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O. Introduction. Until recently , the development or general numerical methods for singu-

lar perturbation problems whose solutions exhibit internal layer type behavior has been largely
neglec ted . Indeed , even the analytic study or general systems or first order ODEs with this type
of behavior appears to be quite limited ; perhaps this is one or the reasons for the lack or progress
in this area. In this paper, we report on results obtained with H. 0. Kreiss and N . Nichols

171,

which address this problem . We will give a presentation which is somewhat different than that in
[7], with the hope or emphasizing the similarity or our approach to the ideas that underlie the
analytic technique of matched asy mptotic expansions. We also present some recent results for
nonlinear problems with internal layer behavior which have been obtained together with W. L.
Kath and H. 0 . Kreiss. All of our results are for the two-point boundary value problem for systems of first-order ordinary differential equations. Since the solutions of singular perturbation
problems of this type typically vary on two or more scales, these problems are often called "stiff"
boundary Yalue problems as well.
The theory of difference approximations for the two-point boundary value problem for
lin ear singularly

perturbed ODEs without turning points is fairly well developed . Under

appropriate assumptions, the solutions of such problems are typically smooth away from the
endpoints of the interval and have possible "boundary layers" that occur in very small regions
near the boundaries and connect the boundary values to the smooth interior solutions. A successful approach both theoretically and practically bas been discussed by Weiss and Ascher

III, 12],

19], which is to use centered high-order two-point (implicit Runge-Kutta type) schemes for these
problems together with a careful construction of the computational mesh so as to resolve the
rapid bou ndary layer behavior. These schemes are very attractive since in contrast with the
competing one-sided schemes, they do not require a (potentially expensive) change of variables
before they can be stably applied . One should note , however , that error estimates do not follow
directly for these schemes. It has been pointed out by both Kreiss [5], [6] and Ascher [I] that
there is a special eigenvalue condition (not directly related to the original continuous problem)
which mu st be satisfied in order that the error in the computed solution be of reasonable size. It
is still not clear how serious this restriction is from a practical standpoint.
• to appear in proceedings of 198~ Vancouver two-point boundary value conference, Birkhaeoser, 1985.
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For problems with turning points, the theory for difference approximations is less well
developed . One would like to have a result of the type that if a mesh has been constructed
which will resolve the features (e.g. internal and boundary layers) of the solution or the analytic
problem, then the difference approximation that one applies on this mesh will give an accurate
solution. Experimentally, one observes that with centered schemes, this is sometimes the case,
and sometimes not (see e.g. [71), while for one-sided schemes, theoretical results of this type exist
(see section 4 and [71). Regardless of which difference methods are applied, we feel that the main
practical difficulty for turning point problems is one of constructing an appropriate mesh on
which to solve the problem numerically . Thus the main thrust of the results discussed in sections 2 through 4 is to determine a priori where the solutions of a system of ODEs can be
expected to vary rapidly .
It turns out that in order to do this, it is necessary to construct a change of variables which
separates the rapidly growing, rapidly decaying , and slowly varying components of the solution .
Since this is the same transformation that is required in order to apply one-sided difference
approximations, we have chosen to do so in our implementation of the method.
1. Turning points. Typically, the occurence of a "turning point" in a differential equation

corresponds to some kind of change of behavior in the solutions of that equation near that point.
Often, the solution near such a point varies on a much different scale than it does elsewhere, and
it is clear that if an accurate numerical solution of the problem is to be obtained, the computational mesh must accomodate this kind of behavior. The point of view we will take in designing
our method for these problems is to detect regions with potential rapid variation a priori, and
also to determine the appropriate scaling of the independent variable there, thus allowing us to
construct an appropriate computational mesh . Since from a numerical point of view , the
difficulties involved with turning point problems have to do not specifically with these points
themselves, but with rapid variation of the solutions nearby, we will tend to r-: fer to "turning
point regions" instead of just "turning points". An "operational" definition of a turning point
region is given below in section 3.
Before presenting the details of our method, it is instructive to consider a simple analytic
example. We will look at the problem
2

f

d y(x) + 2x.4Y.(tl
dx 2
dx

=

0

-1

'

