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Introduction.
This work is motivated by a desire to understand the dynamics of a cloud of
bubbles in the wake of a ship. In particular we are interested in understanding how
the sound waves from the propellors excite the cloud and how the cloud in turn
modifies these waves. Many applications of bubble cloud dynamics exist ranging
from cavitation damage to shock wave propagation in bubbly liquids.
Our interest in bubble clouds was sparked by the elegant experiments of Lauterborn et al. [1981, 1982, 1986]. In these experiments water containing gas bubbles
was acoustically irradiated with a periodic signal and a microphone recorded the
response of the bubbles. It was observed that as amplitude of periodic driving was
increased a cascade of bifurcations took place followed by acoustic noise. Several
authors have used single bubble dynamics to gain insight into these experimental
:findings. Lauterborn and Suchla [1983] investigated single bubble dynamics numerically and found a period doubling sequence of a periodic orbit converging to
a strange attractor. Smereka, Birnir and Banerjee[1986] exhibited the Hamiltonian
structure of the single bubble and found that a resonance band opens for sufficiently
large driving. A periodic orbit in the resonance band undergoes a cascade of bifurcations to a strange attractor. Subsequently the attractor disappears through a
homoclinic bifurcation. They also showed that the bubble driven at twice its linear
resonant frequency undergoes period doubling bifurcations. This had been observed
by Prosperetti [1975] and Nayfeh and Saric [1973] . Birnir and Smereka [1987] an alyzed the dynamics of the single bubble in the resonance band. They proved a
special case of Chirikov 's [1979] conjecture: The Poincare map of the bubble is
topologically conjugate to the standard map in the resonance band.
3

In order to study bubble clouds one must formulate averaged equations to describe the mixture. Van Wijngaarden [1968) was the first to write down a set of
such equations . Later these were rigorously derived by Caflisch, Miksis, Papanicalaou, and Ting[1985). However, Nigmatulin [1982) wrote these equations in a
form that was particularly useful for our purposes. d 'Agostino and Brennen [1983)
and Smereka and Banerjee [1988) studied the linearized cloud equations . It was
shown that cloud exhibits a cutoff frequency, that the oscillations of the bubbles
sharply attenuate into the cloud when the driving frequency exceeds the linear resonant frequency of a single bubble. When the driving frequency is less than the
cutoff frequency, the cloud has a series of resonances that accumulate to the cutoff frequency. Caflish [1985) proved the global existence of solutions for the initial
value problem on the line and the initial boundary value problem on the half line
for a bubbly liquid. Liquid compressibility can enter through either dispersive or
diffusive effects . The dispersive effect of compressibility was an important element
in Calfish's proof, however, in our problem we can neglect this dispersive effect but
not the diffusive effect, see Smereka and Banerjee [1988) . Liquid convection can
also be ignored for bubble clouds, see Van Wjnga.a.rden [1968).

The averaged equations of motion for the cloud a.re a system of one dimensional
Euler's equations coupled with the Rayleigh-Plesset equation describing the oscillations of a single bubble (see Plesset(1949)). The coupling comes through continuity
of mass. The boundary conditions are given to be constant pressure plus a small periodic function at both ends of the cloud representing acoustic driving. The system
was integrated numerically to provide Poinca.re snapshots of the averaged bubble
radius and averaged pressure for a fixed driving amplitude. The numerical code is
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a modified method of lines. A Poincare section shows the bubble radius, y(x,nT),
or the pressure, p(x, nT), as functions of x (the distance into the cloud) at fixed
time instances which are integer multiples of the driving period, T. The averaged
equations of motion are obtained by averaging the the conservation laws over thin
planar slices which are perpendicular to the x coordinate. This means that y(x)
and p(x) should be interpreted as the average bubble radius and pressure in the
plane at x.
The existence theory shows that the energy of the cloud, the bubble radius y, y- 1 ,
the radial velocity and the pressure are bounded. This means that the assumptions
that went into deriving the equations hold for their solutions; the bubbles can neither
become too large nor too small . Moreover, it is shown that the equations possess
an absorbing set both in the energy and the supremum norm. This means that
regardless of the size initial data all orbits decay into a finite set. The remaining
results show that the dynamics are determined by a finite dimensional structure
inside the absorbing sets.
The rest position of the cloud consists of bubbles of radius one, liquid pressure
equal to one and zero liquid velocity. We expect the stationary point of the undriven
cloud to turn into a periodic orbit in the presence of periodic driving. This periodic
orbit is first computed for the equations linearized about the rest position. The
computation shows that the orbit decays exponentially as a function of x for driving
frequencies

IDI >

1.

