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By
HANS KARLGREN
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Summary
Bar-Hillel and Lambek have outlined a syntactical description where the syntactical category symbols are written as fractions and where the analysis of
a given sentence is performed accordin g to rules very similar to common
arithmetical reduction of fraction expressions with factors that cancel out.
Are there algoritnms for applying sucn a calculus to normally complex natural language structures?

1.

Aim

We seek a formal recognition procedure that will enable us to decide for any
given sequence of elements from a given language whether or not the sequence
is grammatical.
We consider only one method, named tnat of a categorial grammar (Bar-Hillel
and Lambek).
We make tne following assumptions:
(a)

Tne knowledge we want to utilize for recognition can without residue be
summarized in
a list, giving for each word tne grammatical categories the word
belongs to; · a set of combination rules for the category sy:nbols.

(b)

A sequence of elements is grammatical if there exists at least one wordfor- word translation of it into grammatical category symbols which yields
a sy:nbol sequence that is permitted according to the set of comoination
rules. We say that a symbol sequence whicn agrees with the combination
rules is a g rammatical symbol sequence.

( c)

It is possible to verify the grammaticality of a symbol sequence by reduction of it to simpler and snorter sequences step by step. In each step one
or more symbols in the sequences are replaced by one new symbol.

2.

Shrinking Procedure

The string replaced by one other symbol will - to begin with without linguistic
interpretation - be called a syntagm; the replacing symbol will be called the
name of tne syntagm .
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By successive application of rewriting rules, tne original sequence is snrunk
to a no longer reducible residue, whicn may be just one symbol. If this residue is contained in a given list of permissible sentence patterns, the sentence is grammatical.
3.

Slant Grammar Calculus

The kind of grammar under study we s nail simply call slant grammar from
its salient trait, the notation. It is cnaracterized by the following properties:
a)

Tne category symbols are all of tn e form

or

a

(atomic symbols)

x/y}

(complex symbols)

y\x
wner e ~ and yin their turn nav e tn e same form (atomic or complex) as
the category symbols. We shall call a a nd x numerators and ya denominator in sucn cases.
b)

Combinatorics is condensed to tne following

a,)

a symbol sequence is a grammatical syntagm of type t if and only if it
can be reduced tot by successive application of one of the following
two cancellation r-;:;les for contracting two neighbouring symbols of tne
- original or the so far reduced - sequence into one symbol:
x/y y . . X
y y\x ... X
where~ and y are atomic or complex symbols.

f!)

a grammatical sentence is a syntagm of a type which belongs to a snort
list of possible types of patterns, say type.!·

The categorial notation seems helpful in establishing a recognition calculus.
Some programmable algorithms will be discussed in this paper.

It is easily seen that slant grammars of the type discussed are equivalent to
context-free phrase structure grammars (as far, i.e., as any recognition
grammar can be "equivalent" to a generative grammar).
The cancellation rules presuppose that if the symbols a/band bare reduced
to a, there must not stand anything between tne syntagms a/band b - i.e.,
there must be no hole in the syntagm a - although tne symbols a/b-and b may
in the original sequence stand widely apart.
I

A slant grammar for one given language may be written in many different ways.
Thus one may design the grammar so tnat tne category symbols nave at tne most
one denominator or even so tnat tney nave only left denominators or only rignt
denominators.
A natural way to design the grammar would be to let governed syntagms have
simple symbols (y) and the governing ones complex symbols x/y, or inversely,
so that tne relation operator/operand would imply dependency relation.
However, tne number of alternative symbols for each word will tend to increase
if such a priori rules should apply to tne wnole set of symbols. Given the algo-
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rithm for recognition, one may ask how tne categorial grammar snould be designed so as to give the minimum number of operations, e.g., so as to yield, ·
on an average, the minimum number of possible word-for- word translations
into grammatical symbols.
4.