~ x ~

1

(I)

with boundary conditions y(- 1) = 1, y(l) = 3. A leading order asymptotic representation of the
solution can be constructed by a trivial application of the method of matched asymptotic expansions (see e.g. Kevorkian and Cole [4J.) There are three different regions of the interval
- 1 ~ x ~ 1 in each of which the behavior of the solution can be fundamentally different. Away

from x

=

0, the first term in (1) can be neglected in comparison with the second, and the
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solutions

o(

(1) approximately satisfy
dyldx

Near x

= 0 the

= 0, lxl > O(!).

two terms in (1) might easily be or similar magnitude . The appropriate "scaling"

or the independent variable in this region is
by x =

£

(2)

£.

Thus we introduce a new independent variable i

i , and denote Y{i) = y(t i), whence (1) becomes
- dY
-d2Y
-2+ x
-= O
di

An approximation to the solution

o(

di

i-+ ±00.

'

(3)

this problem in the three different regions is therefore given

by
yi(x)

y(x) =

{

=

1,

Y{xlt) = B
YR(x)=3,

-1 ~ x

< 0 - O(t)
erf(xlt) + C, lxl < 0(£)

(4)

0+O(£)<x~l.

The constants B and C are determined by the "matching conditions"
lim Y{i),

lim yi(x) =

i-+-oo

a.:-+0-

which lead to B

=

1, C

=

lim YR(x) = lim Y{i).
i-+oo

a.:-+0-

2.

The essential features

o(

this analytic method which should be stressed are the following :

Several regions with different scalings
these regions, the dominant behavior

o(

o(

the independent variable were determined . In each

the solution is well-described in terms

o(

o(

the solutions of

another related differential equation . A representation of the solution is constructed from the
solutions in the subregions by applying the "matching principle", which leads essentially to continuity conditions connecting those solutions.
Although our numerical method for solving turning point problems was not developed
using asymptotic methods as a guideline, there are a number

o(

interesting similarities in the two

techniques. The main similarity is the underlying principle that we look for a scaling of the
independent variable such that the solution of the problem will be smooth with respect to the
scaled coordinates . As is discussed below, a byproduct of the automatic determination of this
scaling function is that the system of ODEs is transformed to a normal form in which the "fast"
variables are essentially decoupled from the "slow" variables . Since the identity
slow variables depends on the eigenstructure

o(

o(

the fast and

the coefficient matrix, and in turning point prob-

lems this eigenstructure changes as a function of the independent variable, it is natural that we
divide the interval of interest into subintervals on each of which this transformation leads to a
different block structure

o(

the coefficient matrix. For a problem in which an explicit small

parameter "E" can be identified (this is not necessary in the numerical case), this normal form
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also naturally leads to an appropriate asymptotic expansion in each of the computational subintervals and the subintervals are analogous to those discussed in the simple analytic example
above . A difference is that while in the analytic case, the scalings which are determined are constant in different subintervals, the scaling function determined by our technique is essentially a
continuous function. For this reason , the question of "overlap regions" and "matching" never
really comes up in the numerical case;

the solution and the stretching functions are both

approximations to continuous functions on the entire interval.

2. Characterization of 110Jutlon 11moothne1111. Consider the two-point boundary value
problem on the interval x

E/ := I0,lJ for a system of n =

n++n_+n 0 first order linear OD Es:

...1:_[y(x))- [A (x) A12'x)) [y(x)) + (J(x)]
11

dx w(x) -

A 21 (x) A 22(x)

(y(O))

w(x)

(5a)

lu(x)

(y(l)) = , .