ID! = 1

will be called the cutoff frequency, see Smereka and

Banerjee [1988). The linear resonant frequencies

Wn,

where n is an odd integer, of

the bubble cloud lie in the interval (-1 , 1). The response of the cloud to acoustic
driving is strong only in this interval.
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The periodic orbit of the nonlinear equations is shown to exist if the damping is
of the same order as the driving . It is stable for sufficiently weak driving but becomes unstable through linear and parametric resonances as the driving amplitude
increases . Three cases arise depending on the driving frequency jnj < 1. We apply
the invariant manifold theorems, see Bates and Jones(1989] , to prove the following
three cases:
(1) If !1

= 2wn + O(i),

where n E z+, then the periodic orbit develops a one

dimensional unstable manifold .
(2) If n

= Wn

+Wm+

O(t-), where n,m are both even or both odd integers then

the periodic orbit has a two dimensional unstable manifold.
(3) If

n = Wn + O(i),

where n is an odd integer, then the dynamics take place

on a two dimensional manifold.
Sharp estimates of the driving versus the damping strength are found in Cases 1 and
2. These give necessary a.nd sufficient conditions for the periodic orbit to become
unstable . In all cases the numerics go further than the analysis. In Case 1, a period
doubling of the periodic orbit is observed. In Case 2, the the periodic orbit loses
stability to a quasi periodic orbit and a torus forms. In Case 3, the periodic orbit
undergoes a jump bifurcation to a much larger periodic orbit . All these events take
place when the driving amplitude is increased sufficiently.
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Section 1. The equations of motion and their Poincare map.

We consider a mixture of gas bubbles and liquid. The bubbles are small compared
to the distance between them.

This is measured by the ratio of the volume of

the liquid to that of the gas called the void fraction, a. If a is small then the
bubbles interact only through the liquid pressure field. We will consider bubbles
large enough to ignore surface tension and it will be assumed that the bubbles
oscillate with spherical symmetry. The latter assumption produces correct results
when the bubbles are not too large.

The smallness of a permits us to neglect

dispersive terms due to liquid compressibility and liquid convection. The bubbles
emit acoustic waves when they oscillates, this causes acoustic damping. Such issues
are discussed in more detail in Smereka and Banerjee (1988] .
The first two equations below are obtained by averaging the conservation of momentum and mass respectively of the gas and liquid mixture over a plane perpendicular to the direction parametrized by the x coordinate. The third equation is
the Rayleigh-Plesset equation which describes the oscillations of a single bubble,
see Plesset(1949] . In this equation the far field pressure is replaced with the average
liquid pressure. This is how the bubbles interact. We make the radius of a stationary bubble be the length unit and the linear period of a single bubble the time unit.
Then the equations can be written in dimensionless form

(1.1)
u~
YY11

= 4o(y3) 1

+ (f )y; = (¼)(y- 4

(1.2)
-

p) - y,(µy-

1

+ vy- 4 ),

( 1.3)

where u is the average liquid velocity at the location x and time t in the cloud, p
7

is the average liquid pressure, y the average bubble radius and v

=y

1

the average

radial velocity.
These equations are Hamiltonian, see Birnir, Smereka and Weinstein [1989], except for the last two terms in the third equation which dissipate energy. The first
represents viscous damping, the second acoustic damping due to acoustic radiation.
µ is the liquid viscosity, v- 1 the liquid sound speed, and o is the void fraction .

The boundary conditions are that the (far field) pressure at the two ends of the
cloud is a constant taken to be one, plus a small periodic function representing the
acoustic driving,

p(O,t) = 1 + Hos(ilt) = p(l,t).
where

n is

the driving frequency and

f

(1.4)

the driving amplitude.

The first equation 2.1 implies that

flu dx = constant.
0

\Ve will assume for convenience and without a loss of generality that the center of
mass of the cloud does not drift,

flu dx = 0.

(1.5)

0

The Poincare Map and Numerical Results.
The natural way to analyze a periodically driven system of PDE's is to study
its Poincare map. First the fluid velocity, u, and the average pressure, p, can be
eliminated by use of the first two differential equations above (this will be described
later). The solution of the resulting equations can be written in vector from (y , v, t).
The periodic driving of the boundary conditions (1.4) allows us to define a Poincare
8

map of an initial point (Yo, v 0 , 0), which is just the projection of the solution onto its
first two components, at time t

P(y 0 ,v0 ,0)

= T,

where T

= 21r/f!

is the period of the driving,

= IIT(y,v,t) = (y(x,T),v(x,T)).

This is simply the time-T map of the solution of the nonlinear vector field

dz/dt = f(z,8)
dB/dt = 1
where z

= (y, v ).

The map is well-defined for all reasonable initial data assuming

that the solution exists. The nth iterate of P is

Pn(y 0 ,vo,O) = (y(x,nT),v(x,nT)).
The equations were solved numerically using a modified method of lines, see
Smereka and B anerjee[l 988) for details concerning the numerics. Some of the results
are presented as Poincare snapshots of the bubble radius y(x, nT) and pressure

p(x,nT)

=

p(y(x,nT),v(x,nT)) as functions of x at fixed time intervals. Also

presented are Poincare maps of the total energy verses the rate of change of the
total energy.
The bubble equations have a stationary solution when the driving amplitude is
zero. Namely, for a bubble of radius one the pressure in the gas and in the liquid
balance, so that if the radial velocity is zero the bubble will remain at rest.

