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ABSTRACT

The Method of Lines is one of the most powerful tools for t h e
solution of time dependent coupled o.d.e. / p.d.e. systems . The
attraction of this method is that the complex systems of coupled
ordinary and partial differential equations arising in mathematic al
modelling can be solved by using the sophisticated software which
has been developed for initial value differential- algebraic equations . The SPRINT software , of Berzins , Dew and Furzeland (1992)
has been developed specifically for the Method of Lines. This
software contains a selection of spatial discretisation methods ,
time integrators and linear algebra routines . These components
together with utility routines for spatial remeshing and discontinuity detection form an open-ended 'tool-kit' for the Meth:::,d of
Lines . The purpose of the paper is to use the SPRINT software to
illustrate some of the issues that arise in the development of algorithms and software for use with the Method of Lines .
"' ( Now at Koninklijke / Shell Laboratorium , Amsterdam . )

(Th is paper was presented as a high-lighted talk at the 1986 ODE conference ,
Albuquerque, New Mexico on 1st August 1986 ).
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1. Introduction.
The SPRINT package (Software for PRoblems IN Time), is a general-purpose
computer program for the numerical solution of mathematical models that
involve mixed systems of time-dependent algebraic, ordinary and partial
differential equations (o.d.e.s and p.d.e.s). The software is the result of research
between Shell Research Limited and the Department of Computer Studies at
•Leeds University . The aim of the research is to provide a flexible and openended software tool to enable a user to solve a wide range of problems within a
single framework . The design philosophy is described in Berzins, Dew and
Furzeland (1982).
The construction of the software involved the identification of a suitable
problem class of differential- algebraic equations and the developm ent of algorithms and software to efficiently cater for these problems. The software package consists of a set of well-defined and independent modules that are controlled by a supervisory routine. The internal structure of the package
allows the individual modules to be easily replaced and in this way the user has
access to different combinations of modules from the three main component
areas in the package, - the time integration method, the spatial discretisation
method and the linear algebra routines. The modules incorporate recent
developments in numerical analysis and software such as o.d.e. integrators for
differential-algebraic equations (d.a.e.s ) ,rnd for handling discontinuities, typeinsensitive codes for o.d.e.s where the degree of stiflness varies, and adaptive
space remeshing methods for p.d.e.s .
The paper provides an overview of th e SPRL'ff software and discusses the
difficulties in providing such general purpose software . In particular, the maj or
· computational task of the software - the solution of the systems of non-line a r
equations that arise at each time-st e p - is considered. By using an ellipticparabolic p.d.e. as an example it is shown how th e non-linear equations s olvt:r
has been des igned to take advantage of the special structure of the equations
and also how different error control strategies effect the performance of the
integrators. Another area of difficulty discussed in the paper is the estimation
of the initial values of the solution and its time derivative.
The general applicability of SPRINT has led to many uses in mathematical
modelling in the petrochemical industry, we shall use two examples of such
models to illustrate the flexibility of the present software and to consider the
requirements of future software.
A large problem class of interest is combustion modelling, in which fluid
dynamics plays an important role in determining temperature and concentration distributions. In this case the mixed p.d.e ./d.a.e. system is of the
diffusion-convection- reaction nature. Th ese models are used to study the
efficiency of combustion both in combustion burners and in internal combustion
engines with spark ignition and/or fuel injection. The models also provide diagnosis of hazard conditions e.g. auto-ignition along hot surfaces, and can be used
to simulate situations which would be too hazardous to perform experimenta lly.
The flexibility that the software must have to efficiently solve such problems is
illustrated by using a simple model of flarae propagation in a combustion
chamber.
Another important application area is two-phase fluid flow in which problems such as vapour /liquid evaporation and condensation , e.g. bubble growth or
collapse in liquefied natural gases . A simplified model of bubble collapse will be
used to illustrate the complex nature of such applications and to show the areas
in which SPRINT needs to be improved to reliably solve such problems.
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2 . An Overview of The SPRINT Softwa r e.
2 .1. Diller e ntial - Alg e b r a ic Equations Problem Cla ss.
The core of the software package is a versatile set of differential-algebraic
integrators with the flexibility to deal with stiff or non-stiff d.a.e.s coupled with
algebraic equations and full/banded/ sparse Jacobian matrices computed
analytically or numerically. Each integrator is designed to solve the class of
o.d.e. initial value problems defined by

f(

Y, I·

t)

=

f(_I, t)-A(_I,

t)_t =

0 .

(2.1)

with the initial condition

Y(O) = K ,
The square matrix A. may be singular indicating a differential-algebraic system
of equations. In the special case when A is the identity matrix equation (2.1) is
said to b e written in the n'Jrmal f'Jrm .
The advantage of the problem class defined by equation (2.1) over fully
implicit o.d.e. problems is that equation (2. 1) is linear with respect to the time
derive.live, i.e.

=

-A(Y,t)

(2.3)

Th is means that the user interface in the software only requires the detin ition of
th e matrix-vector product -A( Y, T) Y . It is then possible to provide cod es
based upon (sa y) the backward dtfferentiation form u las or the theta method of
Prothero and Robinson ( 1974) which are almost as etf..cient as tho~e for norr..--,al
form problems. This is because there is no need to calculate and store the
matrix of Io '}j__ ,

2.2. Solving Ditrerential - Algebraic Equations Using SPRINT.
In order to use SPRI:NT to solve differential-algebraic equations the user i;,
required. to write a Fortran 77 calling program and a separate problem
specification subroutine RESID, see below. The user's calling program consists
of:
(i) Initialisations of the parameters to be passed into SPRI:KT;
(ii) Calls to the appropriate module initialisation routines. Initialisation routines are required for the linear algebra methods, the d.a.e. integrators and
p.d.e. discretisations .
(lli) A call to SPRINT to perform the integration. This call specifies the names of
the time integration module , LU decomposition and back-substitution
modules, RESID routine and the name of the MO:\ITR routine .
After each step taken by the SPRINT d .a.e. integrator an optional routine,
generic name MONITR, can be called to give the user the opportunity to interrogate the current solution in detail. Within MONJTR the user can perform intermediate output or calculations (e.g. the estimation of the global error), interrupt checks, discontinuity handling or space remeshing .
The user-supplied RESID routine defines the system of differential-algebraic
equations to be solved. The integrator supplies an approximate solution vector
y and its approximate time derivative vector y . The main purpose of the
.fIBSID routine is to compute the residunl vector :r... which is obtained by substituting the vectors y and y into the d.a.e. system that is being solved i.e. for
the equation (2.1) -

r = 2._(Jj_,t)-A(y,t) Ji.