(5b)

B1 w(0) + B2 w(l)
where y, f ER" +~ -, w, g E R"

0
,

1 ER", and A,1 , B,, i,j

=

1,2 are matrices of the appropriate

dimen sions. Also for convenience we denote by A(x) the matrix with block entries A,,(x ),
i ,j

=

1,2. We are interested in solving this problem on a (for the moment assumed) uniform

mesh with meshsize which we denote by h, which we assume is fine enough to resolve any
unsmoothness in the solution of the problem . (Here a n d elsewhere in this paper, an "unsmooth"
function refers to a function whose derivatives become large .) If hlA(x)I

<< 1 held

everywhere ,

then we would have no difficulty in solving this problem using standard techniques. Howeve r, the
class of problems we are interested in is where h IA 21 I

<< 1

but h IA 11 I

>>

1. Furthermore ,

since we are interested in solving problems which vary on different scales in different parts of the
interval, we should realize that a uniform mesh will be inappropriate for such problems, and we
need to be able to find an appropriate nonuniform mesh .
The smoothness of the solutions of (5) can be characterized in terms of the smoothness of
the coefficients in (5a) if the following assumption holds (note that this assumption is relaxed
substantially in section 3):

ASSUMPTION: The matrix function A(x) is essentially diagonally dominat ed, i.e., th e
elements a, 1 of Au satisfy
Rea 11

Rea 11

1:
J ~·

for some O

<b<

1,

< 0, i =
> 0, i =

1,2, ...,n _

n _+1 ,n _+2, · · · ,n_+n+

la,,1 ~ (l-S)jRea 11 I,

i

=

1,2, · · · ,n++n_

(6a)

(6b)
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IIma l $ PIRea l i =
11

for some constant p

=

11

1,2, · · · ,n++n_

(6c)

0(1), and
(6d)

where K 0

>1

is a constant with hK0

<< 1.

Ir A(x) is essentially diagonally dominated , then

the problem (5) is said to be in essentially diagonally dominant (EDD) form.

Remarks: Assumptions (6a) and (6d) essentially say that there are n+ equations with large
positive coefficients, n_ equations with large negative coefficients, and n 0 equations with
coefficients which are 0(1). Thus the first n++n_ equations can be thought or as the singularly
perturbed ones; the rest are not . Assumption (6c) means that the stiff behavior or the problem
will be dominated by exponentially decayin g or growing behavior, as opposed to highly oscillatory behavior. (Ir the problem is truly highly oscillatory, then other methods than the ones discussed here would be more appropriate for their treatment; see e .g. Scheid [8] .) Assumption (6b)
is important because it means that the equations with large coefficients behave essentially like
scalar equations; this is used in the derivation or a priori estimates for the problem; see [7] .
The importance or these assumptions is their implication or the following

K1

THEOREM 1: Ir (5) is in essentially diagonally dominant form and there are constants
~~
> 1 and K 2 > 1 with hK 1 ~ 1, hK2 ~ 1 such that

<<

IAifd vAi/dx vl $ K1 ,
ld vA2/dx vl $ Kp
11
1
I A-11 d"fldx I

<
-

K1

(7)

ld vgldx vl $ K1 ,

j

=

1,2, v

=

1,2, · · · ,P

and

la..(O)I
la (I)I
11

then there is a constant C

=

$ K 2, i

=

1,2, · · · ,n_

$ K 2, i

=

n_+l ,n_+2, · · · ,n_+n+'

(8)

C(K0 ,K 1 ,K2 ,p,o) such that the derivatives or the solution can be

estimated by

I d llw I < c(1 y I + IW I + 1) ,
In,+
dx
dx
11

11

V

=

1,2, · · · ,p.

(9)

Proof: See [i].
The usefulness or this theorem is that it tells us how to construct a computational mesh
which will resolve any potential unsmooth behavior in the solution to a problem in EDD form .
As an example, consider the scalar problem

•6•

dyldx

y(O)

=

= -a(x)y(x),

Rea(x)

> 0,

0 ~ x,

(10)

Yo ·

We construct the computational mesh for this problem by looking locally near each x
new independent variable i defined by x

= x + l()X .
0

=

x 0 for a

With this change of variables, (10)

becomes

dyldi

=

-'{)a(x 0

+ '{)i)y.