(y,v)

= (1,0)

is a stationary solution of the bubble equations 1.1-1.4, when
show that p(y

= 1, v = 0) = 1.
9

(1.6)
E

= 0. It is simple to

We expect that the stationary solution will turn into a periodic orbit under the
driving. The numerical results show the bifurcations of the Poincare maps y(x,nT)
and p( x, nT) as the driving amplitude

€

increases.

The horizontal axis on all the figures is the spatial direction x, the vertical axis
is either the bubble radius or the pressure and the axis into the page is either the
driving amplitude or time. Recall that the unit of length is the radius of the bubbles
at rest.
The parameters in the computations are chosen to represent a 100 micron bubble
in water. The acoustic damping turns out to be an order of magnitude larger than
the viscous damping. For such a bubbleµ = .002 and v = .015, its linear resonant
frequency is almost 32 kHz. The length of the cloud is chosen to be l = 200.
Figure 1.1 shows the bifurcations of the Poincare snapshots of the bubble radius,
y(x, nT), as the driving amplitude increases for a = .001 and

n

= .25. For€ small

enough the bubble cloud is spatially homogeneous and in tune with the driving
period. Then a spatially nontrivial periodic orbit develops at

€

values between 0.1

and 0.2. The oscillations of this periodic orbit increase and then it develops a spike
in the center of the cloud corresponding to large bubble oscillations. As

€

increases

further the spikes get larger and more numerous. Figures 1.2 to 1.4 show the long
time behavior of the cloud for a= .001,

n=

.25, and€= .7. This case repesents the

state the cloud has "settled" to after several thousand driving periods. Figure 1.2
shows Poincare snapshots of y(x, t) . This figure shows that some of the spikes seem
fairly persistent whereas other spikes appear and disappear. Figure 1.3 presents the
corresponding Poincare snapshot of the pressure field, p(x, nT). The difference in
smoothness between p(x, nT) and y(x, nT) is striking. Occasionally the pressure

field displays a burst-like behavior. This is shown in Figure 1.4. which presents
Poincare snapshots of the pressure field for the same orbit as the last two figures
but over a different time interval. The large pressure bursts seem to have a cusp-like
profile at their maximum.
The numerical observation is that the bifurcations of y and p vary greatly with
the driving frequency

n.

In particular for

sharply into the cloud whereas for

IS11

IDI >

1, the driving seems to attenuate

< 1 different phenomena are observed.
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Section 2. The Local Existence Theory.

The void fraction can be scaled out of the equations of motion, let x .Jo --+ x and

u/ .Jo--+ u,

then the equations of motion become

(2.1)
(2.2)

YYct

+ (23) Y,2 = ( 4I )( Y -

4

The length of the cloud is then scaled as

I

- P) - Yt ( µy -

+ vy - 2) .

(2.3)

l.J'a --+ l.

We now simplify the equations to get a system for the bubble radius and radial
velocity coupled to an elliptic equation for the pressure. First we use 2.1 and 2.2 to
eliminate the fluid velocity u. This gives the pressure equation

Then we use 2.3 to eliminate Yu to get the pressure equation

(2.4)

with the boundary conditions

p(O, t)

= 1 + Hos(flt) = p(l, t),

(2.5)

from 1.4. An equation similar to 2.4 was first derived by Nigmatulin[1982]. This
elliptic problem is easily solved by use of the Green's function

( P2(x)p1(s)/}V(p1,P2)
G(x , s) = {
l P1(x)p2(s)/W(p1,P2)
12

0

:S s :S x

X

:S S :Sf

Pi and p 2 being solutions of the homogeneous equations with boundary conditions
p 1 (0) = p 2 (l) = 0. The Wronskian W(p 1 ,p 2 ) is constant because 2.4 can be written
as a system with zero trace. The solution is

p = 1 + €cos(f2t)

+ 3 jt G(x,s)[y-

3

-y

+ 2yy: -

4y1 (µ

+ vy-

3

)-

€Y cos(f2t)](s)ds.

0

(2.6)
Then we write 2.3 as a system
Yi=

V

(2.7)

The boundary conditions for (y, v) are found by substituting the boundary conditions for the pressure (2.5) for pin 2.7. Namely
Yt

=V
(2.8)

at x

= 0 and

x

= l.

