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acceleration with maximal force, the constant velocity phase
and a phase dominated by a power constraint. For technical
reasons we also consider a start i ng phase. Because of its
generality this model should not only be applicable to world
record runs but also to other competitive runs and even other
types of athletics like i ce skating, swimming or rowing. Despite
a huge amount of data from athletics, medicine or physiology
the development of such a model for competitive running is
complicated by our lack of knowledge of the physiology of the
muscle and the mechanics of the muscle system. In addition one
should not forget that a uniform running curve i s an idealization
because no athlete is qualified for long and short distances
alike. In fact it is well-known that sprinters differ from
marathoners not only in build but also the relation between
fast and slow muscle fibers in distinct.

A MATHEMATICAL MODEL FOR COMPETITIVE RUNNING

Horst Behncke

Walking and running are common activities of men. Consequently
have these processes been examined extensively. This applies
also to the so called "running curve", which relates times
and distances of world record runs, see for example the list
of references in [17]. Though meanwhile some models on walking
have been developed, there exist only a few studies for running.
These, however, would be necessary to order and interprete the
results from athletics.

The aim of this paper is thus not an improvement of Keller's
Ansatz by introducing additional terms or a better fit of the
data, but it is rather an attempt to reconcile his work with
known results from physiology. Therefore, in the spirit of
Hill, we consider world records as additional data for physiology. In addition we hope that this model will be applicable
also to other sports, not necessarily of olympic calibre.

In addition most of these investigations are either phenomenological or curve fitting, allowing no interpretation of the
parameters employed.
The mathematically most interesting investigation is the one
by J.B. Keller [9, 10], who has developed a simple optimization
model for the running curve. Though Keller neglects the peculiarities of the starting phase, the velocity dependence of the
efficiency, the air resistance and uses an incorrect form for
the resistive force, his results agree fairly well wi th the
known records.

This paper consists of five parts :
I.

I I.
I I I.
IV.
V.

The model in this paper takes into account a number of effects
not considered by Keller. The most important change is another
form of the resistive force and an additional power restriction.
Moreover, we distinguish more clearly between mechanical and
chemical energy. This requires deeper methods of optimal control
theory. Under quite general assumptions we can show rigorously
that an optimal run generally consists of three ph~ses, the

Biomechanical considerations
Energetics
The Model
Solution
Discussion

Throughout we shall use them, kg, sec system. Sometimes the
energy will be given in cal - 1 cal =4,184 m2 kg sec- 2 . In additional most quantities will be defined per kilogram of bodyweight.

1 ...

Cl'!'lt,1•1..-

,

~-~~

• •

•t"'!l'f ',\·_,C..J(
.-v!~

Pr frtftj!

;;'i.

-

.l

-

- 4 -

I. Biomechanical Considerations

Running and walking are necessary tasks for men to sustain
living. Therefore. nature has provided them with muscles
strong enough to overcome the effects of gravity. Thus the
maximal force. which the legs can generate will be in the
order of 9, the constant of gravity
Force of legs= Safetyfactor x Mass x 9.
The safetyfactors will not be too large, because this would
require too many Muscles, tendons and energy for upkeep. It
cannot be too small either, because then the system would
not function effectively. Since these factors usually lie
between 1. 5 and 3. we assume 2.3.
At the start of the run the net force is directed at an
angle of about 45°. The maximal forward acceleration should
then be about 1.059. This is in good agreement with results
in [2,3]. While running this angle increases to about 60°,
resulting in a maximal forward acceleration of about 0.7 g.
This of course is only a simple approximation, because the
angle of the 'leg with the ground changes during each step
cycle. Thus 60° is only the average for the contact period
of a step. Taking into account the flight period too, this
value should be smaller. This is supported by data of
Cavagna [3] and Fukunaga [8], who obtained about 0.6 g for
the forward and about 2 g for the vertical acceleration.
In order to describe the mechanics of running one usually
decomposes the body of the runner into segments. In a frame
of reference moving with the average forward velocity of the
sprinter, these parts perform a periodic motion, driven by
the muscles between these segments. On contraction the
muscles perform "positive work" [12] while an extension is
accompanied by "negative work". The interplay between positive
and negative work, i.e. acceleration and deceleration, is
largely responsible for the internal dissipation of energy.

