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who ro Vi' == V , i • 1,2, ••• ,k. 
pi 

De:fine the open set · . · 

and the real :functions ' 

yo(s) : .. r:•l 
a nd 

k 
I• S\ U 

it•l 

in w ': 
o ' 

) 
I 

in .s\w
0 

l 

I .: v 

\; 

it= 1,2, ••• ,k. · '.Ful:'.ther, let p~,P 1 , .' •• ,pk _ ,be
1 

.a cont,inuous 

partition o:( unity subordinated to the open 'covering , ., · 1· 

k J, 

y(s) := I: ·p·lt('s)yK(s)-• r-n ( . )_)J-;) ,. 
x:sO :: u 

We claim that \ly-xjlCD < ).. In :fact, let s E S be a point not 

in w1 U w2 U ••• u wk. Then y(s)-x(s) = o. I:f s E w1 U w2 U 

u .•• u Wk, then we have 

IY (s)-x(s)I .. lr(s)-x(s)-e
0

(pK)y(e
0

(px},s)zl < ). 
It 

or Plt(s) jy K(s)-x(s) I .= o, which implies 

k 
jy(s)-x(s)I . I: y (s)lx(s)-y (s)I < ). • 

x•O It It 

We remark, that y(s) =- 0 if' x(s) = o. 

Ne xt we claim, that r is a f'o a sible oloment of' MPR(y). 



In :fact, if' 
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s ( W l U W 2 U •• •U. ·,fk , 

' 
then we have x( s) • y( s), { which implies · • 

If' s E WK !'or some x • 1,2, ••• ,k, _we have ·the ostimate 

~(r(s)-Yx(s)) ~ ~c 0 (Px)Y(c
0

(px),s)z 

;,; ·v ( ~, s) z. 

This is cloar f'o~ ~ ~ c
0

(p~) and ,it follows from 

in the case • ·-c(p). ~ 0 It 

have 

= y(~,s)z, 

which proves the claim. 

+. ·i:: ' p.
1
/s)Y(~,s)z 

sEW x 

x/0 

\ . 

Next we show that (r,z) is a strongly unique solution 

of MPR(y). For this•, define :fo:r; each 

the set 

6 : = ( x E IN I ·s E V ) • s It 
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By de!'inition of' the Wit there exiata an 1')
8 

E {-1,1} 

for each 1t E A • Let 
B . 

be the signature defined by c(s) = 'ls• , \ 

we hav:e 

it follows 

Tl (r(s)-y(s)) = s . 

which implies · • , · . , 

s " 
w . • 

0 

.; 

Thus,· 

,, 

Since, by constr~ct:l,on, ., M
0 

c . Mc , · , it',.follows that ·. M is ·c!riti-· 

cal with respect. ;to, ;r•··~'• Moreover,. we: can· ass.ume wi thou,t loss lof c. •·. 

generality that So, ~it f'Ollows f'rom theorem· 1.1, that · 

(r,z) is a solution of' MPR(y). As • M contains a neighborhood 

of' M
0

, it contaiµs also a maximal critical set. Hence condi~ 

tion (a) ·of theorem 4.1 of (J] is satisf'ied, which implies that 

(r,z) is a strongly unique solution of MPR(y). 

# 

·Y--.. 
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§J. MAIN RESULTS 

.THEOREM J .1. Let 

ti == {x E t I MPR{x} has a unique solution) · 

'Jl#: = { x E S. I MP~{x) has a st_rongly uniquo s?lution} 

SL := {x E S. 

Then we have 

91# n SL :, ti n'· SL_ • . 1. :-, I , . 

£EQQE• Let x - be in ' 'J1 n SL. By lemma. 2.2_each neighborhood of', 

M
0 

contains a maximal critical set. · Hence, the result. f'ollows -, : ; 

f'rom lemma 2.J. ' .,;,.., ?, ;, 

I 

THEOREM ;3.2. , .. Consider . . the f'ollowinit conditions _: . ., 1: · :, 

{iii} For each r E V: If an open set W c T contains a _. 

critical set M with respect .to r, then · W -_contains · 

also a maximal critical set with respect to r • . -

Then (i) and {ii} are equivalent and (iii} implies (ii}. 

~- {i} => {ii): Using theorem J.1 we have 

t n SL C ti n SL C t11 n SL. 

{ii)=> {i}r Clear. •1 · 

(iii) => {ii): Let X: - 'in ·t n SL be given and (r,z} be·· a so-



1ution of MPR(x). Then M
0 

is critical with respect to r 

(compare (J], theorem 1,1), By assumption, each lleighborhood 

of M contains a maxima1 critical sot with respect to r. 
0 

So, {ii) follows by 1emma 2,J. 