Reduction Procedures

To begin with, we shall investigate some procedures for analysis of a given sequence of category symbols. Then, cf. 8 below, we turn to the practically more
important problem when not a sequence of symbols but a sequence of words is
given, each word having several potential categories.

5.

Substituting Complex Symbols

We make a preliminary simplification of the problem by replacing every complex denominator in the sequence by a new, arbitrary atomic symbol. Simultaneously, we make corresponding substitutions of numerators: if we replace
b/c by x as a d e nominator, we also replace b / c by x at some other place, where
b/c appears as a numerator.
Example:
b/(c/a)

c/a b\a/(b/c)

d d \ (b/c)

⇒ b/y

y

b\a/x d d\x

Now, if b / c should happen to appear in numerator position more often in tne
give n sequence tn an it does qua denominator, tnis rt:placement can be per formed in more tnan one way . We tnen do perform it in more than one way,
thus generating a number of alternative symbol strings to b e processed. Through
this artifice, we nave sequences wnere all denominators are certain to be atoms,
a fact wnicn radically simplifies tne analysis. Instead we have made the symbol
selection procedure more difficult.
Since now all denominators are atoms and since (b \a)/c is equivalent to b/(a/c)
and to b\a/c, the brackets are now redundant and can be omitted.
The symbols, then consist of a kernel atom, possibly neighboured at one side
or both by a slant and another atom, in its turn possibly neighboured by slant
plus atom, and so on, all slants to the left of the kernel being tilted to tne left
and tnose to the right tilted in the opposite direction :
a, a/c, b\a/c,

g¥ \e\d\a/b/c/, ...

If one knows which element is the kernel, one does not even need tne slants and
we can proceed to simplify one step further:

where the underlined characters are numerator atoms and all others are denominator atoms.

(If the language has no rules for the relative order of syntagms, grammaticality is rapidly tested. Just check that to each denominator atom corresponds
one numerator atom of the same name; leaving without a match just one numerator, which then denotes the type of the syntagm. In this case we are permitted
to treat tne atoms as numerators and denominators in the arithmetical sense.
If we assign prime numbers to each atom and reduce in the standard aritnmetical way, we end up with the numerical value of tne type of the syntagm. This
simple test may be worth considering as a first cneck, even though tne structure of tne language be far more complex.)
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6.

Wanted:

Non -inters ec ting Vaults

The two above- mentioned can cellatio n rules a re , re written in the mod ifi ed
(simpler} not a tion, fused into one:
If in a string of charact ers, an unde rlined cnaracter and a non -

under lined cnaracter appear, separated only by a space cnarac t er
and denoting the same atom, erase all inree characters.
We now first consider tne simpler problem of analyzing a given s tring con sisting of one category symbol for eacn word to see if it can b e reduced to,
say,_!.
Our task may also be formulated tnus:
Draw a connec ting lin e from eacn denominator in the string to a
numerator with the same name. in tne correct direction - i.e. ,

not ove r th e numerator of tne own symbol - like vaults over tne
strings, in such a way tnat no t wo sucn va ult intersec t a nd tnat

one numerator - s ay t - is neither touche d nor roofed by any
vault. lf this succeeds, th,· string is a grammatical se4uence.
of type t .
Example:

~ ~ ( \

cea

7.

abc

c

bd

d

ed

d

eta

a

Identification of the Correct Num e r a tor

If all numerator symbols are different tne task is trivial. If several numerator atoms carry the same name, we have to decide which one is intende d by
a given denominator. How do we do t his ?

The problem is in tnis form a purely computational one - and not an easy one .

8.