(2.4)
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It is also required that the parts of the residual that have a iJ dependence can
be computed by a call to RESID and also returned to SPRINTvia the vector I.. ,
i.e.
I...

= -A( y,t) y

(2.5)

One of the parameters that SPRINT passes into the RESID routine is the
integer IRF:S ; if this is set to 1 then the user must supply the form of the residual defined by equation (2.4) , and if it set to -1 equation (2.5) must be used.
The integration may be interrupted by the user changing the value of IRES in
RESID to force the integrator to either stop the integration, reduce the timestep to avoid a physically impossible solution value or to terminate the current
step and enter the MONITR routine.
2.3 . D.A.E. Step Integration Modules.
The first release of the package contains four d.a.e. STEP integrators all of
which are capable of solving d.a.e.s of the form (2.1). These are:
(i) The SPGEAR module which implements both the family of Adams methods
up to order 12 and the family of backward differentiation formula (b.d.f.)
methods of up to order 5. This module was developed from the LSODI code
of Hindmarsh (1982), see Berzins (1988) .
(ii) The STHETA module which is based on the Theta Method codes of Prothero
and Robinson (1971) and Chua and Dew (1984), is a stiff integrator designed
for low to medium accuracy requirements.
(iii) Th e STHETB module which is a type insensitive (stiff/ non-stiff) Theta
method code for problems with variable stiffness during the course of
integration, see Berzins and Furzeland (1985) .
(iv) Th e SBLEND module is also designed to cope with both stiff and non-st iff
equations by blending the formulas in the SPGEAR code in the manner of
Skeel and Kong (1977). This results in formulas with better stability
reg~_ons than the b.d.f. formulas .
Prior to the first call of SPRINT a corresponding set-up routine must be called
for each of the integrators . The ease with which integrators can be changed
encourages the user to experiment to see which is best suited to his problem.
2.4. Llnear Algebra Modules .
All the time integration methods above are implicit methods and so at each
time step a system of non-linear equations must be solved , usually by Newton's
method. This means that a system of linear equations must be solved at each
iteration. The sparsity pattern of these equations may vary from being completely full to very sparse. This is taken into account by the full, banded and
sparse linear algebra routines in SPRINT. For each type of Jacobian matrix the
matrix handling is split into 3 routines - a setup routine for validation of inputs ,
a lower /upper decomposition routine , and a back-substitution (solution) routine.
The subset of full and banded matrix LINPACK routines and the Yale Sparse
Matrix Package (YSMP) of Eisenstat et al. (1977) as used in the LSOD• integrators
of Hindmarsh (1982) are implemented in SPRINT. Before the first call to SPRINT
the common setup routine for the full and banded matrix routines must be
called. Alternatively , before the first call to SPRINT the sparse matrix setup
routine must be called.
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2.5. Partial Differential Equations Problem Class.
In the Method of Lines the partial differential equations are spatially discretised over NPTS points using finite-difference, finite element or collocation
methods. This discretisation results in a system of NPTS non-linear, coupled
d.a.e.s for each given p.d.e. and provides a unified approach to solving mixed
systems of d.a.e.s and p.d.e.s.
It is expected that most users of SPRINT will use the system routines to
perform the spatial discretisation. This involves writing a few simple subroutines to describe the p.d.e. in terms of a master equation format given by
Nf!J<E

011-p

Li 0 .p(x , t , Y:. , Y:.z , v ) Bt + Qi (x , t , y,_ , Y:.z , v ,

v)

p=I

= x-m

=

~(xmRi(x,t,y,_, Y:.z,.'.!L.)); j
l, ... ,NPDE
(2.6)
0
where m denotes the space geometry type, and the dots denote time deri vatives. The vector v and its time derivative v are assumed to be defined by a
coupled o.d.e. system , see equation (2.8) below. The vector u(x , t) is defined.
by
u(x , t) = [u 1(x,t), ... ,uNPDE(x,t)JT
the vector Y:.z (x , t) is similarly defined , The function Ri () can be thought o( as
a flux which is used also in the definition of the boundary conditions . For t he j
th p .d.e. the boundary conditions have the form:
{3j (t)Ri (x , t, u , Y:.z , 1'.. ) = Ii (x , t, u , Y:.z , .'.!L. ,

v)

(2.7 )

The master equation for the coupled o.d.e.s is

(2. :3 )
where this system of equations is assumed to be linear in the deriva.tives v , Y:.t..
and 'lbt . The arrays
•
• R'
•
•
u ' Y:.z ' - ' Y:.t. ' Y:.zt
are all of dimension ( NPDE, NXI ) and hold the the solution, flux and derivative
values at the array of NXI coupling points J_.
This choice of problem class was influenced by the work of Schryer (1964)
who shows that multi-phase p.d.e. problems and p.d.e. problems with coupled
moving boundaries can all be formulated as coupled systems of o.d.e.s aD.d
p.d.e.s . The problem class described above is more restrictive than that of
Schryer (1984) as we wish to ensure that the o.d.e. system is of the form of equation (2.1).