In particular this leads to a relatively low efficiency
(0,2 - 0,25) of transforming chemical energy in the muscles
into external energy, by which one usually denotes the
energy associated with the motion of the center of mass.
So far the transition of
Chemical energy - Total mechanical Energy - External Energ
is not completely understood. It is known however that these
relationships are nonlinear, and that the efficiency n of
the transformation of chemical energy into total mechanical
energy is velocity dependent [4]. It should be noted however
that there is still a considerable disagreement about the
value of n in the literature.
In order to obtain a simple model for the external energy
for the almost constant velocity phase, write (x,y) for the
coordinates of the center of mass and solve the equations
0 ~t<td
tdststd + ta

-F 1
x"(t) = {F 2

y" (t) = {

G-g

Ost<td + ta

-g

t a+ tds tsT

td+t.<t s T

0

Of course one assumes here that the foot touches the ground
at t = 0 and decelerates with (-F1 ,G-g). This is followed by
the push off with (F 2 ,G-g) and the flight period. If v is
the average velocity, l the length of the leg,
l

cos ad~ v td, l cos aa~ ta

Actually, td will be slightly shorter than ta, because the
legs are better geared to perform "negative work", F 1 ~ F2
and because of the push off is with the toes, making the push
off length larger. For simplicity, however, we assume ta=td.
Since v is assumed to be almost constant, ta= td requires
F =F =F. If the geometry of the system is preserved, i.e.
1 2
a~ constant, then F and G-g should scale like v, i.e.

- :, -

F. v,

G-g

a:

V

These considerations are well supported by results of
[3,4,12]. Integrating the above equations and using
periodicity gives G2ta:gT. For the step-length Sand
energy E lost per step one obtains
S: vT - Ft 2
a

E

1
; 8 g 2 T(T-2t ) + 2v Ft - F2 t 2
a
a
a

The first summand for E represents the loss due to the
vertical movement of the center of mass, the gravitational
loss. Since G-g scales like v,T-2ta should be approximately
constant. Thus the gravitational powerloss should be approximat~ly constant likewise. This is in fact observed [3,4,12].
The losses due to the change in horizontal velocity, the last
two summands for E, should then at most grow like v.
Finally it should be added that the above estimates for
F - 0,7 g, G - 2,2 g together with t - 1,1 m give for a
velocity of about 10 m sec- 1 : 2ta - 0,11 sec, T: 0,24 sec.
and S: 2,4m. In addition the flight time and ground contact
time are almost equal. This is in close agreement with observed values [l,3,4,8,12].
The losses due to internal motion are much more difficult to
desc~ibe. A dimension analysis argument shows that the loss
of internal energy per step scales as
Eint"'ST
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Also this is reasonably well established [4,8].
The losses in mechanical energy are somewhat reduced because
of the storage of elastic energy in the tendons and muscle
fibers. This saving operates increasingly at higher velocities
changing the efficiency n of 0,4 - 0,5 at vs 5 m/sec -1 to
about 0,8 at l0m/sec -1 [4].

At the submaximal force level a restricted and selective
employment of 'muscle cells is also responsible for this.
These savings have the following important consequences:
For moderate velocities - 2m/sec -1 5 v 5 vc ~ 6m/sec -1 the
consumption of (physiological) energy is proportional to
v[6,12] i.e. the energy consumed per distance Dis independent
of v. This is not only well established for men, but has also
been observed for many mammals.
It is generally agreed that the cost of transport is 1 cal/m kg,
see [6,12]. The transition from a linear loss form to a higher
order loss takes place at about the maximal velocity, which
can be sustained purely aerobically. This is probably no coincidence, but rather a consequence of evolution. We shall assume
that the critical velocity vc is about 6 m/sec .
Besides the internal dissipation of energy the air resistance
contributes to the resistance. It is given by
.,¼.cpAv2:F
c.
a.
Here C is a constant depending only on the geometry of the
system. According to [51 C - 0.87. p' is the density of air
and A is the frontal area of the runner. For C:l the left hand
side is just the kinetic energy of the air hit by the runner
over a running distance of lm . With the values of [51 one obtains
for the windresistance per kg of bodywei~ht 0.0037S,v 2 .
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II. Ener.9.et i cs
Thus the largest reported values are almost 80 W. Because
of the uncertajnty of the efficiency however, we shall
rather use ratioes than absolute values.
ATP is the only immediate source of energy for the ■ uscle
and all other processes operate via ATP production from
ADP or AMP. It is generally agreed that there is about
three times as much phosphocreatine than ATP in the muscle
[11,12]. Thus the ATP is depleted in 2to 3 seconds by intensive muscular exercise. Its stores are replenished almost
immediately by the phosphocreatine, however. There seems
to be indication of a compartmentalization of the store [12],
resulting in decreased power if it is depleted by more than
50 %.