Algoritnm with Stacking

One algoritnm can be summarized as follow s:
We join the (not underlined symbol) s follo wed by space to the beginning of tne
given symbol string . When the reduction rules are applied the resultant string
should vanisn; we say it is reduced to unity.
The string now contains exactly as many, say n, numerator and denominator
atoms . Every numerator should be paired with one otner denominator; the
whole problem is to decide w"ic:n denominator .
.Whenever we pair two atoms, the intervening string of atoms should vanish
under reduction, be reducible to unity. The same holds for the r e st of the
original string, after the two paired atoms and everything between tnem has
been removed:

a

atcd

d

a

acdt

d
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In general, then, when one wants to test wnetner a pairing is a good match
or not, one is left with two simpler, isomorpnic problems, those of reducing
two strings to unity:
a

atdt

d·

d

d

a

a

Normally we cannot decide beforenand wnicn pairing to test; we must try alternatives. For each arbitrary cnoice of procedure, we store the alternatives in
an OR- stack. For each pairing we place tne bracketed- out string in an ANDstack, to be handled later when and if tne string on our working table vanisnes.
If we have emptied the table and tne AND- stack, tne given string was reducible
to t. If we have an irreducible residue on tne table, we clear the table and try
the next alternative if there is one in tne OR- stack, deleting what nas been
stored in the AND- stack since tne last arbitrary cnoice; if we cannot reduce
to unity tne string on the table and tne OR- stack is empty, we must give tne
task up.
9.

Potential Matches

To minimize tne number of pairings to test for eacn string we analyze, we
draw up a binary matrix M of potential matcnes, with mi j = l, if tne denominator No. i and tne numerator No. j are tne same cnaracter and are placed
in proper order and reasonably wide apart in tne string. (E.g. , if i is a
"non-recursive" type of syntagm, "reasonably" placed means thatj-is tne
nearest numerator written witn tne same cnaracter as i and placed on the
proper side of 2-_.)

If any row or column in Mis empty, the task is hopeless. Otherwise, we select the row or column which contains tne least number of 1 's, and try one of
the matches suggested by a 1 there.
More specificly, the matrix M indicating potential matcnes, fulfilling tne tnree
conditions mentioned , can be determined as follows.
One row is assigned to each denominator, in tne order they appear in tne string.
Likewise, one column is assigned to eacn numerator. When the denominator
No. i and the numerator No. j are th e same cnaracter, we preliminarily set
mij to 1 .
We now draw a "crooked diagonal" tnrougn M indicating the relative order between tne denominators and tne numerators, in tne following way:

If the denominator No. i is placed between the j:th and the (j + l)tn
numerator, a vertical stroke is drawn between the elements mij and
mi,jtl in M.
Similarly, if the numerator k is placed between the denominators No. k
and (k + 1) in the string, a norizontal stroke is drawn between tne elements mkj and mk+l, j in M .
We now delete all l's to the left of the diagonal in rows corresponding to a rignt
denominator and all l's to the rignt of tne diagonal in other rows. In tne example
given above, M will after this nave tne following appearance:

a
C

d
a

d

Using Mas a basis for our test strategy - selecting for test pairings corresponding to a I which stands alone in its row or column - we can, in fact,
eliminate all stacking of alternative solutions in tnis simple example - i.e.,
we snall never need the OR-stack nere - since at eacn s tage M will contain a
uni qu e suggestion.
In most cases, however, there will be many l ~ to test. We can eliminate a
number of tnese by adding th e restriction or potential matches tnat tney snould
represent a "reasonable" span : any numerator under tne vault must nave one
at least potentially matching nominator an d eacn denominator one numerator
counterpart, i.e., a necess a ry condition for matcning the i:th d e nominator a
and the j:tn numerator a is that foe submatrix, M .. , corresponding to the sub1
string b e tween a and a,-has at h :, ast one 1 in eacn tow and one l in eacn column.
The submatrix M .. is-delimited tnu s:
lJ
Draw one norizontal and one vertical delimiting line from the line (i,j) to the
"crooked diagonal". Then M .. is the submatrix below th e horizontal delimiting
line and to the left of the vert'rcal delimiting line, wnen (i, j) is above the diagonal
and otherwise the one above and to the rignt of these lines. (See fig.).
More exactly, if th e "diagonal divides tn e i:tn row by a vertical stroke immediately to tne right of element (i, di) and the j:th column by a horizontal stroke
immc-diatt'ly bl'low thP element (d!,j) th,·n M .. is the matrix with the upper
left and low,·r right corn<>rs .
J
'J
(i+I, d.+l) and (d! , j - 1) whpn (i,j) is over th<> "diagonal"
1