2 .6. The SPRINT Spatial Discretisation Routines.
There are currently two discretisation modules in SPRINT: SPDIFF a lumped
finite element method developed by Skeel and Berzins (1985) and SGE.\CO, the
Co collocation discretisation of Berzins and Dew (1986). Each of these modules
has a setup routine which performs the initialisation tasks and which must be
called before the main part of SPRINT is entered. The three other main components are the RESID routine discussed above, the MONITR routine that is
called by SPRINT at the end of every time-step and an interpolation routine that
can be used to generate extra solution values after SPRINT has integrated to the
required time.
The SPDIFF discretisation method is analogous to the usual central, threepoint finite-difference formula for problems in Cartesian co-ordinates. Eowever

- 6 -

for problems in polar and spherical co-ordinates the three-point formula is suitably modified to maintain second-order accuracy. An option is provided within
this module to allcw the user to adaptively vary the space mesh in time, see
Section ( 4).
The collocation discretisation rn odule SGENCO offers a family of high-order
formulae based on Chebyshev polynomials. The user can select the order of
approximation Lo be used and also whether the approximation to the solution of
the p.d.e. consists of one global polynomial or of a piecewise polynomial . It is
necessary to define the degree of polynomial ( 2:1 ) used to approximate the
solution between the break-points . The formulae ensure that the solution
possesses only c0 continuity at each breakpoint regardless of the degree of polynomial used. The power of the collocation method however lies in the ability to
use high-order polynomials and there is no pre-set upper limit to the degre e of
polynomial that can be used. The user interface to this routine is almost identical to that of the finite difference module however no adaptive space mesh
option has yet been developed.
3. Solving The Non-linear Equations and Estimating the Local Error in SPRINT.
The implicit time integration methods used in SPRINT all approximate the
time derivative at a given time tn by
y(tn) - ~
(3. i)
=
where the vector~ depends on solution values at previous times and ·the constan t r depends on the integration method being used. For all th ese met:icds
the follo wing system of non-linear equations has to be solved at each time-s tep
for the new solution vector y .
( y - z )
-h 1 [2_( '}!_,tn) -A( '}!_,tn)
hr
] = 0
(3.2)
Th e solution of this system of equations forms the major computational task of
the software . In this section we shall describe the approach used by SPRIKT and
use a numerical example to illustrate its efficiency.
The algorithm used in SPRINT is based on our practical experience of solving differential-algebraic equations and on the theoretical justification provided
by Petzold and Lostedt (1986). In the case when algebraic equations are present
in equation (2.1) the (say) ith equation may not depend upon any of the time
derivatives. In this case the ilh equation of the system of equations (3.2) should
not be multiplied by -h 1 as is normally done ,see Petzold and Lostedt (1956).
This row-scaling procedure is implemented by defining a vector 4 in the follow·ing way
cL_ = 1 if the i th equation contains a time derivative
di = 0 otherwise .
The use of this vector enables us to treat the algebraic equations more
efficiently when solving the system of equations (3.2) . This is particularly
important if large numbers of algebraic equations are present , as in the example of Section ( 3.2) when the elliptic p .d.e. is discretised in space. The ilh equation of (3.2) can then be rewritten as
~
[- _ l, Ai .f ( y(t),t)
] = 1

( Y5-Z5)
hr

+ 9i( y,t)] (-h 1 di -1 + dJ = 0

(3.3)

The indicator array , d , is checked periodically throughout the integration to
ensure that the equations have not changed from being algebraic to differential
or vice versa . This is not expensive as we only have to determine which of the
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equations do not depend upon any of the time derivatives. In the case when tbe
matrix A( y , t) is singular but has no empty rows, no algebraic equations are
isolated and the procedure reduces to that used by Petzold (1982a).
The system of equations (3.3) is solved by using the modified Newton's
method used by most stiff o.d.e. integrators , see Shampine (1960) . The i,j th
component of the Jacobian malrix, '1_j is then defined by
~ a~ 1e Y1e-z1e

~-i = [- 2..,

k=I

·
0Yi

h~

'/

1
agi
- h~j(y,t)+~] (-h7di +1 -dJ
7
Y1

(3.4)

As the Jacobian matrix is updated as infrequently as possible for reasons of
efficiency, the values of the constants h and 7 may have changed since the
matrix was formed. We have taken this into account in solving equations (3.3)
by using the relaxation procedure of Dew and Walsh (1981) and Petzold (1982a) ,
with a modification to use the information provided by the indicator array 4 .
From the definition of the indicator s1 we see that if d;, is zero then the ith equation is purely algebraic and the factor h7 is not present in the equation. The i
th solution increment , Ti generated by the modified Newton iteration is then
multiplied by
Ti=

where

Ti(2di/(l+Wb)+(l-d;,))

wb

(3.5)

= hnaw-lnewl (ho!d"lo!d)

Solving equations of the form of (2.1) is less eff.cient than solving normal
form equations because of the need to update the Jacobian approximation whenever h7 changes significantly. This is because when the equations are in normal
form we can store parts of the Jacobian matrix (3.4) , as described by Shampine
(1980) . This avoids recalculating the Jacobian matrix whenever h 1 changes . In
contrast with equations of the form (2.1) this is computationally twice as expensive as now both the matrices
J

and ag ( y , t) I a y

where g' is defined by equation (2.1), have to be separately formed and stored.
For example if the Jacobian matrix is full this requires 2N residual evaluations
instead of the normal N residual evaluations to form the Jacobian defined by
equation (3.4) , where N is the number of d.a.e.s . The alternative , as used in
LSODI , Hindmarsh (1981) , is to ask the user to supply the matrix A( y, t) as
part of the normal problem definition. For this to be efficient the user has to
know how the Jacobian matrix is stored and this makes it harder to use different
linear algebra modules .