The energy for running is mainly provided from the
following sources, listed in their usual order of employment and power:
i) ATP and creatine phosphate, the alactic anaerobic store
ii)

glycolysis, the anaerobic transformation of glucose or
glyco~en to lactic acid or pyruvic acid .

iii) the oxydation of carbohydrates, mostly glucose
or glycogen
iv)

the oxydation of lipids

In addition there is a small amount -100-200J - of oxygen
bound to the myoglobin in the muscle cells [11].
The release of energy from these sources is regulated
hormonally and enzymatically by feedback mechanisms in a
rather complex way. Thus these processes are rate limited.
Their capacity is likewise limited.
The following values are given in the literature [12]

Power (cal/sec)
Capacity (cal)

ATP-PCr

Glycolysis

13. 5
200

6.5
250-350

!:

Oxydation
4

25000

These values hold for well trained people. For top atheletes
they will be higher, because they have relatively more muscles,
a higher lactic acid tolerance and a more efficien! breathing
system. In fact the highest vo 2 max. recorded is about 80ml o /min
2
corresponding to 6,7 cal/sec or 28.2W. In general the anaerobic
alactic power seems to be 3 to 3.3 times than the aerobic power.

I

ii
!.
;

The second most important source of energy is glycolysis.
It is triggered by ADP and inhibited, by ATP and breathing
(Pasteur effect) [11]. Thus lactate formation is a delayed
process, setting in, when the ATP stores are sufficiently
reduced. This is about 2 seconds in supramaximal work and
otherwise when the ATP-PCr stores are reduced by 1/3 to 1/2.
Since glycolysis depends critically on the ATP-ADP ratio,
it reaches its maximal power rather quickly - less than 2
seconds - in stremous exercise [12]. This maximal power output in stremuous exercise is kept up until the inhibition
of this process through high lactate concentration sets in.
This begins probably when half of the capacity of glycolysis
is used up. [12]. Since lactate formation is inhibited by
breathing, its power is low after about 90 to 120 sec of maxim,
work. Thus the highest lactate concentrations are observed
with 400 and 800 m events. Responsible for this inhibition
is prob ab 1y the fact that glycolysis uses only about 5.5% of the
energy of glucose.
Another reason for the low lactacte concentrations in longer
distance events is the transport of lactic acid from the
active muscles to other organs, e.g. heart, liver or less
active muscles, where it is oxydized or synthezised to glucose.

- 9 -
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Oxydation of carbohydrates and fats is the most imrortant
source of energy for longer lasting events. The reserves
of carbohydrates in general suffice for 1 to 2 hours of
activity. However in prolonged maximal work e.g. a 10 . 000 m ru n
the local glycogen depletion represents a severe limiting
factor, and oxydation of lipids gradually takes over. This
happens even though the oxygen equivalent for lipids is
about 4,69 compared to about 5.05 for glycogen.
Increased breathing is triggered by ADP. Thus it is a delayed
process with a time constant of about 30 sec. In addition
to an increased burning of fats,fatigue is an important
effect for very long distance runs (~ 10 000 m), Fatigue
is caused by a local depletion of glycogen or lipids,
accumulation of waste products, mechanical wear of the muscle
fibres and other unknown factors. So far fatigue is not well
understood, but it is known that increasingly less oxygen
is used,as the race proceeds. Davies e.g . measured an average
use of 821 (men) respectively 791 (women) of the vo max
2
for a marathon race(SJ,

III. The Model

The model wi l l cons i s t as i n [9,10 ) of t wo differential
equations for the veloc i ty and the ' energy E and several
constra in ts .
The equation for v is
( 1)

I;

:!
:I

1·

!

v(O)

=

0

Here f denotes the force of the runner and r the internal
resistance.
From the discussion in (I) it is clear that r is a strictly
monotone increasing nonnegative function of v, which grows
at most quadratically in v. The force constraint, due to
the limited strength of tendons and muscles, is
(2)