J

(i,

dJ ----------------- ij

.t .j

~---------------- -~------
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(d'. , +I j+I) and (i-1, d.) when (i, j) is below the "diagonal".

and
'

)

1

-I;,;
L.>'-----,-----,
I
I

I

I

i,j

I

I

I

I

I -------------;

(dz:

We can now test the condition tnat i and j are 1 'reasonably" apart by inspecting
Mij · Whenever Mij is either not square or contains some empty row or column,
this condition is not fulfilled and we set (i,j) = 0 in M. In this way we can
eliminate many 1....,,..-in M, if we begin near tne diagonal and move successively
outwards, i.e. , if we consider tne elements (i, di ±_d) in M for all i, for
d = 0,1 , 2, ... ,n.
Example :
The string
s

sba

as

~

b

b

~

abss

yields tne matching matrix M:

s

b

1 1

a

s
a

b

l 1

s

If we consider the reasonable span condition, M is simplified to

s

b
a
s
a

b
s
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which uniquely suggests a test procedure witn no stacking of alternativ,
The final solution is represented below:

---------,

s

b
a
s
a
b
8

I

I
I

I

I!

I
I
I

I

I

I

i

I
I

I!

I

I
I

I

I-•-·-·- ·- ·- ·- ·- ·- ·

I

In addition, for every final match (i,j) the square submatrix M . . was drawn as
well as the square submatrices M .. including M .. and (i,j).
lJ
lJ
lJ
For a successful analysis of a grammatical string of labels, these submatrices
form a cnaracteristic pattern of boxes as snown in tne figure: two boxes are
either outside one another or one inside tne otner and within each box as well a,
in the m a trix as a whole, the "crooked diagonal" is in its entirety enclosed in
other boxes except for the fir s t and tne last stroke.
The pattern of boxesvisualizestne syntactic structure.
extreme examples:
small- span structure :
s

sa

ab

bd

~

cd

.;i. il..Q£ Q.

~

s
a

b

d
C

long- span progressive structure:
s

~dcba

a

s
d
C

b
a

b

~

d

Cf. the following tnree
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long- span regressive structure:

s

~

.£

b

d

debas

s

d
C

;

b

'

a

'

I I•--------

L------------- - .

Of course, the boxes are the matrix incarnation of the vaults over embedded
syntagms as drawn above.
The c_ondition alone, that Mi· should be square and contain no empty row nor
column does not guarantee tiat the enclosed substring reduces to nothing so that
the match (i, j) is actually permitted.
Consider the following example:
aaa

~

~

aaa

which yields the matrix

witn no empty row or column. Nevertneless, the string is not grammatical,
since two atoms either at the beginning or at tne end, will invariably remain
after all possible cancellations. li we look at the matrix, we shall find that no
set of non-overlapping boxes can entirely cover tne "crooked diagonal":

We now turn to the more difficult problem wnen we are given a string of words
and want to ascertain whether its type is one of the set .I = ~. _!, ••. } and when,
for each word, we have a given set of alternative category symbols.
JO.

Operations on "Vectors" of Alternatives

To analyze a string of words we assign to each word one symbol of the form
ABCDE, where C is the set of numerators in all the word's category symbols,
B isthe set of nominator atoms appearing immediately before the numerator
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in any one of the word's category symbols, etc. To this string, tne character
T followed by space is prefixed. T = { s, tJ is a set of denominators, indicating
all permissible types of grammatical strings. On the string of these new symbols the above procedure, mutatis mutandis, is applied . Thus, instead of the
condition above tnat two atoms snould be tne "same" characters, it is required
that the numerator set A and tne denominator set B (or denominator set A and
numerator set B) should fulfil tne condition A r. B I O.
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