However, 2.8 is just the system describing the oscillations of

a single bubble that was studied by Smereka, Birnir and Banerjee (1987]. Thus the
averaged bubbles sitting at the two ends of the cloud satisfy single bubble dynamics.
The bubbles can neither become too big nor too small at any point in the cloud
if the assumptions that went into the derivation of equations 2.1-2.3 are to hold.
This dictates the choice of the complete metric space

with the metric defined to be

ll(Y, v)II = IIYlloo + IIY- 1 lloo + llvlloo
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and boundary conditions (2.8). We consider the space of continous functions from
a time interval I= [O, T0 ] into M

F = C 0 (I,M).
We want to prove that the equations 2.6-2.8 have solutions in F but first we need
a technical lemma:
Lemma 2.1. Let

h(y, v, t)

= 3(y-

3

-

y

+ 2yv 2

-

4v(µ

+ vy- 3 )

-

y€ cos(!H))

then the following estimates hold

IIP -1

- €Cos(nt)lb ~

IIP,: ll2

t½IIY- 1 lloo llhlloo
1

~ (3l)2 IIY-

1

(2.9)

1

II! llhj loo

(2.10)

and

(2.11)

Proof. The equation for p (2.6) can be rewritten as

-Pu

+ 3y(p -

1-

€

cos nt)

= 3h(y, v, t) .

We multiply both sides by p - l - Hos n t and integrate over the length of the cloud
to get

it

(p;

+ 3y(p -1

-

€COS

nt)2)dx

~ 3llhlloo J\p -1 -

0

0
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€COS

nt)dx.

Then applying the Cauchy-Schwartz inequality and using y(x, t)

J
l

y(p - l -

€COS

nt)2 dx

~ L½ llhl100 IIP -

1-

€COS

>

0 gives

f2tll2

0

Thus IIP - 1 -

f

cos flt lb ~ L½ IIY- 1 11 00 llhli 00 , which in turn implies

Finally the standard estimate

gives

The system of equations 2. 7 is integrated in time to define a map F,

F 1 (y,v) =Yo+

J' v(s)ds
0

F2(y,v) =Vo+

j' [(-})v

2

y- 1

+ (¼)(y- 5

-

y- 1 p)- v(µy-

2

+ vy- 5 )](s)ds.

0

(2.12)
Lemma 2.2.

F maps a bounded subset of F onto another bounded subset.

PROOF: Let t EI= [O, T 0 ] then

IIF1(t)II ~ IIYoll00
11(1/ F1 )(t)ll00

~ IIY~

1

+ maxllvll00To
tE I
1

1100 / (1 - IIY~ 1100 maxllvll00 To)
tE/

and
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IIF2(t)lloo $ llvo lloo + max [( ¾)llvll!,
IE I

IIY- 1 lloo
1

1

+(¼)(IIY- 1 ll!c, + IIPlloollY- 1 1100)+ llvlloo(µIIY- lloo + vllY- 11!,)] To.
Thus
maxllFII $ ll(y,v)oll
tE I

+max [11Y~
IE/

1

ii!, maxllvo
ll 00 /
IE/

(1 - maxllvlloo To)
IE/

1

1

1

+(f)llvli!,iiY- lloo +(¼)(IIY- il!c, + IIPlloollY- lloo)
1

1

+llvlloo(µlly- lloo + vllY- 11!,)] To
Now suppose that
supij(y, v)II $ M
IE I

then by Lemma 2.1
supllFII $ M + CTo
tE I

if T 0 is small, where C is a constant. I
Lemma 2.3. Fis a contraction mapping on F.

PROOF: We consider the difference between two iterates of the equations 2.7 in the

metric of M. First we introduce the notation

supllllloo
IE I

= IIJII~'

supjj(y, v)II
IE/

Then

and
16

= ll(Y, v)W.

The estimate of :F2 requires several steps.
Step 1.

Thus

llvzy; 1 -vJy;1lloo S(½)[(llv1:II!, + llv;ll!,)IIY; 1 -Y;- 1 lloo
+(IIY; 1 lloo + IIY;-1 lloo )(llv1: lloo + llv; lloo )llv1: -

V;

lloo]

where

a;

= ll(Y, v)dl,

and f;,g;, and to be used later, d; are polynomials in a;. Similarily,

Step 2. The mean value theorem in function space implies that
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Step 3.

P1: Y1:-1 - P; Y;-1

= (l)[(
P1: + Pi )( Y1:-1
2

- Yi-1)

Thus

jjp1; y_;- 1

-

P; Yj"" 1 lloo ~

{½) [( IIP1: !loo + IIP; !loo )IIY; 1 -

Y;1

!loo

+(IIY; 1 lloo + IIY;- 1 lloo)IIP1: -P;lloo].
Step 4. We subtract the equations 2.4 for p1; and P; to get

This equation can be rewritten as

-(P1: - P; )zz

+ (i )(y,. + Y; )(P1:

- P;)

= (i )(p1; + Pi )(y,.