I.

v ' "' f - r(v) ,

0:S

f:SF

Actually F should also be v dependent (Hill's equation).
However, so far there is no experimental evidence for this
with runners . In addition we have seen above that F scales
like v, whereas ta scales like v· 1 . Since F represents rather
the average, taking F to be constant i~ justified.
The equation for the energy reserves E(t) is
E' (t) sc, 0 (l-et/JO)-f,v/11
E(O)= E0
(J)

= c, ( t)

> 0

- fW ( V)

The first summand describes the replenishing of the energy
stores through breathing, while the second term describes
the loss of energy due to performed work . For v:S6 f,w(v) will be
replaced by 4.184 •V, because then the physiological power is
proportional to v . For shorter distances, less than 3000m, one
c~n · assume o to be constant. For longer distances however, on~
0
should replace o0 by the phenomenological term

c·

. . t'.

'

,.,

.•

: ,

ao (A·+B e-t/t1)e-t/t2

Here the last factor describes fatiguing effects and
the second term models the increasing use of fats as
well as the inhibition of lactate production in longer
lasting events.
Since the oxygen supply is a delayed process, one would
expect that the initial reserves E are large enough to
0
cover this deficiency, i.e.
E0 = safety factor x 30 • o

0

As we will see. this is indeed the case, with a safety
factor of about 3.
While (1) is obviously an equation for mechanical terms,
(3) is an equation for chemical energy. Thus the mechanical
energy enters (3) with the efficiency factor n- 1
The energy reserves consist of E1 , the anaerobic alactic
stores,the glycolytic reserves E2 and some oxygen bound
to the myoglobin in the muscle cells . The energy constraint
is
E{t) ~ 0
Since the replenishing of the energy stores is connected
with losses, one should also have
E' {t)sO
These constraints however will not be used, since they are
automatically satisfied.
In addition we need a power constraint of the form

Obviously one has
{ 5)

dP

or> o

and

P{O) = 0

That a power constraint operates should be c~ear to everyone
engaged in athletics. It has bbserved in the performance
of the staircase test by Margaria et al. [12]. The power
constraint is even limiting for 100 m runs [l, 15]. In such
runs the decrease of power seems to occur at the 50 to 80 m
mark. Without such a constraint the 200 m world record should
be about 18.6 instead of 19.72.
The power limit function Pin {4) should actually depend
on t and on the reserves in the various stores, E1 {t), and
E2{t). Since this however would complicate the problem too
much, we do not consider this here. Modifications, which
take into the account the dynamics of the various energy
providing process will be indicated later.
Since not much is known about P and for mathematical convenience we set
{ 6)

p ( E)

min Pmax' E/ p

with

Pmax ~ F•v00

In view of the results in [15] this Ansatz is not completely
unrealistic. The l ast condition implies that the force
constraint is not vacuous. Since the power constraint sets
in, when about half of the energy is depleted we see
S·30·

0

o/2p ,.. 3 ·o 0

with Sa safety factor. Thus we expect
{4)

f w{v) s o{t) + P{E)
8

It states that the maximal power the body can generate
depends on the energy reserves.

s

p

s 25

A similar result is obtained if one compares the rates in
the breathing process and the depletion of the reserves.
In order to determine p we shall use the fact that the power
constraint in a 100m sprint for world record athletes sets in

-

1J -

between 60 and lOOm. Of course we expect p to be a universal
constant, because it depends only on the mechanisms in the
muscles.
In addition to the conditions above we assume that rand w
are twice continuously differentiable with r', w' > 0.

We shall also require that E0 is sufficiently large,
E0 ~ 30a 0 , so that the power constraint sets in when a
is almost constant.
The aim of the runner is to minimize the time T for a
given distance Dor equivalently to maximize for a
given time T the distance D = s{T)

- 14 -

The proof of the theorem will consist of several parts:
Existence, necessary conditions, and analysis of the
switching function.
Proof of the theorem:
Existence: lhe existence of a measurable control f can be
shown by a standard compactness, convexity and
measurable choice argument as in [7].
Necessary Conditions: Necessary conditions for measurable
controls can be found in [16, ch. VI 3]. It is
easy to check that the conditions for the pointwise strong
maximum principle hold. For a solution (s,v,E,f) of the
above problem this amounts to:

T

{ 7)

s{T)

=

J v{t) dt
0

covered in this time subject to the above dynamics and
constraints. This is a problem of optimal control theory
with fas the control variable and a control phase inequality constraint (4).

