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Hint: We use the example (3.13) and put E1 = 7 E' and
IR
= ! -
F1 ¥§F . Then p.E1 = FZ’
of the map i*:E' — F' is also a final linear surjection.

defined as product over IR

We now define a smooth curve c1:IR b F1 as follows:

(prsoc1)(t) = c(t-s), where ¢ is according (3.13) and pry

is, for s € IR, the canonical projection pr_:m Pt = gt
IR
Since c does not smoothly 1lift locally at o, <, has nowhere

a local smooth lifting. One considers the pullback of p and

C1: _
C

\L

ol
e ™
o]

IR

€1

Local cartesian closedness would imply that p is also final.

But this fails; in fact fop is smooth for any function f:IR — IR.

We finally show that there exist free convenient vector
spaces over 1%, C” and Ligk, i.e. that the respective forgetful
functors have left adjoints. We already know that the inclusion

functor CON — SPRE has a left adjoint; see (4.3). We now

verify that also the forgetful functors SPRE — lm, SPRE —

I'e)

and SPRE — LiEk have left adjoints. So we consider SPRE —

=

for M either 1° or Cm(IR,IR) or Lipk(IR,IR). Let us describe

the left adjoint A:M — SPRE on an object X of M. We saw that

in all three cases the function space M(X,IR) carries a con-
venient vector 'space structure, i.e. we have a functor.
M(-,IR):M — coNn®P. we also have the duality functor

(=) ':cON?P — CON. Let j :X — (M(X,IR))' be the M-morphism



(4.10)

(4.11)

(4.12)
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associates to x € X the evaluation evX:M(X,IR) ~¥ IR o
One defines AX to be the vector space <jX(X)> generated by
jX(X) with its structure as preconvenient vector space due
to its inclusion in (M(X,IR))'. On morphisms, X is defined
in the obvious way, and one easily verifies the stated adjunc-

tion. So we have:

Theorem. Each of the forgetful functors CON — 1% ,

coy — Qm and CON — Lipk has a left adjoint.

Remarks. (i) Instead of obtaining these left adjoints as wol
one can make the completion directly by taking the closure of
AX in (M(X,R))"', with respect to the Mackey closure topology;

cf. (4.3). For M = 1 , a more explicit description follows in

(4.12).

(ii) Since 1° — BORN (cf. (1.5)) and C° — DIFF

(where DIFF is thé category of diffeological spaces of
L.D. Nel [11]) have left adjoints, we get also free convenient

vector spaces over BORN and over DIFF.
Corollary. For every smooth space X, in particular for every
classical smooth mainfold,cw(X,IR) 18 a dual (of a convenient

vector space).

Proposition. The free convenient vector space over a

lm—space X can be described explicitly as follows: the under-
lying vector space s

Vg 2= {f:X — [R; supp(f) c X bounded and lIfII1 1= } | £(x) | <=}
XEX



(4.13)
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and the bornology is as follows: B C V, is bounded Ziff

X

\_J supp(f) C X bounded and {"fﬂ1;f€B}<IIR bounded.
fE€EB

Remark. Every f € V_ is Maékey limit of a sequence of

X
functions of finite support. Therefore the closure of the
space of functions with finite support with respect to the
Mackey closure topology of VY is obtained in this case by

adding all Mackey limits (in general, adding all Mackey

limits does not give the Mackey closure).

One can of course combine the "free" functors of (4.10)
with the tensor product (4.5). So let again M be either 17
o Cm(IR,IR) or Lipk(IR,IR), and u:M — CON the left adjoint

according to (4.10). We define ©:CON x M — CON by

® := 8o (Idxu) and obtain immediately adjunctions according

to the

Proposition. One has in CON the canonical Zsomorphisms
L(E®X,F) = M(X,L(E,F)) = L(E,M(X,F)).
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