in any one chain of S, then there is a system of weights
in which
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wt(C) > 1

(c)

if C e: S ----{G}

If D = (Go, G1, ••• , Gk) is any pseudo-linear derivation

from S with top chain Go= G, then the length k of ._
D satisfies
k < (p + 1) n - 1.

Proof
(a)

This part of the lermna follows from Lemma 4 (the non-existence

of loops in a

MUSOGHC)

and the fact that every partial ordering

may be refined into a total ordering.

For the benefit of readers

unacquainted with this latter fact we mirilic its proof.
ny Lemma 2(c), S contains a purely positive chain.
such chain C1.
goal chain.)

Call one

(Only in the trivial cases• {O} can C1 be a
Let A1 be the positive literal of C1.

Now suppose inductively that Ci, ••• , ck have been named, with
positive literals A1 , ••• , Ak respectively.
nothing more to prover

If k = n there is

if k < n we must show that Ck+l can

consistently be defined.

There must be a chain in s,{G,C1, ••• ,ck}

whose negative literals are all among A1 , ••• ,~,for otherwise
s,{G, C1 , ••• , ck} would be a loop, contradicting Lemma 4.
such a chain as Ck+l•

Take

By induction we have constructed an

enumeration (C1 , ••• , c) of s,{G} with the required property.
n
Q.E.D. (a)

(b)

Take the ordering (C1 , ••• , C) of part (a), and continue to
n
denote the positive literal of C. by A..
Define a systel'l of
l.

l.

weights by

Now the negative literals of Ci are among

-

A1 , ••• ,

-

Ai-l' and

each occurs at most p times, so the greatest possible negative
contribution to wt(Ci) is
-p {l + (p

+ 1) + ••• + (p + 1)

i-2

·} = l -

(p + 1)

i-1

1
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but there is a positive contribution of (p + 1) i-l from Ai, so
wt(C.) > 1.
l. -

The literals of Gare among A1 , ••• ,A, and each occurs at
n
nost p times, so
wt (G)

~

- p {1

+ (p + l) + • •. + (p +

1) n-l}

n
= 1 - (p + 1) •

Q.E.D.(b)
(c)

Each Gi+l is _a resolvent, without merging, of Gi with some

cj, so in the system of weights of part (b) we have, by Lemma 5,

A

trivial induction gives

and in particular

Since Gk is a goal chain its weight is negative or zero, whence
k

< - wt (Go),

ano by part (b) ,
k

<

(p

+ 1) n - 1.

Q.E.D.(c)
Theorem 3

(Completeness of LUSH-resolution).

Let S be an unsatisfiable set of Horn chains and ¢ a selection
function for

s.

Then there is a LUSH-refutation of S by¢.

Proof
By Herbrand's Theorem and Lemma 2(a), there is a minimally
unsatisfiable set S 1 of ground instances of chains of s.

By

Theorem 2, S' contains just one goal chain G', which Must be a
ground instance of some goal chain Gins.

t·7e shall construct a
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sequence

£=

(Go, G1, ••• , Gk)

of goal chains, with top chain Go• G, which will be the required
refutation of

s.

A necessary auxiliary part of the construction

will be the definition of a sequence

of ground goal chains1

D' will be a refutation of

s•.

If

m ~

o,

let P(m) denote the conjunction of the folldwing three statements:
(i)

G
m

and G' are both defined and are goal chains,
m

and G' is a ground instance of
m
(ii)

(iii)

G •

m

(Go, G1, ••• , G ) is a LUSH-derivation from s by
m
~ with top chain Go = G.
(G 0, G~, ••• , G') is a pseudo-linear resolution
m.

derivation from

s•

with top chain G~ = G'.

Our aim is to define Go, G1, ••• , Gk' G~, G~, ••• ,G~

and to

prove P(O), P(l), ••• ,P(k), the definition and the proof advancing
together inductively.

A minor difficulty (of wording rather than

content) arises from the fact that we do not know kin advance.
We begin by defining Go= G,
then clear.

G

0=

G';

the truth of P(O) is

The inductive step is as follows:

assuming that P(m) holds and that G~ =t O, define the chains Gm+l
and G~ , and prove P (m + 1).
We now proceed with this step.
1

Since G'

m

,+ O ,

we have by part (i) of P (m) that G

m

=f= D •

Hence~ selects a unique literal ~(G) = A in G.
Let the
be m
M
corresponding literal in G' '9¥ A'.
Since S' is minimally
m

unsatisfiable, there is by Theorem 2 e,cactly one chnin in $',{G'} with
A' as its positive literal.

Call this chain

c•.

G' and C'
m

resolve in a unique fashion;
without merging.
instance,

define G'
to be their resolvent,
m+1
Let C be any chain in S which has c• as an

there must be some such C by the definition of

s•.
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The lifting lemma (Lemma 1) now provides us with a chain G
,
m+ 1
formed from G and C by resolution without factoring, and having
n
G~+l as a ground instance.
He have proved part (i) of P(m + 1) ,
and parts (ii) and (iii) follow from the corresponding parts of
This co~pletes the inducti~e step.

P (m) •

It follows by induction that either
(a)

We have defined G and G', and proved P (m),
m
m
for every m ~ o.
There is no m for which
G' =
m

0 •

or
(b)

There is a k for which Gk = 0 , and we have defined
G and G', and proved P(m), form=
m
m

We rule out possibility (a) as follows.

o, l, ••• ,k.
Let n be the number

of atoms occurring ins•, and let p be the maximum nUMber of repetitions of any one literal in any one clause of s•.
6(c} no linear derivation from
(p + 1) n - 1 steps.

s•

can persist for more than

If possibility (a) held we would have a

contradiction with part (iii) of P (
Thus we are left with (b).
that Gk=

Then by Lemma

(p + 1) n).

By part (i) of P(k) we have

D , and by part (ii) of P(k), we see that

is a LUSH-refutation of S by <f>.

10. RELATIOn TO OTHER SYSTEMS

The inference system most closely related to LUSH-resolution
is Kuehner's SLN-resolution, described in {s}.

This system

("selective linear negative resolution") is similarly restricted to
sets of Horn clauses, and perfo:rJ11s linear resolution with a goal
statement as top clause.

However, it allows factoring;

and its

selectivity is provided by an ordering of the literals in the input
clauses.

The mechanism of selection functions used in LUSH-
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resolution is more liberal and hence potentially more efficient.
(Whether this potential is realised depends on how good the
selection function is.)
SL-resolution {4} is not restricted to Horn clauses but
pays for its greater generality with a more complicated formalism.

Its chains include two kinds of literals called A-literals and
B-literals.

The "meaning" of the chain is the disjunction of its

B-literals1

the A-literals are required for book-keeping purposes,

and divide the chain into cells.

The selection function may only

choose a B-literal from the rightmost cell.

The selection functions

of LUSH-resolution are subject to no such restriction.
"U"

of LUSH.)

(Hence the

Thus the last two sentences of the previous

paragraph apply also to the comparison between LUSH-resoltttion and
SL-resolution.

SL-resolution makes essential use of factoring,

and we have already remarked on the inefficiency created by input
factoring.

LUSH-resolution has no need of the A-literals and

cells of SL-resolution and has no operations correspondin~ to
"truncation" and "reduction".
There seem to be interesting connections between LUSH-resolution
and Brown's SLM {6}.

As we said in section 1, LUSH-resolution

appears to be identical (but for notation) with the Horn clause
case of SLM.
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