There are real numbers

o 0 ,o 1 ,a 2 ,a 3 with a 0 s O

1
and a functionµ EL ([O,T]) such that

3
Jo.1+11µ11 1 * 0
i=O l
and such that the adjoint variables (i/J 0 ,ij, 1 ,i/J 2 ) are absolutely
continuous on [0,TJ with
I

Theorem: For the above problem there exists a piecewise
continuous control function f. For f the only possible
cases are

I/Jo

0

1/J 1

-1/J

t

i/J2 = µPI

I:

µSO

(8)
O

+ r' ( v) 1/J 1 +f w' ( v) 1/J 2 - µ fw' ( v)

The adjoint variables satisfy the boundary conditions
I)
II)
III)

f=F; the short sprint
ij,

f=F; power constraint; the sprint
f=F, f=constant, power constraint; the longer run

Interpretation: (III) has to be interpreted as follows: The
athlete starts with maximal force, until he
reaches a certain velocity, which he keeps as long as he can.
Finally the power limitation sets in and shows him down.
(I) respectively (II) are observed in general only for distances
of less than 90 respectively ~00 m.

0

(T} = o 0 ,

ij,

1

(T} = i/J 2 (T) = 0,

ij,

0

(0)= -o 1 , 1/Jl(O)

The maximum principle amounts to
i/J 0 v + 1/Jl (f-r(v)) +

(9)

ij,

2 (a-fw(v))

= max ij, 0 v + i/J 1 (g-r(v)) + i/J 2 (a-gw(v))
gEU(t)

where U(t) = {flf,w(v) s a(t) + P(E(t))}
Moreover one has for Os g sF

-02

(10)

[ljll - lj, 2w + µw] (g-f)
11

[w•f - (a+P)]

S

0

and

= 0

These relations hold almost everywhere int.
This last relation implies thatµ= O whenever the power
constraint is inactive. From the maximum principle one infers
that
lll(t) =

ij,

1

(t) - w(v(t)) ij, (t)
2

plays the role of a switching function, i . e. Ill> 0
implies f maximal and Ill< 0 implies f = 0.
Analysis of the switching function
1. Assume there are Os t 1 < t s T with lll(t ) = lll(t )=0
2
1
2

and lll(t) < 0 fort E (t 1 ,t 2 ).Then fort E (t 1 ,t 2 ) one
has l'(t) = - ij, 0 + w1 r' + rw'ljl 2
because of (8), (1) and because the power constraint is
inactive on (t 1 ,t 2 ). Writing
Ill' =- ljl 0 +111r' +lj/ 2 (wr)'
we obtain O ~ lll'(t 1 ) > lll~t 2 ) because lj/ 2 is positive
and because v and thus also (wr)'(v) are decreasing

strictly on (t 1 ,t 2 ). This however is impossible.

3. One has Ill'= - ij, 0 + r' Ill+ (rw)' ljl 2 -11(wP'+fw').
If Ill= 0 on some interval [t 1 ,t 2 J thenµ= 0 there
likewise because of (10) . Hence (rw)' = ljl 0 N 2 . Since
this is constant and because ( rw)' is a monotone
function, v and also f must be constant on this interval.
4. Since v(O) = 0 and Os f s F, v will always be less than
the limit velocity v00 defined by F = r(v 00 ) . Hence we have
F - r(v) > 0 throughout. Assume there are Ost 1<t 2sT with
lll(ti) = lll'(ti) = 0 i=l,2 and lll(t) > 0 for tE(t 1 ,t 2 ).
Moreover assume f=F only on this interval. Then
(rw)'(v(ti))•ljl 2 (ti)=ljl 0 , which is impossible because
v(t 2 ) > v(t 1 ) .
5. Since E0 is sufficiently large, the power constraint
will not be active on some initial interval [O,t 2 J
with t 2 maximal. Clearly 11(0) >0. Hence lll(t) > 0 for
Ost<t 1 with t 1 maximal. Now assume t 1<t 2 . From the
discussion in 4. we see that in this case Ill = 0 on
[t 1 ,t 2 J. If the power constraint acts now on [t 2 ,t 3 J,
one has there E' = -P(E). Hence E is decreasing. Our
assumption even implies that a (t) + P(E(t)) is strictly
decreasing. A simple comparison result applied to
v' = w- 1 (a +P) - r,v'(t 2 )=0, shows that v is likewise
str i ctly decreasing. Hence the power constraint phase
cannot be followed by a phase f =For v = constant.
The case t 1 > t 2 can be discussed similarly.
Remark 1: If we hadn't assume v(o) = 0 also the case

