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Abstract
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Introduction
Coupling is a simple but powerful probabilistic method used extensively in later years to
prove limit results for stochastic processes, in particular processes having some
Markovian or regenerative properties. The method dates back to a 1938 paper by Doeblin
who applied it to finite state space irreducible aperiodic Markov chains. After Doeblin the
method seems to have disappeared from the arena for a long time to be rediscovered only
some 30 years later.
Doeblin's idea was basically as follows: Let X be the chain we are interested in and X'
a stationary chain with the same transition probabilities. Let X' run independently of X
until the two chains enter the same state at the same time, time T say, and let the chains
stick together from T onward. Then it is rather easy to show that T is finite with
probability one so X and X' coincide in the end. Thus, since X' is stationary, X is
asymptotically stationary.
This is what nowadays goes under the name classical coupling. Actually, it is not
necessary to let X and X' coincide after they meet: Even if we allow X' to continue
independently of X, the two chains will behave in the same way (in the distributional
sense) from time T onward, which is all we need to draw the conclusion that X behaves
like X' in the end; we might call this a distributional version of the classical coupling. The
classical coupling argument extends easily to countable state space irreducible aperiodic
positive recurrent chains and has by now found its way into many textbooks.

Here we present a refinement of this approach covering null recurrent chains with the
same ease and intuitive appeal as positive recurrent ones. In the null recurrent case there is
no stationary chain and instead of asymptotic stationarity we wish to establish that the
probability of X being in a state j tends to O as time tends to oo. We shall prove this by
choosing X' in such away that the probability of X' being in j is smaller than any
preassigned positive number. Then, asymptotically, the probability that Xis inj will be
arbitrarily small, provided Tis finite with probability one. There is one complication: T
need not be finite with probability one. This is dealt with by a simple decoupling
argument.
In Section 1 we formulate a version of the basic limit theorem of Markov chains and
prove it in Sections 2 through 8, starting with the overall plan in Section 2, continuing
with preparations in Sections 3 through 6 and finally presenting the coupling/ decoupling
argument in Section 7 and 8. In Section 9 we continue with some remarks and a byproduct of the proof.
The proof is carried out in full detail at an elementary level only assuming basic
existence results and two elementary facts, among them neither the strong Markov
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property nor the existence of a stationary distribution nor even the classification of
irreducible chains into recurrent / transient or positive / null.
In Section 10 we show that the proof extends more or less immediately to continuous
time countable state space irreducible Markov jump processes. In that case we assume a
special case of the strong Markov property [regeneration at entrance times] but the proof
becomes easier in another respect [the bulk of Section 6 becomes superfluous] due to the
fact that such processes go with positive probability between any given states in any given
interval of time.
In Thorisson (1987) an argument analogous to the one of this paper is applied to nonlattice renewal processes in order to give a relatively elementary proof of Blackwell's
Renewal Theorem.

1. The limit theorem
Let X = (Xt,); be a discrete time Markov chain on a countable state space E with transition

matrix P = (Pi}ij e E· This means that X satisfies the Markov property: if the chain is in
state i then it continues to state j with probability Pij independently of how it got to i.
More precisely: for all n ~ 0 and all i0 ,

..• ,

in-l • i, j e E it holds that

where Pis the underlying probability measure. Let A= (A); eE be the initial distribution
on row vector form, i.e. Ai= P(X0 = i). Write P =PA.to indicate this and P = Pi when

Ai = 1. Let E, EA.• Ei be the associated expectations. X is irreducible if for each i, j
there is a k

~

e E

0 such that Pi(X1 = J) > 0. Let g.c.d. denote greatest common divisor. A

state j e Eis aperiodic if g.c.d. ( k ~ 1 : PiX1 = j) > 0} = 1. Xis aperiodic if each state j
e E is aperiodic. Put

Ti = inf(k ~ 1 : X1 = j} = the first entrance time to j,

[interpret inf 0 = oo]

mi = E}Ti] = the expected time between two visits inj.
We are concerned with proving the following result

Theorem 1 (The basic limit theorem of Markov chains). //Xis irreducible and aperiodic
then for all states j and all initial distributions A

1

(1)
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Before moving on to the proof let us recall the following definitions: j e Eis recurrent if
P/Tj < oo) = 1 and transient if P/Tj < 00) < 1; j e Eis positive if mj < 00 [this implies
P/Tj < oo)

= 1] and null if mj ad oo.