, THEOREM 3.3. Assume #S < .. . Then the fol.lowing conditions are ., 
equiva1ent:· 

( i) 

(ii) 

(iii) 

(r,z) is the unique solution of MPR(x); 

(r,z) is the Gtrongly unique solution of M~~(x); 

M
0 

contains a maximal critic ;:o l Get with r,; ::;pect to r, 

~• The imp1ication (fi) ~ (i) ; 5 c:><'"U' and the :U,:pJication 

(iii) => {ii) is proved :in tlrnor·em 4-. J. o f' I' J), To J_)love (i) => (iii), 

we observe that M
0 

is opGn, Thus, by -:;, .,na 2.2 1 it t.1.,') i:;;ins 

a maximal critical set wi~h re . ~e ct to r, 



§4. EXTENSION TO co[s] 

./ 

Let S 
1 

be : a loca,lly . coinpac t llausdorf'f' space 1 ' S 
1 

f ¢, 

and denote by · C
0
[s1] the rea~ ~actor space of' all .continuous 

f'unctions x: 5 1 ➔ R whic~ vanish at 'inf'inity, 'i,e, f'or e,ach 

c > 0 the set 

is compact, and d~f'ine. the ' locally comp·act Hausdorf'f-space 

T
1 

:s (-1,lJ ,x 5
1

; . .' ,Lei; B,C
1
: . s

1 
. ➔ IRN: •be c,onti1J.ious !'unctions .. 

such that the .. set r. ., r, 1 •. : ,, .. ,. I: 

U !2 (v E Rt-/, I· (B,v} E· C !(s )·J > 
( C, v} o ._ l , , ,, 

( . 

n n ( V E ; IRN ,I ( C ( s) , v.}" >, OJ 
sE sl . Cs I 

is non-ompty, , be; continuous 11011 .. '1iegative .such ,·,.- • 1:.·-:-
1. 

that 

For each x E C
0
[siJ we CQ~nider the minimization 

problem 

Minimize p(v,z) = z 

subject to '. c 

. 1 

Thi, minimization. 'problum 'is· related: to the min1mization ··' , .:~,: 
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problem described in the introduction by considering tl,o one-point 

compactification S := s
1 

U (m) Since th
1
o !'unctions, 

I 
f'or. VE? 

they ca,n be extended · to !'unctions· in C[ S], , 

which have a zero in the point "'• We denote the extendcd ' f'unc-

tions by the ·same symbol. Tl1en, given ·x ·_ in.· C
0
[s

1
], pair ·· _, 1 

-· ~ 1. 

(r,z) in Vx!R •is a solution of' the minimization ·problem',.,, t·' 

., 

if' and only if (r,z) 

additional side conditio~ r(m) 

and n_
1 

> O, the~ the point 

is a ·solution of' NPR(x} I .,iith •tho:, 

O. wi ~emark that, if' n 1 > 0 

does not b e long to tho ·set . 

((T'),s) ET j 11(r(s)-x(s)) .Y(T'),s)z). . ' .· 1 

This is an immediate consequence of' th~ inequalities· , 

Then, from tlie •results ' elf § J, · we , can <!e:r;i ve: the , f'ollo"·in.6 :-the-{ 1 .,._. ; ,., 

orems: 

Tl-IBO REM_ 4. 1 • Consider the minimization problem MPR
0

(x) and ·•· 

assume n
1 

> 0 and ., n_
1 

> O. · Then we have· v.* n SL:::, 21 :n· SL::i -·. 

PROOF. It was provided in the proof' of' lemma 2.J ,that tho f'unc-

tion y can be constructed such that _y(s) = O, if' x(s) = o, 

f'or some fixed s E S\DOM(c
0
). So, we can obtain y(m) = 0 nnd 

apply the proof of ' thiorem J.l, 
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THEOREM 4.2. Lot s
1 

be a discroto space and a
1

,a_
1 

> o. 

Then the following conditions are equivalent: 

(1) r is tho unique solution. of' MPR
0

(x); 

(2) r is the strongly unique solutio~ of' · MPR
0

(x); 

(J) M
0 

contains a maximal critical set ,with 1,espect to r. 

PROOF. It suffices .to observ e- that,' . since ·00 .rf, M
0
·,, ·,.then / M'o , 

i s open. So the p r oof' of' th ~crem J.J gpplies. <, 
I 
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