2 . Thus Ill can at most be negative on an initial interva l
[O,t 1 J or on a final interval [t 2 ,TJ . The final interval
can easily be excluded, because (s,v,E,f)f [t 2 ,TJ is an
optimal solution for the restricted problem. Hence we
may assume without loss of generality Ill~ 0, because
f =O on an initial interval is likewise absurd in view
of v(O) = 0.

(IV) f=O, f =constant, power constraint would have
been possible. This situation is in fact observed in swimming,
where the dive with a large initial vis followed by a short
glide phase, f = 0.
Because of its generality the above result can be applied to
running, swimming, iceskating and other sports.
In the theorem above we have not made use of the constraints
E ~ 0 and E' s 0. They are automatically satisfied, because
any solution E majorizes the solution of y'= -P(y), y(O) = E (0)

Re■ ark

2: With the same reasoning the result of Keller
[9,101 could have been derived. The force function f
for the general case (III) still depends on one
parameter, the length of the first interval [O,t l,
1
where f=F. Thus f is probably unique even.

IV. Solution
In this section we shall solve the above equations and relate
the solutions to actual world records. In order to do this
we shall specify rand n. On the basis of the discussion in I
and [4,12] we set

Re~ark 3: The above Method of proof can be generalized to
cover more general time ands dependent o,r,w and P.
For example if one describes a run over a hilly track,
where the slope y is s-dependent, one is lead to
r = r 0 (y) +

g

siny + r 1 (y,v) v + cv 2

( 11)

r = r 0 + r 1 (v-6) + r 2 (v-6) 2 + 0,00375 v 2

(12)

n = 0,36 + 0,04

for v~6

V

For vs 6, the start phase, r will be defined differently.
For simplicity we shall first consider the simpler case
r 2 = 0 (model 1) and then investigate the case r 2 * 0 (model 2).

and

E'= o(t) - f vy-l(y,v) - vg siny-w(s,v)

In addition we shall introduce a starting phase, in order to
model the features of the start.
The sprint start is governed by a reaction time of 0,12-0,25 sec
and a high initial forward acceleration of about 10-12 m sec- 2
for men [l,21 respectively 8-10 m sec for women. In addition
the center of mass is about 0,2 m behind the starting line and
about 0,35 below the average position during the run [21.
For this reason we set

With reasonable assu■ ptions one can prove in this
case that f is piecewise continuous, though the
proof is considerably more difficult.

( 13)

0
v' = { F0
F-r0

st<0,15
0
0,15 st< 0,45
0,45 st< tc

F0 =12
F0 =10

(men)
(women)

v(O)=O, s{b)= -0,2

l·
for the starting phase v(tc)=6. Though rather simple, such a
model is not completely unrealistic [1,2]. From the discussion
in (III) it is clear that this change in the model will not
alter the main conclusions of the theorem .
On the basis of the discussion in I and II the key parameters
of this model are expected to have the ranges

.... ,
6sF. s8
800sE1sllOO ,

27so 0s30
1400sE 2sl60.o,

E .., 200
3

-

!!I · -
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r 0 is fixed by the requirement that the cost of transport
at vs 6 is about 1 cal/m kg [6,121. This gives r =2,3754.

S£rint

Records

Women

0

With r given by (11) and f=F (1) can be solved in closed
for■. Setting v=(6+y) we obtain
y' = (F-r 0 -36c) - (r 1+12c) y-(r +c) y 2= a-by-dy 2
2
= d(w -y)(w +y)

1

2

D

T

Tcomp

50

6. 13

6.09

54.86

6.48

6.56

60

7.08

7.05

100

10.88

10.88

6+w 1 = 10.44

A =-13.61

Integration gives
v(t) = 6 + w1 (1-g){l+h) -1 ,

g = exp(-d{w 1+w )(t-tc))
2
h = w1/w2 g
(14)
s(t) = s(tc)+(6+w 1 )(t-tc)+ 01 ln(l+h) - 1 ln(l+ w1 / w )
0
2
Since r 1...o,a, the limit velocity w1 is reached rather quickly.
Thus for t ~ 5 the exponential terms are negligible and we can
write s(t) ""A+(6+w 1 )t. A and w1 can be determined from the
known world record by linear regression and first order
perturbation for the nonlinear terms.