Throughout the proof let j e Ebe arbitrary but fixed.

2. Outline of proof
Let X' be a Markov chain on E with initial distribution A.' and the same transition matrix
as X. Let X' be independent of X. Let T be the first time X and X' enter j simultaneously,

The pair (X, X') is called (the distributional version of) the classical coupling, T the
coupling epoch and the idea of proof is as follows: After meeting in j at time T the two

chains X and X' continue in the same way (probabilistically). Thus if T is finite with
probability one it follows that X behaves asymptotically as X', i.e.
for large n,
and we obtain (1) ifwe can choose A' so that for all n :2: 0
P(X'n =J)

= the limit in (1) = .!..
mj

(2)

There are two problems, the finiteness of T and the choice of i·.
Firstly, the finiteness of T: To cope with the possibility of P(T < oo) < 1 we simply
treat this case separately by a certain decoupling argument employing, instead of the
coupling epoch T, the decoupling epoch
[interpret sup 0

= -oo]

In order to formally deal with T and 't' it is convenient to consider the pair of Markov
chains (X, X') as a single Markov chain on the countable state space ExE, i.e. (X, X') =
((Xk, X'k))k:0. Then (j,j) is an (X, X')-state and

T

= T (j,j) = the first entrance time of (X, X') to (j, ;),
-r

=

-r(j,J)

= the last exit time of (X, X') from (j, j).

We shall show that (X, X') is irreducible which allows us to split into two cases: Either

-r

< oo with probability one for all A. and A' and the decoupling argument works or T < oo
with probability one for all A and A' and we are at the second problem.
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Secondly, the choice of)..' when P(T< 00)

= 1: Ifj is positive recurrent we obtain (2)

by taking l' = n where n is a stationary distribution. On the other hand if j is null
recurrent we run into trouble, (2) cannot hold since P(X',. =J) = 0 for all n ~ 0 would
contradict the irreducibility of X. We cope with this by producing for each E > 0 a
distribution A.£ such that l'

= A.E yields P(X',. =1) S: E for all n ~ 0. Then the coupling

argument works: taking E =- 0 we obtain
for large n.
The proof is sectioned as follows: In Section 3 we pin down the properties of Markov
chains used in the proof but not proved here. In Section 4 we establish the existence of a
stationary measure v when j is recurrent. In Section 5 we use v to produce a stationary
distribution n when j is positive recurrent and the e-distribution AE when j is null
recurrent. In Section 6 we show that (X, X') is irreducible. In Section 7 we prove the
theorem in the decoupling case and in Section 8 in the coupling case.

3. Assumed facts
Let I"' be the n'th power of P and P;',. denote the element in row i and column h of I"'. We
shall assume that the following elementary facts have been established:

Fact 1. The Markov property can be written on the form:for all k
subsets A of E1+1 and all i, j e E it holds that

~

0, all n

and on the form: for all k ~ 0, i0 , .. . • i1 e E and O < n 1 < ... < n1 it holds that

Further.for all n ~ 0, all i e E and all initial distributions A.

~

k, all
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Fact 2. Suppose X is irreducible and put
~

= sup{k~0:X1 =j) = lastexittimeofXfromj.

Ifj is transient it holds that
P(~ < 00)

=1

for all initial distributions,

=1

for all initial distributions.

and ifj is recurrent it holds that
P(Tj < oo)

In addition to the above elementary facts we have already used the following measure
theoretic one in Section 2.
Fact 3. For any £-distribution i: there exists a Markov chain X' with A.' as initial

distribution and P as transition matrix and we may assume that X and X' are defined on
the same probability space in such a way that they are independent.