- Y;)

+h((y, v)k) - h((y, v)i ).
Now we multiply the last equation by (P1: - P;) and apply the argument in Lemma
2.1 to get the estimate

IIP1: - Pi

lloo ~ 3 ½£1i(Y1: + Yi)- 1 lloo [(f )(lip,. !loo + IIPi lloo )IIY1:
+ llh(y, v)i:

- h(y, v)i !loo].
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- Yi

lloo

by Lemma 2.1.
We combine the four steps to get the inequality

IIF2(Y, v)i, - F2(Y, v)i JJ!c, ~ [d IIY.1: - Yi
1

+J 1 JJy; 1 -y;1JJ~ + g 1 Jlv.1:
where d 1 , f

I

and g 1 are polynomials in IJ(y, v)

W,.

JJ!c,

- villoo] To.
Finally the estimates of

.r

1,

1/

.r

1

and .r2 are combined to give

11.r(y,v)k-F(y,v)iW ~MIJ(y,v)i,-(y,v)iWTo

< ll(y,v)k -(y,v);W,
if T 0 is small and ll(y,v);II ~ m, i

= k,j,

PROPOSITION 2.1. Let the initial data

Mand m being constants.

I

(y, v) 0 lie in the metric space M. Then there

exists a unique solution (y,v)(x,t) satisfying the equations 2.7 and the boundary
conditions 2.8 and there exists a corresponding weak solution p(x, t) of the equation
2.4, with the boundary conditions 2.5
PROOF: The map

F maps a bounded subset of F onto a bounded subset, by Lemma

2.2. Fis a contraction by Lemma 2.3. Thus by the contraction mapping principle

(y,v), which holds in a complete metric space, is a strong solution of the system
2.4. Then the pressure given by the formula 2.6 is a weak solution of the pressure
equation 2.4.

I

The numerical results in Section 1 indicate that the bubble radius y(x,t) has no
spatial smoothness, see Figure 1.1. Figure 2.2 is a blow-up of one of the peaks
in Figure 1.1 where abrupt changes in bubble size have not been connected. This
19

shows that y is only piecewise continuous in x. It seems to be difficult to prove this.
On the other hand, Figure 1.4 indicates that the pressure has at least one spatial
derivative . In fact it has almost two, and the liquid velocity has almost one spatial
derivative.
Lemma 2.5. Let 1

> 0 be any small number then for t small
p( x , t) E C 2 -

.,

and u ( x , t) E C 1 -

., •

PROOF: From Proposition 2.1, Lemma 2.1 (2.11) and equation 2.4 it follows that

Pu E L 00 [O, l]. This implies that Pz is Lipschitz, so that in particular,

Pz E

cl--,

for any

'Y

> o.

We then use 2.1 to obtain

u=uo+/'pzdt.
0

20
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Section 3. Energy Estimates.
vVe need an a priori energy bound to show that the solutions of the equations
(2.7) have global existence. The energy of the bubble cloud is

E(t)

= ft

[u 2 (x,t)/2

+ 12I(x,t)] dx

(3.1)

0

where u is the average fluid velocity and the density I is the energy of a single
bubble
(3.2)
The first term in I is the radial kinetic energy of the liquid and the last two are
the potential energy of the gas. We will prove a stronger result , namely that E is
bounded by a monotonically decaying function that decays to a constant defining
an absorbing set in the the energy norm . This is used to show that the density I
is also bounded by a monotonically decaying function in the sup norm that decays
to another constant. The next lemma then implies that the vector field 2.7 has an
absorbing set in the metric space

M in Section 2 .

Lemma 3.1. The solution (y,v) is bounded by the density 3.2,

(3.3)

so that

PROOF: The first two inequality in (3.3) are obvious. The third follows from the
first if we multiply 3.2 by y- 3 and the fourth inequality follows from the second one
if we multiply 3.2 by y.

I
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THEOREM 3.1. The solution to the boundary value problem 2.7 and 2.8 has global

existence if the initial data (y, v) 0 lies in M, and the pressure is positive, p(x, t)

>

0.

PROOF: We differentiate E and use 2.1-2.3 and 2.5,

dE/dt =fl [-up.,+ u.,(l -p)-48v 2 (µy

+ vy- 2 )]

dx

0

= [u(l, t) -

u(O, t)]Hos(fH) - 48 fl v 2 (µy

+ vy- 2 )dx

0

= 12Hos(!lt) fl vy 2 dx - 48 fl
0

v 2 (µy

+ vy- 2 )dx.

(3.5)

0

Thus

dE /dt

= 12Hos(!lt) fl

vy 2 dx

0

$ 12€ fl lvly 2 dx S 12€ fl J¾dx,
0

0

by 3.3,

,
$12dt(~lldx)' ${12l)¼€Et.