As data we have only used results which were measured
electronically. For the 100 m record for men we have set
10.0 sec. because the record of C. Smith in Colorado Springs
owes about 0.07 sec to the reduced air pressure.
With a few computations w1 and A from above lead with (13),
(14) and r 2 = 0 (model 1) to

F

rl

Men

Women

7.606
0.887

6,523
0.842

S£rint Records Men
D

T

Tcomp.

45.72

5.22

5.20

6+w 1 = 11 .351

50

5.61

5.58

A =-13.331

60

6.38

6.46

100

10.0

·-

9.98

F is clearly in the range estimated above. Moreover, the
internal resistance terms r 1 for men and women are almost
equal. This however is not true in the model of Keller. The
normalized force of women is found to be about 90% of the
force of men. This agrees well with other measurements. Despite
this support of the above data, it should be clear that they
contain a number of errors. The value 1 cal/m kg for the energe
cost of transport is probably a little too low, while D(6)=0,6
may be too large.
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Remark: If one computes with these values a 100 m run
in Mexico City or Colorado Springs, with an air
pressure of 580 mm Hg, one obtains T=9,91 i.e. an improvement of 0,07 sec due the reduced friction.

A plausible explanation for these deviations would be
that r 2 is a fijct nonzero. An analysis of the results of
Ballreich [11 also supports this, with r 2 ~ 0,039. So far
there are not enough data available to determine r or more
2
generally r{v) precisely. For this reason we choose r such
2
that the values r 1 for men and women are equal {model 2).
This gives with A, vm and the world records as above

With these values we can now compute the energy in the start
phase. With (14) and n defined by (12) one obtains 44,8 for
men and 49,6 for women. Though the energy expended in the
acceleration phase [0,t 1 ] can be computed in closed form, we
shall not give the expression here, since it provides no
further insight.

Model 2
Men:

The remaining parameters E0 and o can now be determined in
0
order to obtain an optimal fit for the longer distances.
The results are:
l{r 2

Model
Men:

Eo

Women :

E0

=

Women:

= 0)

3050,

00

28.7

P

= 22.0

2450,

00

= 23.1

P

=

F = 7.33

.

r 1 = 0.6664

= 27.45

E0 = 2820

0

F = 6 .37

r 1 = 0.6664

E0 = 2300

00

0

•

r 2 = 0.0317
p

= 23 0

= 20.8

r 2 = 0-0317
p

= 20. 1

The computed distances for the two models are given in the
following tables
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In the computation we have fixed the running times T, which
are actual world record times, and computed D by varying E
0
and o0 • The best fit - i.e. minimal quadratic derivation of
the relative data - was obtained for the above values of E0
and o0 • It should be added however that we have not attempted
highest accuracy for these parameters, because a number of
effects are not considered here and individual differences will
cause an error of E0 of about 100 and of o 0 of about 1. p was
fixed by requiring t 2 = 9 5 for the 100 m run
0

Even though the values of r 1 for men and women are almost equal,
the discrepancy is too large to be explained as a sexual difference
alone. In addition the values for E0 and o0 are slightly larger
than expected from physiology.

Men
T
19.72
43.86
101.73
132.18
211.36
227.33
291.4
452.1
780.42

D
200
400
800
1000
1500
1609.35
2000
3000
5000

D Model 1
202.0
403.6
793.0
989.1
1493.7
1595.1
1999.5
3012.9
5083.6

D Model 2
202.3
404.0
795.6
992.1
1495.5
1596.3
1998.3
3003.2
5056.5

D Model 3
202.3305354
404 .0850719
797.1043729
994.1935907
1497.268812
1597.715068
1998.329769
2989.213025
4981.595353
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Long distances Men
By analysing the 25 mile run of the British Commonwealth Game
in 1970 i n Edinburgh as well as the long distance world recor
one finds