4. Stationary measure
Call a row vector v = (vi)i e E satisfying 0 ~ vi

~

00,

i e E, a stationary measure for X if

v = vP, which generalizes by iteration to
V= ypn

for all n

~

0.

From now on let v = (vi)i eE be the row vector defined by
(3)

=expected time spent in i between two visits to j;
here IA = l or 0 according as the event A occurs or not, and j is the state we fixed in
Section 1. Observe that v depends on j although we have notationally suppressed this
fact.
Proposition 1. Suppose j is recurrent. Then vis a stationary measure satisfying

and
If.further, X is irreducible then O< vi < 00 for all i e E.

(4)

6

Proof. Let us start by establishing (4). Since X0 =j and Xt

~j

for O< k < Tj we have

Summing over i e E in (3), interchanging expectation and summation and then interchanging summations, yields the first equality in

while the second equality is due to

Now turn to establishing the stationarity. Applying

to (3), interchanging summation and expectation and observing E[/A] = P(A), yields
(5)

Observe that

and apply the Markov property [Fact 1] to obtain the second equality in

Summing over i e E and interchanging summations yields the first equality in
LieE V;P;h

= L~<oo LieE PjCXt = i, Tj > k, Xk+l = h)
= LoS(:<oo PiTj > k, Xk+l = h).

Thus for h ~j we have, using {Ti> k,Xt+l
equality, PiTj > 0, X0
LieE V;P;h

= h} = {Tj > k+l, Xt+I = h}

for the first

=h) =0 for the second and (5) for the third,

= LoS(:<oo P/Ti > k+l, xk+l = h) = LoS(:<oo P/Ti > k, xk = h) = vh,
=j} = {Ti= k+ 1} for the first equality and

while for h =j we have, using {Ti> k, Xk+I
the recurrence of j for the third,
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Hence v

= vP. The final statement now follows from O < V; = 1 <

00

and the following

lemma.

Q.E.D.

Lemma 1. Let X be irreducible and v be a stationary measure. If V; > 0 for some i, then
V;

> 0 for all i. If V; < oo for some i, then

V; < oo for

all i.

Proof. Since v is stationary we have for all i and h e E
(6)

By irreducibility there is an n = n1u such that P;; > 0. Let i be arbitrary and h be such that

v,. > 0. Then (6) and PZ; > 0 yields V; > 0. Let h be arbitrary and i be such that V; < -.
Then (6) and P;; > 0 yields v,. < oo and the proof is complete.
Q.E.D.
S. Stationary distribution and &distribution
We shall now establish some important consequences of Proposition 1.

Corollary 1. Suppose j is positive recurrent. Then
[i.e. 1C

=1CP" for all n ~ 0, 1C; ~ 0 for all i e

1C =

vnni is a stationary distribution

E and I:;eE1C; = 1) and
for all n

Proof. Clearly

1C =

~

0.

trl'n follows from v = vPn and I:;e EiC;= 1 from I:ieEV; = mi while

from Fact 1, ,r = 1CI"' and

V; = 1 we get PJ.Xn = J) = (1Cl"')j = ICj = vi /mi = 1/mi.
Q.E.D.

Corollary 2 (Conditional stationary measure). Supposej is recurrent. Let B be a subset of
E such that I:;eB V; < 00, put c = 1/I:;e BV; and define a probability distribution ,cB by

ti; = CV;

if i E B

and

,If= 0

if i ~ B.

Then with A.= ,cB we have Pl(Xn = I) S CV; for all n .!: 0 and all i e E.
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Proof. Clearly cvi -

Jf ~ 0 for all i e

E which yields the inequality in

while the first equality is due to .l = ,cB and Fact 1 and the final equality is due to the
stationarity of v.

Q.E.D.

Corollary 3. Suppose X is i"educible and j is null recurrent. Then for each E > 0 there
exists an initial distribution .lE such that A=).£ implies

Proof. Let B be a finite subset of E. Since vi < 00 for all i e E we have I:ie 8 vi< 00 • With

= ,rB we

have, due to Corollary 2 and v1 = 1, that P iX,. = j) S 1/r,ie s vi. Since
1:ie£V; =m1 =00 we can take B large enough for !:;es V; ~ 1/E. Then P ;.(X,. =j) SE and

.l

defining .le= ,cB completes the proof.