3.1. Local Error Estimation.
Petzold (1982b) has shown that for some differential - algebraic equations
of the type of equation (2.1) it is essential to modify the usual local error estimate vector of the backward differentiation method of order k , denoted by Ji.le ,
by

=

(3.6)

As this estimate is relatively expensive because it involves part of a residual
evaluation , see Section (2.2) , and a back - substitution using the LU factors of
the Jacobian matrix we have provided it as an option in the setup routine to the
SPGEAR module.
The SP GEAR code also estimates the error at orders k -1 and k + 1 whenever
a change of order is considered. There are then two possibilities:
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A

B

The first is to use _g];ew as defined by equation (3.6) to decide whether or not
to accept the current step and to then use _g_k , Ji.k-l and ek+l in deciding
·w hich order and step-size to use for the next step. This is the approach
currently used in the SPGEAR module.
The second is to use ~ew as defined by equation (3.6) to decide whether or
not to accept the current step and to then calculate _g]f0-!J and ~;J from
Ji..1;+1 and ek-l in the same way as ~ew was calculated in equation (3.6). This
is the approach suggested by Gupta, Gear and Leimkuhler (1985) but is not
provided in SPGEAR.

It should be noted that the other time integration methods used in SPRI;-;-r
autom a tically have error indicators of the type defined by equation (3.6) , see
Prothero and Robinson (1971) and Skeel and Kong (1977).
3.2. Solving the Non-linear Equations and Estimating Local Error for An
Elliptic- Parabolic P .D.E.
In this section we shall use the example problem 2 in Dew and Walsh (1951)
which consists of the following elliptic-parabolic pair of p.d.e.s to consider the
effects of varying the way the non-linear equations are solved and of changing
the local error estimates.

=

40. (

V

+T

av

-

or

)

and

1 a
av
--(r--rvu)
r or
OT
wher e (r ,t)e[O , l]x[O, 1] and the boundary conditions are given by

u

av

=

or

= 0 at r = 0

and

a

or ( r u )

=0

and v

=

o at r

=1

.

The initial conditions at t = 0 are given by
u

=

2 a r

and v

=

0 , for r t [O , 1].

The problem was integrated using the SPGEAR integrator and using the
SPDIFF spatial discret.isation . The value a = 1 was used in the problem
definition. A mesh of 81 points was used with the circular mesh spacing
employed by Dew and Walsh (1981) to cluster the points towards the right side of
the spatial interval.
The problem was integrated using a number of different time integration
tolerances and using the following strategies in the time integrator
A
Strategy A outlined in Section 3.1 .
B
Strategy B outlined in Section 3.1 as suggested by Gupta , Gear and Leimkuhler(1985).
C
As for method A but using the SPGEAR option not to use the error estimator
outlined by equation (3.6).
D
As for method C but without using the relaxation procedure outlined by
equation (3.5). This is not an option available to the user of SPRI;\T but is
included to show the advantage of using the relaxation procedure.
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The problem was integrated four times for each method. In the tables
below FCN is the number of residual evaluations of either equation (2.4) or (2.5) ,
JAC is the number of formations and L-U decompositions of the Jacobian matrix
(3.4) , STEPS is the number of time-steps , NITER is the number of backsubstitutions performed using the L-U decomposition of the Jacobian and C.P. G.
refers to the execution time on the Amdahl 5850 at Leeds University.
RUN i
1

2

3

4

Method
A
B
C
D
A
B
C
D
A
B
C
D
A
B
C
D

STEPS
216
208
221
224
322
319
324
361
476
466
476
562
655
617
655
828

FUN
852
1032
683
667
1190
1537
866
935
1525
1963
1045
1245
1991
2509
1344
1756

JAC
48
46
53
51
62
64
62
65
64
62
64
75
73
68
74
99

NITER
495
689
291
295
733
1064
409
461
1042
1496
562
699
1443
1998
789
1036

CPU Time
8.30
10.19
6.62
6.52
11.89
15.24
8.76
9.42
15.6B
19.94
10.96
13.11
20.20
25.78
14.47
18.75

Run i, rel at ive error= o. 1x10-i-l, absolute error= o. 1x10-i - 5

I

I

•

Table 1 Integrator Statistics for the Elliptic - Parabolic P.D.E.
In all cases the solution produ c ed by the four methods for a gi ven local
error toleranc e wa s virtually identical. Of the four methods considered method
C is clearly the most efficient. Although method B uses marginally fewer steps
than method A it is less efficient overall due to the two extra back-substitutions
needed whenever a change of order and step-size is considered. A surprising
feature of this problem is that the extra overhead of the optional error estimator defined by equation (3.8) does not appear to be computationally worthwhile.
It is not however difficult to find situations in which this error estimator is crucial to the success of the integration, see Petzold (19f32b) . This problem also
shows the beneficial effect of the relaxation scheme defined by equations (3.5) ,
especially on the final run where method C uses only three quarters of the Jacobian evaluations of method D.
3.3 . Calculating the Initial Values.
The difficulties encountered in estimating the initial values of differentialalgebraic equations are documented by Gupta , Gear and Leimkuhler (1985). In
particular the user-supplied initial values m::i.y not satisfy the algebraic equations and all the time derivatives may not be explicitly defined as the matrix
A ( y , t) in equation (2.1) may be singular. The need for good approximations to
the-initial solution values and their derivatives is so that the integrator can
move away from possibly inconsistent initiai values as smoothly as possibl e.
The approach used by Dew and Walsh(1981) was to calculate the initial values of
the algebraic (elliptic) part separately. This approach does not work however if
the equations cannot be clearly split into an algebraic and a differential part, as
when the matrix A ( y , t) in equation (2.1) has linearly dependent non-zero rows
. The broader problem class handled by SPRJNT makes it necessary to use a