(11)

For (11), the conditions (7) reduce to

l() ·da(x 0 +'{)iYdi I
, - - - ' - - - - ~Kl
1 + '{)la(x 0 +'{)i)I
for p

=

(12)

I. Given a value of the threshold constant K 1, it is clear that '{) can easily be deter-

mined numerically for each x 0 , since a(x) is a known function . We do this near a set of discrete
points away from the boundaries of/, and use a uniform mesh with respect to the variable i.
The details are discussed in [7].
The possible boundary layers are resolved by choosing '{) at x

=

0,1 such that conditions

(8) are enforced . An exponential increase in mesbsize as we move away from the boundaries is
then allowed by conditions (7). Again, the implementation of this is discussed in more detail in

[7].
3. Transformation to essentially diagonally dominant form. Although the results of
section 2 have been stated only for problems that are in EDD form , they can easily be generalized to include problems which can be put into this form by a smooth transformation . We have

THEOREM 2: Ir a transformation matrix function S(x) with
{13)
exists such that A(x) := S- 1(x )A.(x )S(x) is essentially diagonally dominated, and conditions (7)
and (8) bold with

J, g defined

by (f ,gf := S- 1 ]
~

dx

,

then the derivatives of the solutions of

= A(x)v(x)
+ f(x).

(14)

can be estimated by

(15)
Ir for every x 0 , the eigenvalues

,c,

of A(x 0 ) can be grouped into well separated sets, then it

is possible to construct such a transformation locally , and this can be done automatically as part
of a computer code. As with conditions (7), condition (13) just becomes a restriction on the computational mesh . The details of the construction of such a transformation can be found in [7].
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The method we use there involves the solution of algebraic matrix Ricatti equations by iterative
techniques.
By the definition above of EDD form , n+ is the number of large positive eigenvalues, n_ is
the number of large negative eigenvalues, and n 0 is the number of moderately-sized eigenvalues
of A . Here "large" and "moderately-sized" mean with respect to the local mesh size h . There is no
reason to expect that the number of eigenvalues in each of these groups will be constant as a
function of the location x in / . In fact, it is appropriate to define a turning point region as a
subinterval of / in which one or more eigenvalues change their orders of magnitude.

If we

assume for the moment that near a given point x 0 , the three sets of eigenvalues {,c;}, {,c~} and

{,c~} satisfy
_l ~

IC ~ =

0(1),

no

where O

< i << 1,

then if any of the eigenvalues change their order of magnitude, they mu st do

so in such a way that the smoothness conditions (7) are violated . Thus we expect such a region
to be one in which the solution can change quickly .
By establishing arbitrary threshold constants, we can for every x 0 in / group the eigenvalues of A(x.) into one of these three groups . '.fhe grouping will change when eigenvalues
change their order of magnitude with respect to the local meshsize h . We can expect that the
interval / will be divided up into several subintervals, on each of which the eigenvalues stay in
their respective groups.

On each such subinterval the system of equations (14) will be

transformed to a corresponding block structure. In our code, this procedure is carried out
automatically .

4. Difference approximations. In the examples we have computed, we have used a combination of one-sided and centered two-point schemes. Once the system of equations has been
transformed to EDD form (5),(6), we use the implicit Euler's method on the first n_ equations,
the explicit Euler 's method on the next n+ equations, and the Trapezoidal Rule on the remaining

n 0 equations. An interesting result is that although we have used one-sided schemes on some of
the equations, this approximation gives second order accurate solutions:

THEOREM 3: Let (5) be approximated as described above, assume that conditions (6),
(7) and (8) hold, and that

hlAul >>

1. Then denoting by u the approximation toy, and z the

approximation to w, we have the error estimate

(IY -

ul + lw - zl)

~

const.

(h

2

+ ly-(0) - u-(o)I + ly+(l) - u+(l)I + lw(O) - z(O)I).

(16)

Here the partition (y-,y+) of the variables corresponds to the equations with negative and
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positive large diagonal elements, respectively.
Proof: Again , see j7J .

5. Nonllnear problems wlth Internal

layer■ •

We turn now to nonlinear problems.