(3.6)

by Holder's inequality. This implies that

(3.7)
Then we differentiate the density
2
-dl
=
vy (1 dt

.,

p) - 4v-(Jty

by 2.1-2.3. Therefore, by 3.3

22

+ vy- 2 )

(3.8)

since p

~

0. This implies that

(3.9)
We then integrate 2.1 in space and time to get
1

[p(x,t)-(l

/

+ Ecos(fH))]dt ~

0

J\u(x,0) - u(x,t))dx

~

0

jt lu(x,O)I + ju(x,t)jdx
0

by Schwartz inequality. This gives the estimate

f

1

(p - 1)dt

~ (2l)½(E½(t) + E½(o)) + E/fL

(3.10)

0

Finally we use 3 .7 to get the estimate

(3.11)
The last result when combined with Lemma 3 .1 proves global existence.
Remark 3.1. The hypothesis p

I

> 0 is not obvious for physical reasons. Situations

are known, see Flynn [1964], in which fluid can be put under tension so that p
becomes negative. It possible to prove that p(x,t) > 0 for Jt

= 11 = 0

and jfj < 1.

Moreover, all the numerical evidence indicates that the pressure is positive in the
bubble cloud. In fact the computations show the pressure to be uniformly bounded
away from zero.
PROPOSITION 3.1. The energy density I and the energy are bounded by constants

(3.12)
23

if the pressure is bounded a.wa.y from zero, p(x, t)

2:

p

> 0.

PROOF: Recall the time derivative 3.8 of the density,

-dI
= vy·(l dt
?

p) - 4v 2 ( µy

+ vy- 2)

.

We integrate the inequality

dI

?

dt :'.S vy·(l

- p)

in a time interval [t 1 , bl, where the velocity v has only one signature, either v
or v

:'.S

2:

0

0. By the mean value theorem

I(t) - I(ti)

=j

\1 - p)vy 2 dt

= (1 - Pu♦ ))(y 3 (t) -

y3 (ti))/3,

t,

since v

=y

1,

where t 1

:'.St• :'.St.

This gives us the useful inequality

(3.13)
because v(ti)

= 0,

with the notation p*

= p(t")

tells us that I can only grow in two manners, if y
then p*

-+

and y 1
-+

=

y(ti). This inequality

oo then p"

-+

0, and if y

-+

0

oo. We will prove that the first case is impossible because p is bounded

below and the second case is ruled out by the growth rate of p stipulated by Lemma
2.1.
Case 1, y growing. Then p

2:

p implies

2v 2 y 3

+ p ( y3

- Y1 )

Y --Y1
:'.S YY1

and
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We are free to choose y - y 1

~

1, to get

so that both y

and

are bounded.
Case 2, y decreasing to zero. Then 3.13 implies the underestimate

(3.14)

for the rate at which p must be increasing. However , by Lemma 2.1

(3.15)

where h

with

€

= O(y- 3 ).

We pick x 0 , so that

small , then 3.14 and 3.15 give

25

since y is decreasing. But this implies that

and that v is bounded, so consequently I is bounded.
Finally we prove that the energy E is bounded. It suffices to prove that the fluid
velocity is bounded, but by 2.2,

u(x, t) - u(x 0 )

= 12 f"'

2

vy dx,

Zo

where we can choose u{x 0 , t)

= 0 by 1.5.

llulloo
by Lemma 3.1.

~

Therefore,
2

1u111111,

I

The energy is not only bounded it decays.
PROPOSITION

3.2. The energy satisfies the estimate
{3.16)

where K(t) =

½f: k(s)ds, f-oo
lim

K(t) = oo and O ~ t• ~ t, k(t•) > 0. The bubble

cloud possesses an absorbing set

{3 .17)

in the energy norm, where

K

>

0 is an arbitrarily small number.

PROOF: Recall the derivative of the energy 3.5,

-dE = 12fcos(f2t) fl
dt

vy2dx - 48

o

fl v (µy + vy2

o
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2

)dx.

{3 .18)

We define the function

(3.19)

where

c = µ + 11 .

Then 3.18 can be written in the form

dE

.a.

1.

dt :S i(l2l)• E•

- 6k(t)(E -16().

16( is the minimum value of E corresponding to the undriven stationary point 1.6,

(y,v)

= (1,0).

We multiply by E-¾ and use that E ~ 16£ to get

dE½
dt

~

1.

[

1.]

1.

i(l2()• /3 - (6k(t)/3) E• - (16l)• .

This inequality is readily solved to give

E½(t) ~ E"i(O)e- 6 K(t)

+ (16£)½

+ (i(l2l)½ /3) j

(1 - e- 6 K(t))

I

e- 6 (K(t)-K(•llds,
0

By a change of variables and the mean value theorem

0<

j'

e- 6(K(t)-K(,))ds

= (3/(6k(t*))](l -

e- 6 K(t)).

0

Clearly

I(

(t) is monotone since k(t)

~

0 and the proof of the decay estimate 3.16 is

finished by Lemma 3.2, which shows that K(t) -too as t -too.
The vector field 2.7 possesses an absorbing set A if for every bounded set C there
exists a time T(C) such that (y,v) 0 EC and t ~ T(C) implies (y,v)(t) EA, see
Coddington and Levinson (1955]. 3.16 shows that
1

.1.