- 10 more general purpose algorithm. A first attempt is made to use function3.l
iteration to compute the initial values of the time derivatives and the inLtial
values of the algebraic components as this will rapidly converge for o.d.e. equations in normal form and even for some algebraic equations. If this iteration
fails to converge the procedure of Petzold (1982a) is used. This consists of ta:-<:ing a small step with the backward Euler method and then solving the system of
equations for both the unknown solution and derivative values by using a
damped Newton ite ration. In SPRINT the damping factor is varied using strategies t aken from boundary value problem solvers , see Baker and Philli~s
(1981) : many more iterations than usual are allowed and the Jacobian ma trix
may be updated between iterations. The values of the time derivatives which
result are based on the sum of the corrections to the initial values. In the case
when the initial values do not to satisfy the algebraic equations , the values of
the derivatives calculated for the algebraic components are in error by a fa,::tor
of O ( 1/ h ) where h is the 'small' step-size used by the baclovard Euler me thod.
Jn order to compute more realistic initial derivative values we have dev ised
the following extra step in SPRINT . Let z be the first estimates for the ti::--,e
derivatives, the final estimates which are used are given by 'fl_ where

iJ

J

=

(3. 7)

and J is the (al re ady fac~ored) Jacobian matrix of equation (3.2) and the i th
component of the vector f is defined by
fi

~£JLt..0._L
at

=

(dih-l+di)

(3.3)

where the vector f ( y , y , t) is defined by equation (2.1) and di is the inc.ic c i:.or
array used in equation (3.3). This step may be explained as follows. Parti~ ion
the vectors y in equation (2.1) into tv:o components U and V and further that.
equation (2.1) can be written as the pair of equations (3.9)
and
(3.10 )
where the matrix A(t) may be singular. Equation (3.7) may then be written as

rA (t )-h 82_1

l

I

02_2 I au

EJ

u ' -hog 1
,

/

011} Ir~ ~ Ir A (t) u + h 02_11 at

Bg2 I a_.!'.:'

11

_.!'.:'

-02_2 /

- h BAI at

11

(3.11)

at

The addition of the O(h) term h A(t) ti to the right side of the top equation
turns equation (3.11) into an equali ty--:-that may be derived by differentia ting
equations (3.9) and (3.10) in time. Th e cost of the e~tra step defined by equation
(3. 7) is two function evaluations to form the ve_ctor f defined by equation (3.8) , '
half ' a function evaluation to calculate A (t) U and-one back-substitution us ing
th e already factored Jacobian matrix. This procedure extends naturally to
d.a.e.s of the form of equation (2.1) and is also used when integration is rest arted after several convergence or error test failures on a single step. In th e
case when incorrect starting values are supplied for the differential variables it
is not clear that tbe 'correct' solution can be recovered.

4. Spatial Remeshing Using The MONlTR Routine.
An important feature of SPRJNT is the capability to handle both discr ete
and continuous remeshing schemes . After each step taken by the SPRI:'-JT
integrator a routine, g·eneric name MONITR, is called which allows the user to
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perform intermediate output or calculations (e.g. the integration may be restarted , the step-size changed and the residual defined b y equations (2.4) or
(2.5) calculated) . The unique fe a ture of the MONITR routine is that it has the
power to access the whole of the non-linear equations solver in SPR!i\'T. The
MON1TR routine was designed for tasks such as o.d.c. global error estimation,
discontinuity detection and discrete time remeshing . In discrete remeshing a
new mesh is created at certain times in the integration (based on the current
solution profile) , the solution and its time derivatives are interpolated onto the
new mesh and then the integration continued.
The SPDJFF discrete remeshing option was developed by Furzeland (1984).
The user specifies parameters that describe how often remeshing should take
place and supplies an auxiliary subroutine that specifies the particular aspect the rerneshing monitor function Fm (x ,u) - of the solution behaviour that he
wishes to track. This function typically depends on the solution u and its space
derivatives. Using this monitor function as a guide, the remesh routines apply
the ideas of Kautsky and Nichols (19B0) to construct a new mesh at the curren t
time-step which satisfies certain sensible criteria on the space mesh sizes and
adjacent mesh ratios.
The way this monitor function is used to equally distribute the mesh is controlled by user-specified parameters such as - CONST - which is an input bound
on the sub-integral of the monitor function Fm (x , u) over one space step. The
remesh routine then attempts to ensure
x,vprs

;ri+l

f

:r,

Fm(x , u) dx :s; CONST

J

Fm(x , u) dx

:,;l

where

CONST ;::::

2

NPTs ·

where .NPTS is the total number of mesh points . The parameter CO~ST gi\'es
the user extra control over the mesh distribution e.g. decreasing CO~ST allows
more clustering. 1t should also be noted that if Fm (x , u) represents a measure
of the spatial discretisation error then CONST can be used to control this error.
The_ initialisation routine for the SPDJFF module can be used to find a good
starting mesh that is based upon the above criteria . In the case when the initial solution profile is flat the user can put extra information into the monitor
function at t = 0.0 to ,say, anticipate a boundary layer forming at x = O by
defining the initial value of Fm(x, u) by

Fm(x, u) = e C-x) .
The user can also put bounds on the number of mesh - points used (this may
vary from time-step to time-step ) and on the adjacent mesh ratios .
Once the remesh routine has determined a new mesh the MON1TR routin e
uses complete cubic spline interpolation to determine the solution , its t ime
derivative and any other higher time derivatives used by the o.d.e . integrator on
the new mesh. Time integration then attempts to continue directly using the
step-size and order determined at the end of the step prior to remeshing. There
are two cases to consider . The first is when the number of mesh-points , and
hence the size of the d.a.e. system being integrated in time , is changed by the
remeshing routine . In this case it is necessary to recompute the Jacobian
matrix before integration can continue. Once the linear algebra routines ha•1e
been initialised a change in the number of equations will automalically cause
the initialisation process to be restarted. In the case of a change in sparsity
pattern , the sparse matrix setup routine needs to be recalled. It is not necessary to restart the integration at the current time , though the MONITR routine
could order this. The more usual case is when the number of mesh-points is not
changed by the remeshing routine . The conservative approach is to re-evaluate