Recently we have been studying the behavior of our numerical method when applied to singularly perturbed second order ODEs that have solutions with internal layers. Our procedure for
solving linear problems, discussed above , can be thought of as a technique for rewlving the solutions of stiff linear ODEs, i.e. the numerical solution we get is everywhere a good approximation
to the analytic solution . An approach for solving nonlinear ODEs is to embed this method within
a Newton iteration procedure for solving the nonlinear (continuous) ODE of interest. Let

u , a , "f ER" , B 1 E R"XR" , j

=

0,1, and consider the system of nonlinear first order ODEs

given by

u:,(x) = a(u(x)),

(I 7a)

where for simplicity we specify linear boundary conditions
(17b)
Here subscripts denote (partial) differentiation . Let u"(x) be a previous guess or approximate
solution to (17) , and linearize (17) about this function . We obtain

L(u"(x),t)ti(x) := u:,(x) - au(u"(x))u(x) = - a(u"(x)) - u;(x).

(18)

Here u( x) := u"+1(x) - u"(x) is the correct.ion to the guess u". The problem (18) , (17b) is clearly
a linea r one of the form we discussed above , and it can therefore our method can be applied to
it . (For each linearized problem, a transformation to EDD form and a stretching function is
determined , and the difference approximation is applied.) The Newton procedure is then , as
usual, to start with some initial guess u 0 (x) and then solve (18),(17b) for n

=

0,1,2, ... until con-

vergence, measured in some appropriate way , is obtained . Given a sufficiently good initial guess,
one expects this procedure to converge rapidly .
Unfortunately , the Newton iteration procedure which has been briefly outlined above is
not necessarily a good one. For some singularly perturbed problems with internal layers, we have
found that this procedure often fails to converge, even when an initial guess very close to a
known isolated solution is used . Although we believe that the convergence properties of the
standard Newton procedure could be improved by using continuation with sufficiently small
steps, or by the use of some kind of damping procedure, an analysis of the underlying mathematical difficulties with layer problems has lead us to another technique. The essential reason for
the failure of the usual Newton iteration to converge is that if u is a solution of (17) with an
internal layer, the spectrum of the linearized operator L(u(x),t) contains one small ( e.g. 0(£) )
eigenvalue which is well separated from the rest of the spectrum . Thus the linearized operator is

-gnearly singular, and difficulties with Newton can be expected . It should be emphasized that this
difficulty lies with the continuous problem , and is not an artifact or the numerical method that is
used .
In order to understand this difficulty , we restrict our consideration for the moment to 2nd
order singularly perturbed ODEs or the form
(19)
where for boundary conditions we specify u(0) and u(l). Assume for the moment that problem
(19) has a solution with an internal layer or width O(f), and no boundary layers. More
specifically , we assume that a function u(x) exists which satidies (19) and has the properties that

lduldxl

~

l

c0 for
C2

-

f

for

Ix - x I ~
0

Ix - x I ~
0

C1 f

(20)

c 1c

Here c1 , j = o,1,2 are 0(1) constants. Th e "internal layer ", if it exists, is located near x = x 0 •
Introducing a stretched independent variable t defined by x

= x +ft,
0

(19) becomes

(21)
Now linearize (21) about

u. Letting u

:=

u + w, we obtain
(22)

Since (2 2) is "nearly" an autonomous system , the derivative or
verify this, let v :=

ii; ; then

u will very

nearly satisfy (22). To

by differentiating (21) we obtain

(23)
By the characterization (20) or

u, we see that v
v(O)

=

satisfies (23) with boundary conditions

O(E), v(l/f)

=

O(f),

(24)

and so is apparently "very nearly" an eigenfunction or the linearized operator L(u,f) with eigenvalue 0. We interpret this as meaning that the operator L(u,f) has at least one very small eigenvalue .
This argument is certainly only a heuristic one at best, but it makes the existence or a
small eigenvalue quite plausible . It also shows that the existence or the small eigenvalue is connected with the occurence or an internal layer in the solution or the original problem . A more
rigorous presentation will appear in [3] . We also note that a similar argument can be made for
equations or the form

mu+ J(u)i + b(x,u) = 0.

- JO Because of this special structure of linearized problem , a straight-forward generalization of
Newton's method is possible . In order to discuss this, we consider the solution by Newton 's
method of the system of ordinary differential equations

F(x,u(x),u:z(x))

= 0, F,u ER" .

