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6. PROOF OF THEOREM B* 

There are two stages to the proof of theorem B*; first, several 

properties of the functions A (t), B (t) 
s s are derived and stated in lemmas 

1, 2, J below, and then the theorem itself is proved using these properties. 

No proofs are given here, but relevant comments are given below and the theory 

is similar to that of Olver (1956) throughout. 

We first define the constants d, R' and the domains ,EJ O < 6 d 

in relation to D, D1 in the same way as is done in Olver 1954.a 8 8, except that 
"" -

here the points t = _! ia, t = 0 are interior points of ,P, £', E f • Let a' > a, 

R =max(R' +d,Ja1 ). If ! lies in _Rs and ltl > R then ! lies in one 

of a number of unbounded subdomains, denoted typically by ,!r • The following 

lemmas are proved with the restriction that As(c) = o, for some point £ in Ja• 

This restriction can be relaxed in a manner similar to that given in Olver 1954.a 

I 11 • Let k. = min ( <r , 1 ) , <r defined in ( 5. 1 ) • 

LEMMA 1 • If It I -+ oo in , then 

uniformly with respect to arg t in lJ' . Here as and /3 s are constants. 

LEMMA 2. Let t lie in Es and let It I T where T '= T( 8) > 0 is an 

assignable constant independent of t. Then the series 

00 ,s 

A(t,v-) = L As (t) (~s)! 
J = 0 

(6.2) 

converge uniformly with respect to ! and y. 
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LEMMA 3. Let ! lie in _! S , and let Iv I ~ t:"' where 't" is assignable, 

independent or ! and 0 < t' ~ T. Then 

00 1.S 

S, l t ,I\Y)~ -o~ A (,t, v-) = [ A: ( ,t) (~)'. = q { I ti-•-t<), 
S::-1 

'1. oo I 1.s-1 

S (t-v-) =-~ A { t "''=- '\"1 Asf"')~)' = 0 (lt-r'-1<) 
'1. , 1t o"' ' J ~ (ts-, . ~ • 

as It I .. 00 uniformly with respect to v and arg t. 

The method or proof of these lemmas is basically the same as that 

(6.)) 

(6.4) 

used by 0lver (1956, PP• 81-86) for his leDIDlls 2,) and 4 except that in lemma 2 

above the integral in ().5) is integrated by parts twice whereas in 0lver' a 

theory (1956, (10.)0)) only one such integration is required. 

Having established these leDIDlls, the proof or theorem B* tollows in 

exactly- the same way as that for theorem D in 0lver 1956 H 11-13 except that 

the inequalities (4.10) and (4.11) are used instead or 01.ver•s inequalities 

tor Bessel functions or fixed order (1956, (9.4) (9.5) (9.10) (9.11)). 

7 • PREVIOUS RESULTS 

If f'(z) is a regular even function or .! in a domain lz 1n which 

z • 0 is an interior point, and it r, is a fixed parameter with @ r ~ 0-

0lver (1956) has shown that there exist, as u .. 00 , asymptotic expansions for 

solutions or the differential equation 

d.'- l- l ol; = f M 1 

+ ~~ - w + flt) J-"'j 
(7.1) 
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uniformly valid with respect to z in subdomains of D 
-z 

including the origin; 

the expansions are in terms of the Bessel functions I (uz), K (uz). The ,..... fl'-

equation (7.1) has no turning points since f-" is fixed as u ~ oo. It is clear 

that if the parameter fA- is allowed to become large, (7. 1 ) will become an 

equation of the type (5.2), and the theory of this present paper is relevant. 

Cherry (1950 0 5.4) has obtained certain expansions in terms of Bessel 

functions of large order for solutions of equations of type (1.1). To obtain 

these expansions he first derives Airy-type approximations for the solutions of (1.1) 

of the form 

Similar Airy-type approximations can also be derived for the 

Bessel functions I (ut), K (ut), and by eliminating the Airy functions between m m 

these, we can obtain an approximation--and thence an expansion--for the solutions 

of (1.1). However, since the Airy-type approximation for the Bessel functions 

are not valid at t = + ia, and are not uniformly valid in the strip 

I@ t I < 0, @ t > ia - O , ( 6 > 0), we cannot prove that the Bessel-type 

approximations and expansions obtained by Cherry's method are uniformly valid 

at these points. Since we have had as our aim the development of expansions 

valid uniformly at these points, it has been necessary to develop the theory given 

in this paper. Cherry's theory, however, extends to cases when B is not 

necessarily real and his results hold for all large B (1950, P• 256). In 

this paper B is a large real positive parameter. 
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