- 12 the Jacobian matrix on re-entry to the integrator though as the example problem below shows this is not necessarily the most efficient approach.
4.1. A Flame Propagation Problem To Illustrate Remeshing.
This test problem arises from the modelling on the onset of ignition and
subsequent flame propagation of a pre-mixed fuel-air mixture. The simplified,
one-dimensional model presented by Furzeland (1985) results in two coupled
partial differential equations for the temperature, W, and mass fraction (concentration), V, of the single species undergoing ignition, viz.

av
at
aw
at

=

V. K(W)

Bx 2

=

B2 W + V. K(W)
Bx 2

where K( W) = 14.6 e 4 (IW(x ,

BV
Bx

aw
Bx

o) = o

= 0 at

X

ti (3/+0.I)) .

The initial and boundary conditions are :

V(x , O) = 1

s;

t

s;

0. 05 ,

= -cos(rr(t-0.05)/ 1.9) , 0.05

ax = 0

at

X

10

= 0 and x = 10.

= -t I 0. 05 , 0

BW

Os; x s;

s;

t s 3.08 , at x = 0

= 10 .

The question of interest is what spark ignition strength, as modelled by the
heat input at x = 0, is needed to ignite and maintain flame propagatio;,.
A space mesh of 41 equally spaced points is used along with the SPDIFF
discretisation . This gives rise to a system of 82 ordinary differential equations
in time _which are solved using a loc al error tolerance of 10-4 and a mixed error
test. The numerical results given in Table 2 below compare the Theta codes
STHETA and STHETB with the backward differentiation module SPGEAR . In the
case of SPGEA.R the maximum order of the method , as specified in the setup
routine ,was restricted to three so that the storage overhead of the three
integrators was identical. In the results below ModCPU is the C.P. U. time using
the I.E.~{ FORTVS compiler and CPU is the C.P.U. time with the optimising switch
OPT(2) .
I

NPT"'u
41

I

I

Fixed

15

Adapt/
Forced
Jacob.

15

Adapt

41

Adapt

I
I

I

Mesh

'Method
STHETA
STHETB
SPGEAR
STHETA
STHETB
SPGEAR
STHETA
STHETB
SPGEAR
STHETA
STHETB
SPGEAR

Steps
105
124
104
139
144
154
137
176
157
149
159
141

FUN
381
385
435
639
680
770
454
570
536
517
567
553-

JA.C
17
B

24
40
30
49
17
15
25
19
22
25

CPU
2.9,1
1.97
3.26
1.48
1.55
1.74
1.11
1.34
1.37
2.63
3.10
2.76

'Mod CPU II
4.26
3.31
4.66

I

4.85
5.49
5.02
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Table 2. Integrator Statistics for the flame Problem.
In the fixed mesh case the switching code STHETB is more effieient than the
STHETA code because it only needed to switch to the Newton method when the
boundary condition at x = 0 changes at t = 0.05 and switched back to functional iteration at t
0.66 . The Newton method was used from t
1.0 until t h e
end of integration.
Furzeland (1985) has shown how this problem can be solved more efEcienlly
by using the discrete remeshing approach to adapt the spatial mesh every four
time-steps by using the monitor function

=

Fm(x' V, W) =

=

I

B2W2 1+ 1

ax

a2v2 I.

ax

This procedure results in a much smaller min imum mesh spacing if 41 sp atial
mesh points are used than the equi-spaced mesh used earlier . Figure 1 shows
typical meshes and solution profiles at times 0.3 and 1.0. The stiffness of t he
o.d.e. system integrated is proportional to D.
xi

J

Xi+l

where 6xi is the m e sh s pac -

ing between xi and xi+i . The value of this ratio for the fixed mesh of spacing
0.25 is 18 and the maximum value for this adaptive mesh is approxim a tely 500 .
In order to keep the minimum mesh sizes comparable we use an adaptive m e s h
of 15 points which results in a minimum space size of 0.085 at about t = 0.5 a nd
0.24 at later time.
The res u lts for the ad a ptive mesh version of the problem are shown in Tab le
2 above unde r th e heading "Adapt / Forced ·Jae" . In th is case th e J acobian
mat r ix wa s re-evalu a ted aft e r remeshing . The increased stiffness re s ults· in t he
STHETB code s witching to the Newton iteration at t = 0.015 due to t he fa ilure
of functional iteration to converge. At a later time , t = 0.66 , th e c ode
correctly takes advantag e of the decreasing stiffness of the probl e m by switching back to functional iteration when the minimum mesh size starts to incr ea s e
. A final switch back to the Newton method is made at about t = 1.0.
Th.e alternative approach of not re-evaluating the Jacobian matrix after the
remeshing algorithm is called gives the results in Table 2 under the heading "
Adapt" . This shows that for this particular problem the most efficient strategy
is not to re-evaluate the Jacobian until this is deemed necessary by the d.a.e.
integrator. Using this strategy we can now compare the overhead of remesh ing
by using 41 mesh points, adapting the mesh and only re-evaluating th e Jacob ian
when necessary. The bottom entries in Table 2 show that an important feature
of the method is that the extra computational cost when compared to th e fixed
mesh approach is about one third. The increased stiflness due to the small e r
mesh sizes now means that the most suitable integrator is SPGEAR. It sho ul d
also be noted that using the optimising compiler the adaptive mesh option executed more quickly than the fixed mesh option. This unexpected result has
been traced to the effect of the optimising compiler on the SPD1FF discreti s ation module.
Despite these encouraging results it should be noted however that the
discrete-time approach may not be suitable for hyperbolic problems with shocks
where space-time characteristic information is important. In this situation ,
even if discrete remeshing is performed at every time-step, the mesh will lag
behind the shock wave . For such problems the continuous remeshing appro ac h
. as typified by the moving finite element approach of Miller (1981), has proved
more effective.
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Figure 1 - Temperature (W) and concentration