Model 3
T
1642.5
3451.8
7693

D

D Model 3

10000
20000
42200

10061. 0
20064.4
42157.9

50 000

s

t

2

s

70 000

and A~ 24.0 and B N 4.5

Thus we set t 2 = 60 000 and modify model 2 for men by changin
o to the above form (15). This gives for men

Model 3
F

Wollen

Eo
A

T
21.72
48.16
113.43
232.47
506.78

D

D Model 1

200
400
800
1500
3000

201.7
397.4
805.4
1483.8
3013.8

=

=

7 . 33

r

2800

B

23.9

t

1

l

=

0.6664

r2

=

0.0314

=

4.6

p

=

20.5

=

800

t

=

60000

2

D Model 2

It should be added that in this case o cannot be interpreted
0
vo 2 max. For this one should take max o(t) = 27,46, which
is just the value of model 2. With these parameters we can no
compute the running curves for men (model 3) and women (model
The data are given in table 2 respectively figure l.

201.3
397.7
806.3
1487.5
3012.l

When performing the computation one sees

Though both models describe the data very well, they have some
apparent defects . Both overestimate short distances (s 400 m) and
long distances (~ 500) and underestimate medium distance run s . This
effect arises because the glycolytic process is not treated separately.
By introducing the phenomenological expression
( 15)

o(t)

= 0

0

(1-e

-t, 30

) (A+B e

-t

/t1)

e

-t

/c2

for o, a few of these defects can be alleviated and the model can
be extended to larger distances. This expression models fatigue the last factor - and the inhibition of the glycolytic process in
longer runs. It also describes the difference in muscular composition
and aerobic efficiency of middle and long distance runners.

i)

The length of the accelaration phase t 1 decreases with T
the total running time

ii )

The distance s(t 1 ,T} covered in T seconds with a first
phase of½ seconds depends very little on\ if t 1 is
not too far from the optimal value.

iii) s(t 1 ,T) has only one maximum as a function of t 1 .

.;
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6.

1.

a.

9.

10.

IV . Discussion

11.

~

<

The above models describe the world records i n runn i ng
reasonably well. Its parameter s admit a simple and di rect
interpretation, and the key parameters F, E and agree well
with known results from physiology . The above analysi s also
ind i cates the existance of a nonlinear term for the internal
resistance r I 0, which so far has not been seen.
2

ID
0

n

....
'<

::i:,

C

z

z

z

Cf.

G)

n

C

::i:,

<

Compared to othere investigations of runn i ng e . g. [l] the
decrease of v in the last phase is interpreted primarily to
be due to a decrease in power and not force. Thus the key
parameters for this reduction are E0 respectively E1 (0),
E2 (0) and p.
This decrease in v seems to be at variance with a final
sprint , which is observed sometimes. However psychological
factors and nonoptimal runs might explain these effects.

l'T1

3
ID

::,

0
~

....
"'::,n

11'1

ID

q

Since all models don't treat the glycolytic process separately,
they overestimate the short (s 400 m) and long distance runs
(~ 3000). An improved model should thus consider a separate
differential equation for E2 also and correspondingly decompose
the power. This however would require more parameters and
data.
In these models the description of the starting and acceleration
phase does not depend critically on the form and size of r,
as long as a suff i ciently fast start is guaranteed . This also
holds for the model of Keller . The form of r, more precisely
the behaviour of r near v=6, is however of great importance
for E respectively E(0).
The above models are not only applicable to world record runs,
but can be used to describe all sorts of competitive runs. This
can be done by adapting the key parameters F,E and o , while
keeping the more universal parameters r 0 , r 1 , r 2 , P and , 1
fixed. It should however be clear that biological scaling
implies that E/F varies only a little. Likewise E; o should be
almost constant. The size of these quotients will then indicate
whether an athlete is a sprinter, a middle or long distance
runner. These quot i ents should also give valuable hints about

-

LI

-
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the improvement of athletic performance .

14

Munzinger
Sportarchiv :

Similar models can also be considered for swimming, iceskating
or rowing.

also private communication from the Library
of Deutsche Sporthochschule, Koln Ravensbur9
1980
.
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Murase Y./Hoshikawa, T./Yasuda, N./Ikegami Y./Matsui H.:
Analysis of the changes dn progressive
speed during 100 m dash, Biomechanics YB,
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Univ. Park Press, 1975
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