Q.E.D.

Remark. In Corollary 3 it is enough to let j be null recurrent since vi < 00 for all i e E
even if we do not assume irreducibility: Oearly vi = 0 outside the closed irreducible class
of states containingj and within the class Lemma l yields vi < 00 •

6. Irreducibility of (X, X')
In order to apply Fact 2 to T

=T(j,J) and 1' = 1'(},J) we need the following result.

Proposition 2. (X, X') is a Markov chain on ExE and if Xis irreducible and aperiodic
then (X, X') is irreducible.

Proof. We start by establishing the Markov propc;rty: Let k ~ 0, i0,

.. .•

i;;, i'o, .•• , i'1c e E

and O < n 1 < ... < n1c be arbitrary. Due to the independence of X and X' and the Markov
property of X and X' [Fact l] we have
P((Xo, X'o)

= Cio, i'o), (Xn 1, X'n 1) = U1, i\), •· · , (Xnlc' X'n1c> = Ci1c, i'1c))
= P(X 0 = i0 , ... , Xn1c = i1c)P(X'0 = i'0, ..• , X'n1c= i'J
=

n1

n1c-n1c. 1

,

n1

nk-n/c-l

A..io Pi0i 1 •· · P i1c.ii1c A i'o Pi'oi'1 · · · Pi'1c. 1i'1c •
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This implies [by Fact 1 applied to (X, X')] that (X, X') is a Markov chain on Ex£ with
n-step transition probability from (i, i') to (h, h') given by
P((X,., X',.) = (h, h') I(X 0 , X'0 ) = (i, i')) = P':,. P;?,,:·

(7)

Now turn to establishing the irreducibility of (X, X'). We need the following lemma.

Lemma 2. lf j is aperiodic then/or each Jc, - <Jc< 00, there exists an nt ~ 0 such that
00

P"t
.. > 0
11

and

.J1t+k
r.
. > 0.

(8)

JJ

Proof. Let D be the set of all k such that (8) holds. We shall start by establishing that

D is aperiodic:
D is closed under addition:

g.c.d. D = 1,
a e D and be D => a+b e D,

(10)

D is closed under negation:

ae D => -ae D.

(11)

(9)

It> 0 implies Jc e D [put nt = 0 and note ,,Z = 1 > 0]. Thus
1 s; g.c.d. D s; g.c.d.(k ~ 1 : 1 >0} = 1
[sincej is aperiodic].

To establish (9) note that

To establish (10) take na+b = n0 + nb to obtain

To establish (11) taken-a= n0 + a to obtain
and

p"-a+<•a) =
jj

p"a > 0.
jj

The lemma follows if we can show that a set D satisfying (9), ( 10) and (11) [an aperiodic

additive subgroup of the integers] actually coincides with the integers. For this purpose
put d = inf Dn(l, 2, ... }. By (9), there is a non-zero element in D; thus, due to (11),
Dn{l, 2, ... } is non-empty; hence de Dn( l, 2, ... } and, by (11), -de D; a repeated

application of (10) now yields nd e D for all integers n. Let a e D be arbitrary. Since d ~
l there is an n such that O s; a-nd < d. By (10), it holds that a-nd e D and thus, by the
definition of d, we have a-nd = 0. We have established that all a e D are of the form a =

= 1. Since nd e

D for all integers n this shows that D

contains the integers and the lemma is established.

Q.E.D.

nd and from (9) it follows that d

In order to complete the proof of Proposition 2 let i, h, i', h' e Ebe arbitrary and use the
irreducibility of X to find/, m, I', m ' ~ 0 such that
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I

..,..