Linearization gives the iteration procedure

(25)

where some initial guess u 0 must be specified . The discretization of (25) on a set of N meshpoints
will lead to a system of equations for the iterates yk E RN" given by

(2G)
where A E RNn x Nn_ The matrices Ak := A(yk) can be easily and cheaply monitored for the
existence of an eigenYalue of small magnitude well separated from the rest of the spectrum by
taking a few steps of inverse iteration once the LU-decomposition of A has been computed. Typically, for an arbitrary initial guess y 0 , the first few A 4 will not have this property. This is because
the first A. do not approximate the continuous linearized operator well. As the solution begins
to approximate the internal layer well, we will arrive at an iterate Ak with such a small eigenvalue, and the inverse iteration' will converge very quickly ; we also obtain as a byproduct the
associated left and right eigenvectors

ij;f

and 'Pk · (The superscript T denotes the transpose of a

vector .) If for each k , the vectors b(yk) satisfy
(27)
at least approximately, then there will be no difficulty in continuing with the Newton iteration
procedure. This often happens in practice; an example of such a problem is given below (figure
1 ). However, we cannot always expect to be so lucky . If (27) does not hold for the problem of
interest, then we replace the iteration (26) with the following : Let Pk := rpki/J[, and compute the
iterates Y~+i by the iteration

(28)

By the definition of the iteration procedure (28), each iterate y~ has the same component in the
direction of the eigenvector rp •. In fact this is the motivation for choosing this iteration: since
there is no component of the right-hand side of (28) in the direction of the eigenvector, the iteration can be expected to converge with no problem . However, the component of y in this direction
still needs to be chosen somehow . It is clear that the remaining free parameter in the problem
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must be chosen so that the solution y satisfies

t1;[-b(y)

= 0.

Denote by y~ the final iterate or (28). The procedure we use is to try to choose a correction factor ak := ak(Y~, yk) such that yk+1 := y~

+ akrpk

will satisfy

(29)
\Ve do this by using a slight modification or "regula falsi" on the nonlinear equation

where ,µ r(y) is the appropriate left eigenvector or A(y).

O.

Example■ •

In this section we briefly present some numerical computations . More exam-

ples can be found in [7] and will be included in [3] .
As a first example we show a computation or one or the (multiple) solutions of the equations for one-dimensional steady gas flow in a Laval nozzle. (All variables but the velocity have
been eliminated, and the equations have then been "regularized" to give a singular perturbation
problem.) The equations, boundary conditions and a plot of a computed solution (physically
unstable , incidentally) is shown in figure 1. The main point

o(

this computation was to verify

that our procedure for automatically decoupling the scales and stretching the independent variable wor)ced properly for nonlinear singular perturbation problems. Thus, as an initial guess, an
asymµtotic solution for a large value of
solutions for smaller values of

L

f

was used, and continuation in

f

was used to compute

In order to illustrate the division of the interval into subinter-

vals with different block structure (c.f. section 3), a solution (or an intermediate value of
illustrated in figure 1. The automatically constructed mesh is indica ted by

'+' marks on

f

is

the hor-

izontal lines in the plot. The vertical lines in the interior of the interval indicate the endpoints of
subintervals with different block structure. Note that although this (nonlinear) problem has an
internal layer, there is no difficulty associated with using the usual Newton procedure because
condition (27) turns out to hold.
Figure 2 shows the result

o(

the numerical computation by the iteration technique dis-

cussed in section 5 or a problem where (27) is violated. The problem is given by

- u(u-I)(u-B(x)) = 0, 0 ~ x ~ I ,
u(O) = 1/4, u(l) = 2, B(x) = 5/2 - x.

t 2 u"

(30)

In the nonlinear iteration procedure, an asymptotic expansion for a known solution with an
internal layer was used as an initial guess . Usual Newton was used for the first three iterations,
at which point the difficulty associated with a small eigenvalue

o(

the linearized problem arose.

The modified iteration procedure discussed above was then used to get a converged solution.

- 12 More details will appear in 13].
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