M profiles at t = 0.3 and 1.0.
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5. A Bubble Collapse Problem.
This section provides an example of a complicated problem that has been
solved very effectively using the SPRINT software. The solution of this problem
also serves to indicate some of the areas in which the Method of Lines software
could be improved. A simplified model of the collapse of a vapour-filled bubble
contained in liquid consists of the following two p.d.e.s and eight coupled
differential algebraic equations. Let v (y , t) be the temperature inside the bubble of radius s (t) where Os y s s (t) and suppose that the bubble is contained in
a liquid whose temperature is w (y , t) where y ~ s (t) . On applying the transformation
X

=

~ ) for Os y s s(t) and x

=

tlD_
y

=

x~

=

: 2 0~ [

for y

~ s(t)

the p.d.e.s for v (x , t) and w (x , t) are

s(t)p(v)(s(t) ~~+(x 2 Uvs-xs)~~)
s2(t) (

~~

- ( 6x 3-x2 U15

-

x s) ~: )

{)~{~:

~~

~~j+f3pv(5.1)
x4

~:j

(5.2)
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Dv

;=:=

18600 , D1

:::::

v(l, t)+3.664
205 , f3::::: 95 , p( v(x, t)) = Pvs [ v ·(x,t)+ _
·
3 664

(5.3)

Th e boundary conditions are given by

ov

ow
ox

=

OX

= 0 at x = 0 , v ( 1 , t) = w ( 1, t) and

(5.4)

~; + 0.04 ~: + s(t) Pvs (s - Uvs) 136.56 = 0

(5 .5)

The condensation rate m and the collapse rate of the bubble
nected by the relations
3

Is

+

is (t)

m (t)

-

1002

= 0

s

are con(5.5)

where I(t) is the integral of the function p (v (x , t )) ,see equation (3) defined by
I

I(t)

=

Jx

2

p ( v (x , t) ) dx

(5 .7)

0

This integral thus depends on the temperature inside the bubble and is
evaluated using the discrete temperature values and a weighted Gaussian quadrature rule. The motion of the bubble wall is governed by the second order
o.d.e.
s (t) ii + 1. 5

( .<i; )

2

m(t))
9.92
m· s (t) + m (J )..
(s + --- + 9 . 7 Pvs - s(t)

=

2

-

Pi \.I)
t (.::,- . 9;\

where m (t) is defined by
m(t)

=

7.89x10- 4

(pv5 -0.652 Pv(t) + 0.02)
.

(v(l, t) + 3.664)

n

(5.9)

and Pt (t) is a given funclion of time. The vapour pressure and density ( Pvs and
Pv (t) ) are related by
Pvs

=

( 1.87 Pv(t) + 0.056) / ( v(l, t) + 3.664)

(5.10)

while the vapour velocity at the interface Uvs and the liquid velocity there [/is
are given by
.
m(t)+1002
(5.11)
= s +
Vis = s - m(t) .
Pvs
The initial temperature is zero in both liquid and vapour phases , s (0) = 1 ,
s (0) = 0 , Pv (0) = 0 and the initial values of m , I , Pvs , Uls and Uvs are
d efined using the initial values already given and equations (5.9) , (5. 7) , (5.10)
and (5.11) respectively .
The problem was integrated using a mesh of 25 points clustered towards
x = 1 so as to take account of the boundary layer there. The SPDIFF spatial
discretisation and the SPGEAR integrator were employed with a mixed local
error test of 10-5 relative and 10-7 absolute. Figures 2 and 3 show the decrease
in the bubble radius , the increase in bubble pressure and two examples of temperature profiles inside the bubble. Also on Figure 2 are the results obtained by
Furzeland using a fixed time-step Crank-Nicholson method without local error
control. It is believed that the SPRI;,iT results are more accurate.

Figure 2

The collapse of the bubble w.r.t. time and its internal pressure
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- 16 5.1. Discussion and Conclusions

The bubble collapse problem illustrates several interesting points. To
discretise a problem such as this one by hand is time consuming. Software that
allows complex problem formulations to be solved reduces the coding time and
allows the scientist to concentrate on the physics of the problem. The convention used by the discretisation routines in ordering the o.d.e. solution vector is
that lhe coupled o.d.e. components are stored after lhe p.d.e. components. This
means that banded matrix routines cannot be used efficiently with coupled
o.d.e./p.d.e. problems such as this one . For example consider only one coupled
o.d.e. equation , if the solution to this is present in the p.d.e. definition , then
the final column of the Jacobian matrix will be completely full. Sparse matrix
routines are thus essential for coupled o.d.e./p.d.e. problems .
Although the problem outlined above only has one spnce dimension , many
of the problems of practical interest will involve at least two space dimensions
with many spatial mesh points, and a time dimension. This will result in very
large systems of equations of the form of (3.2). which will make it necessary to
use iterative methods , such as those considered by Brown and Hindmarsh
(1986).
The difficulty of verifying numerical results against experimental results
for complicated problems such as the bubble collapse suggests that what is
required is a robust global error tracking procedure wh ich includes both space
and time error components . Berzins and Dew (1985) have implemented a simple
algorithm of this type by using the MONITR facility of SPRINT, but more research
is needed in this area.
Similar problems also of interest are two phase vapour / liquid fl.ow in pipes .
These pipe fl.ow problems are usually of a hyperbolic p.d.e. nature and are nonconservative in form due to the presence of source or sink terms. These problems are solved with a hybrid approach with a flux-corrected transport algorithm being used to accurately resolve shock waves (pressure pulse propagations ) and SPRINT to integrate the source/sink term contributions.
In c;-onclusion it can be said that despite the areas for future research suggested above SPRINT has already proved to be a valuable modelling tool within
Shell Research.Plans are also well advanced to release modified forms of the
software in the D02 (o.d.e.) and D03P (parabolic p.d.e.) chapters of the N.A.G.
Library.