1

E•(t) :SE_:= (16()3

l

+ (i/6)(12()3 /k(t*) +"'
27

when

The inverse K- 1 exists by Lemma 3.2.

I

Figures 3.1 and 3.2 are Poincare maps of (E, E). The initial point is marked with
an "0". Figure 3.1 shows the decay of the energy to a simple periodic orbit for the
same case as in Figures 1.2-1.4 except that€= .1. Figure 3.2 presents the same case
as Figures 1.2-1.4. It shows the motion of the cloud attracted to a complex orbit.
The orbit seems to spend most of its time in a fairly localized area in the (E, E)
plane. However occasionally the orbit moves from this region. Closer inspection
reveals that these times correspond with the pressure bursts discussed Section 1.
Lemma 3.2. The function

K(t)

= ½/' k(s)ds = 2_ f'
o

3'5

{J'

0

2

v (µy

0

+ vy-

E - 16l

2
)

dx} dt,

(3.20)

is monotonically increasing and

lim K(t) = oo.
1-00

PROOF:

The damping density

(3.21)
is a non-negative function , we want to show that it is bounded below by
sin 2 (11t)/O(l). First notice that 3.21 only vanishes everywhere in the cloud if v
(E -

=0,

oo is ruled out by Proposition 3.1). This can happen if the bubble cloud is

at rest or a turning point. However, the equations 2.7 show that the acceleration
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v1

=f

O at a turning point. Moreover, the only rest position, E

in the presence of driving. To ensure that lim k(t)
t-

co

=f

= 16£,

disappears

O we must contend with the

situation when the numerator in 3.21 is small and show that then the denominator
is also small. Let
1 (x,t)=

where T

= 21r /fl,

be a smallness parameter and set

.,
v·y
where

11/llco (t), IIYllco (t)

= ,·., /( X, t) ,

V2 y- 2

= 'i' 2 g ( X, t) ,

(3.22)

~ 1. Then

so that

{3.23)
We substitute these relations into

by Proposition 3.2. This shows that f and g must decrease at the same rate (power
of 1 ) and vanish simultaneously. Therefore,
y

but when f

= c + 0(,)

and

=I

29

lvl = 1 + 0(, 2 ),

(3.24)

soc= 1 and similarly if only 9 becomes 1, c = 1. Now we substitute 3.2 into E-16l,

when

IY - 1 I is

small, so that
12/ - 16 ~ 0(-y2).

(3.25)

Moreover,

+ 12 /"' y 2 vdx

u(x, t) = u(x 0 , t)

:r:o

= 0(-y),
because we can pick u(x 0 , t)

= 0,

by 1.5. Thus

(3.26)

and the damping density (3.21) satisfies the inequality

(1/6) v2(µy + 11y-2) > (1/6) (µ/ + 119).
E - 16l
0(1)

(3.27)

The functions / and 9 are determined by small perturbations of (y, v) away from
the equilibrium position (1, 0), by 3.24. These perturba.tive solutions a.re computed
in Section 4 and turn out to have the form

y

= 1 + 0(t-),

where a and

v

= -d1 sin(f!t)(l -/3 cos[a(x -

/3 are constants. \Ve let

(1/6)(1if

1 =

€

+ 0(£ 2 ),

l/2)])2

+ 0(£) .

and get

+ 119) = n2 sin 2 (f!t) (1 - /3 cos[a(x 30

l/2)])

Thus the damping function satisfies

k(t) 2: sin 2 (flt)/0(1)

(3.28)

I

when both the damping terms 3.22 are small.

We want to prove that the bubble cloud decays in the metric space Min Section
2. This will show that the amplitude of the oscillations of the bubble cloud decays.
The decay estimate in Proposition 3.2 is in the wrong norm for this purpose. It is
essential to get a decay estimate on the energy density I.

THEOREM 3.2 . The energy density of the bubble cloud satisfies the decay estimate

J½(x,t) $ [1½(x,to)

+ (UE(t 0 ))½]

e- 6 Q(x,t-ta )

+ (UE(t))½

+ [(½ )½ + (U)½(E½(to) +El)%+ (2 + €)/oq(x,t")] (1 -

e- 6 Q(x,t-ta))
(3.29)

where q(x, t) is a nonnegative damping density, q(t*) > 0, t 0
lim Q(x,t)

t-oo

= t-oo
lim J

1

0

q(x,s)ds

1

.!.

F(x , t) $ I_:

= oo.

< t• < t

The inequality
.!..

= 3(2£)> E_l + (f )3 + (2 + €)/oq(x, t") + Tl
1

and

1

(3.30)

where Tl is an arbitrarily small number, defines an absorbing set for the bubble cloud
in the metric space M .
PROOF: The time derivative of the bubble density 3.8 satisfies the inequality

dl/dt

s 1f 11 -pl- oq(x,t)(I- ½),

by Lemma 3 .1, where

q(x, t)

= (l/o)4v 2 (µy + v~J--3
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2
)

(3 .31)

is the damping density. We use that I

I

3dF /dt ~

2:

i to get

11 - Pl - oq (F I - Cf FI)

and integrate the inequality. This yields

(3.32)
where we have omitted the x dependence for brevity, t 0 is an initial point and

Q(t)

= (½) f

I

q(s)ds.