I'

..-•

P;i > 0, rjl, > 0, P; 1 > 0 and rjl,: > 0.
. rii
..,..,..,,. > 0 and
Apply Lemma 2: Put n = I + n,_ _, ...,,.. + m toobtam

P"_,._,,..
ii
> 0 and thus

and
Due to (1) this yields

P((X,., X',.) = (h, h') I(X0 , X'0) = (i, i')) =

p;;_ P;,..

> 0,

i.e. (){, X') is irreducible and the proposition is established.

Q.E.D.

7. The decoupling argument
Suppose the (){, X')-state (j,J) is transient. Then applying Proposition 2 and Fact 2 to
(X, X') yields P(1' < oo) = l for all choices of land l'. Let l be arbitrary and put l' = l
to obtain

(P(X,. = J)) 2 = P(X,. = j)P(X',. = J) = P(X,. = j, X',. = j)
SP(1':.!:n) ➔ 0

asn ➔ oo.

Thus for all A.
(12)

If mi < 00 apply Corollary 1: Put A = ,r to obtain

0 < 1/mi

= P,t.X,. =J) ➔

0

asn ➔ oo,

implying O < 1/mi = 0. This contradiction shows that mi < 00 cannot hold. Thus mi =

oo

and (12) proves (1).

8. The coupling argument
Suppose conversely that the (X,X')-state (j,J) is recurrent. Then Proposition 2 and Fact
2 applied to (X, X') yield P(T < 00) = 1 for all choices of land A'. Also it is clear that
1j S T and thus P( 1j < oo) = 1, i.e. the X-state j is recurrent. Since
(T = k) = ((X1, X' 1) ~ (j,j), . .. , (X1-1, X'1-1) ~ (j,j), (X1, X'1) = (j,j))
the Markov propeny of (X, X') [Fact 1] yields

(13)
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P(Xn = jlT

= k) =

P»•t = P(X'n = jlT = k)

for all k S: n.

(14)

Multiplying by P(T = k) and summing over k S: n yields
(15)

This yields the second equality in

P(Xn

=j) = P(Xn = j, T ~ n) + P(Xn =j, T > n)
= P(X'n =j, T ~ n) + P(Xn = j, T > n)
= P(X'n =j) -

P(X'n

= j, T > n) + P(Xn =j, T > n).

Put

bn

=

P(Xn =j, T > n)- P(X'n =j, T > n)

= 1 to obtain the limit result in

and use P(T < 00)

Ibn I s;

P(T > n) ➔ 0

as n

➔

oo.

Thus

P(Xn

=j) = P(X'n =j) + bn

where

bn ➔ 0

as n

➔ oo.

(16)

If mj < oo use Corollary 1: Put A..'= tr to obtain P(X'n = J) = 1/mj and (1) follows from

P(X

n

= j) = ..!_
+b ➔
mj
n

1
mj

as n

➔ oo.

If mi= oo apply Corollary 3: Put l' = A.£ to obtain P(X'n =J) S: e and thus (16) yields

This holds for all

e > 0 and thus limsupn..._P(Xn =J) = 0. Since P(Xn =J) ~ 0 for all n,

this implies limn..._P(Xn =J)

= 0 = 1/mj and the theorem is established.

9. Background and a by-product
The decoupling idea is adapted from Grimmett and Stirzak:er (1982), page 131, where it is
used to establish (1) when P(T < 00 ) < 1 andj is null recurrent. Here decoupling is
employed even whenj is positive recurrent. In this case we arrive at a contradiction which
shows that there is no decoupling case [in other words, P(T < 00 )

= 1 always holds when

j is positive recurrent] . This enables us to avoid using the following result in the proof.

I2

By-product. Suppose X is irreducible and aperiodic. Then either no state is positive

recurrent and no stationary distribution exists or all states are positive recurrent and there
exists a unique stationary distribution ,rand TC_;= 1/mj,j e £.
Proof. If no stationary distribution exists then, due to Corollary 1, no state is positive
recurrent. Suppose, conversely, that a stationary distribution ,r exists. Put).,= ,r to obtain
from (1) that TC_;= P,1..Xn = J) ➔ 1/mi as n ➔ 00 for allj e £. Thus ni = 1/mi for all
j e £ which in particular implies that

n is unique. Further, by Lemma 1, TC_; > 0 and thus

mi< oo for allj e £, i.e. all states are positive recurrent.