- 17 6. References
Eaker C.T.H. and Phillips C. (1981) , pp 11-12 in Numerical Solution of \"onlinear Problems , Clarendon Press , Oxford.
M. Berzins, P.M. Dew and R.M. Furzeland (1982), Software for TimeDependent problems, TRCP.2713R ( Thornton Researcb Centre Chester ) or
Leeds University Department of Computer Studies Report No . 180).
M. Berzins and P.M. Dew (1985), CO Chebyshev :Methods for Parabolic P.D.E.s,
Leeds University Department of Computer Studies Report N"o 199 . (To
appear in I.M.A. Journal of :Numerical Analysis ).
:\£.Berzins and R.M.Furzeland, (1986a) A User's Manual for SPRINT Parts 1
and 2. Department of Computer Studies Reports 199 and 202, Leeds Cniversity, 1J.K.
:\{. Berzins ( l 986) , A C1 Interpolant for codes based upon Backward
Differentiation Formulae , To Appear in Applied ~umerical Analysis.
M. Berzins and R.:\L Furzeland (1986). A Type-Insensitive ),(ethoci fur the
Solution of Stiff and :\on-Stiff Differential Equations, Leeds l:niversity,
Department of Computer Studies, Report ~o 204.
P.N . Brown and A.C. Hindmarsh (1986) , .Matrix-Free Methods for Stiff S,·stems of O.D.E.s, SIAM J. Numer. Anal. Vol. 23, No 3, pp 610 - 638.
,

T.S. Chua and P.M. Dew (1984), The Design of a Variable-Step Integrator for
the Simulation of Gas Transmission :Networks, Int. Jour. for \"um. :\[eths. in
Engineering, Vol. 20 , pp 1797 - 1813.
P.:\f.Dew and J.E. Walsh (1981), A Set of Library Routines for Sol•,-i;-. 5 Parabolic Equations in One Sp ace Variable. AC:\[ Trans. on :\(ath. Soft. \'ol. 7 , \"a
3 , pp 295 - 314.
J.J. Dongarra, C.B. Moler, J.R. Bunch and G.W. Stewart (1979), Ll\"PACK
l:sers' Guide, SIAM, Philadelphia.
S.C. Eisenstat, M.C. Gursky, M.E. Schultz and A.E. Sherman (1977),Yale
Sparse :Matrix Package, Reports 112 and 114, Department of Computer Science, Yale University.
R. M. Furzeland (1984), The Construction of Adaptive Space :\feshes,
TNER.85.022, Shell Research Ltd . Thornton Research Centre , P.O. Box 1,
Chester • CHl 3SH.
G.K. Gupta . C.W. Gear and .B. Leimkuhler (1985), Implementing Mulli-step
Formulas for Solving D.A.E.s , Report lJIUCD-R-85-1205 , Department of
Comp. Sci. University of Illinois at Urbana-Champaign, Urbana 61801 , Illinois.
A.C. Hindmarsh (1982), ODEPACK - A Systematized Colleclion of O.D .E.
Solvers, Lawrence Livermore Nat. Lab. Report no. 85007; also p.312 of
Advances in Computer Methods lV, R. Vichnevetsky and R.S. Stepleman
(eds .), IMACS (Int.Assoc.Maths.Computers in Simulation), New Brunswick.
J.Kautsky and N.K.Nichols (1980) , SIA.\{ J. Sci. and Stat. Comp. , Vol. 1, pp
499-511.
K. Miller and R. Miller (1981) , SIAM J. Numer. Anal. Vol. 18, pp 1019-1053.
L. Petzold (1982a), A Description of DASSL . Report SA!'JD82-5367. Applied
Math Division. SANDIA National Labs. Livermore, California.
L. Petzold (19B2b), S.I.A.M. J.Sci.Stat.Cornput., Vol.3, pp.367-384.
L. Petzold (1983), S.I.A.M. J .Sci.Stat.Comput., Vol.4, pp.136-148.
L. Petzold and P Lostedt (1986) , Numerical Solution of Non-linear
Differential Equations 11 - Practical Implications. To appear in S.I.A.M.

- 18 -

Journal of Sci. and Stat. Computing
A. Prothero and A. Robinson (1974), On the Accuracy and Stability of One
Step Methods for Solving Stiff Systems of O.D.E.s. Math. Comp. 28, 145.
L.F. Shampine (1980), Implementation of Implicit Formulas for the Solution
of O.D.E.s , S.I.A.M. Journal of Sci. and Stat. Computing, Vol. 1 , ~o 1 , ~farch
1980.
N. Schryer (1984), Partial Differential Equations in One Space Variable ,
Computing Science Technical Report No 115 , AT and T Laboratories, :Mu rray
Eill, Kew Jersey 07974.
R. D. Skeel and A. Kong (1977), Blended Linear Multistep Methods , A.C.:\if.
Trans . Math. Soft., pp 326 - 345.
R. D. Skeel and }.[.Berzins (1986), Spatial Discretisation Methods for Parabolic P.D .E.s, Report in Preparation.

Acknowledgement.
The authors would like to express their gratitude to the Thornton Research
Centre of Shell Research for funding the development of the SPRINT software .