Q.E.D.

It is standard to use the above result in the classical coupling proof of asymptotic
stationarity for positive recurrent chains. The argument goes as follows [after establishing
that (X, X') is irreducible and aperiodic]: Since X is positive recurrent there exists a
stationary distribution ,r; talcing)., = ).,' = ,r malces (X, X') stationary; hence (X, X') is
positive recurrent and in particular recurrent; hence P(T < oo) = 1 for all A and).,' and the
coupling argument works.
As far as I am aware thee argument is new; see also Thorisson (1988b) where the
conditional stationary measure n8 is used in a different way [together with the concept of
a future independent time] to give yet another proof of the limit theorem.
It is a wide-spread view that coupling means switching from X' to X at time T, i.e. that
instead of X' one should use X" defined by

X"n = X'n if n < T and

X"n = Xn if n

~

T.

This "actual" coupling is helpful for the intuition: it is so obvious that X behaves like X"
in the end. On the other hand it is clear from the above that it is not necessary to introduce
X", the distributional coupling argument works equally well and is formally more

elementary since in order to use X" we must establish that X" has the same distribution as
X'. This of course is intuitively obvious but for the formal proof we must add one more
fact to Section 3 [to be applied to (X, X') and T], namely: X regenerates at time Ti. For

more on distributional coupling see Thorisson (l 986).
The "Markov property" as it is formulated in Section 1 splits into two parts, the actual
Markov property: future and past are conditionally independent given the presentXn, and
time-homogeneity: P(Xn+l = j IXn = i) = P;j for all n. Time-inhomogeneous processes
have been treated by coupling in Griffeath (1978) and Thorisson (1988a).
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10. The continuous time jump case
In this final section let X

= (Xs)s~

be a continuous time Markov jump process on a

countable state space E with transition semi-group
[the semi-group property: pt+s = ptps for all t, s ~ OJ
This means that X has right continuous paths (thus, after entering a state, X stays there a
positive amount of time before jumping to another state) and that the Markov property
holds: for all k ~ 0, i0 , •.• • it, i,j e E, 0 ~ t0 < ... < t1c < t ands~ 0 we have

Xis irreducible if for each i, j e E there is at~ 0 such that Pi(X1 =J) > 0. Put
W0

=inf{s~ 0: x. ;1,X0 } = the time of the first jump,

Ti

= inf(s ~ W0 :

Xs

=j} = the first entrance time to j.

The following is a version of the basic limit theorem of Markov jump processes.

Theorem 2. If X is irreducible then for all states j and all initial distributions A.

The proof of Theorem 1 becomes a proof of Theorem 2 if we [in addition to the obvious
replacements: "Markov jump process" instead of "Markov chain", "transition semigroup" instead of "transition matrix", "irreducible" instead of "irreducible and aperiodic",

t ands instead of n and k, integration instead of summation, . . .] make three alterations.
Firstly, when establishing the continuous time counterpart of Proposition 1 we easily
obtain

and
but the stationarity is harder to establish due to the absence of a smallest t > 0. We refer
the reader to Asmussen (1987), page 39, for a nice proof based on the following fact

Fact 4. Conditionally on {Tj <

00 } ,

(XT:+s)s~ is a Markov jump process starting inj,
J

with transition semi-group P', t ~ 0, and independent of Ti.
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Secondly, the proof of Proposition 2 is much easier due to the following fact.

Fact S. If Pij > Ofor some t > 0 then Pij > Ofor all t > 0.
After establishing that (X, X') is Markovian we can skip the rest of Section 6 since, by
Fact 5 and the irreducibility of X, Pij P:'i' > 0 for all t > 0 and thus (X, X') is irreducible.
Thirdly, instead of using (13) and the Markov property of (X, X') to obtain (14), use
Fact 4 applied to (X, X') and T = T(j. ,1.
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