0

The positivity of p means that

We use 2.1 and integrate by parts to get an estimate on the last integral similar to
3.10

t-to
f

e 6 Q(•>(p - l)ds ~

0

f

1-1 0

£

e 6 Q(•>ds

+ e6 Q(i-io) fl

0

0

1-

luoldx

0

q(s)e 6 Q(•) fl jujdxds,

0

= u( x, t 0 ).

+ fl

10

+ (6/3) f
where u 0

jujdx

0

Then we use Schwartz inequality to get

ft-lo e 6 Q(•l(p(s+t 0 )-I)ds ~£fl-to e 6 Q(•>ds
0

0

6

+(2iE(t))½e Q(l-lo)

+ (2lE(t 0 ))½ +

Next, we obtain

32

max (2lE(s))½ (e 6 Q(l-lo) - 1).
lo<•< t

by a change of variables and the mean value theorem. The last two results are then
substituted into 3.32 to obtain

J3"(t) :S [1½(to)

+ (2lE(to))½]

+ [(f)½ +

e- 6 Q(t-to)

max (2lE(s))½
to<•< t

+ (UE(t))½

+ (2 + €)/oq(t•)] (1 -e- 6 Q(

1

-

10

l) .·
(3.33)

Since E(t) satisfies the estimate 3.16 we have

Substituting this into 3 .33 yields 3.29. We can use similar arguements to those of
Lemma 3.2 to show that Q(x,t) is monotonically increasing and that lim Q(x , t)
1-00

=

oo for almost every x E (0, l]. The last statement implies that Q- 1 exists for almost
every x and 3.30 defines an absorbing set for 2.7. To see this we take t 0 sufficiently
large so that E(t 0 ) < EA. This means that J(t) :SIA for

Finally, since

IIIll

00

dominates the metric

an absorbing set in M.

I
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II· II in

M, by Lemma 3.1, 3.30 defines

Section 4. The Linearized Equations.
The stationary solution 1.6 of the bubble cloud vector field 2.7 corresponds physically to the whole bubble cloud at rest with no pressure gradient and zero fluid
velocity. By equation 2.1, p

=l

and 1.5 imply u

= 0.

We linearize the pressure

equation 2.6, the vector field 2. 7 and the boundary condition 2.8 about the stationary point (y,v)

= (1,0).

= l +y+ o((y,v')2)

Let y

and v

= v+

o((y,v) 2 ), then a

linearization of the pressure equation,2.6, yields

p(x, t)

= -12 j' g(x, r)[y( r, t) + 6v( r, t) + (t:/4) cos(S1t)] dr
0

+l + £Cos(S1t),

( 4.1)

where g is the Green's function

· g(x, r)

=

(

sinh(./3(l- %)) ainh(./3r)

~

J3 ainh(J3t)

l

sinh(./3%) sinh(./3(l- r))
./ 3 ainh(./Jt)

v1

= -y+(l-p)/4-6v

The linearized vector field is

(4.2)

and the linearized boundary conditions become

v = -y - 6v 1

at x

= 0 and

x

= l.
34

(t:/4) cos(flt)

(4.3)

The ODE's 4.3 can be solved to give

-w cos(nt - 'f/;),
( 4.4)

y(l,t)

= e-<

612

1

>

-€a

(c 3 cos(At)

+ c4 sin(At))

cos(nt - 'f/;),

c 1 , c 2 and c 3 , c 4 are constants determined by the initial conditions at x

x

=

=0

and

l respectively. \Ve are mostly interested in the long time behaviour of the

bubble cloud so we take the initial conditions for the bubbles at the boundary of
the cloud such that these constants are zero. Now make the change of variables

y(x , t)

= y(x, t) -y(O, t) = y + rn cos(flt -

v(x, t)

= v(x, t) -

v(O, t)

=v -

'f/;),

rnf2 sin(f2t - 'f/;) ,

then the linear bubble vector field becomes

Yt

=V

v1

= -y

- 8v

+ 3 jl g(x,r) [y + 8v -

rnf2 2 cos(f2t)] dr

(4.5)

0

in the new coordinates, with a shift in time t

-+

t

+ 1/J/fl.

This equation can be

written as a system
( 4.6)
l
) d = (0 , d 2 ( x,t )) , d 2
w1ere
z = ( y,v,

= 3 a,n2 [i _ sinh( ✓3:•)+sinh(
✓ 3(l-r))]
sinh( ✓ Jl)
H

and with the operator
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cos(,nt)
H

,

G being the linear operator
G(x)

=1-

3

jl dsg(x , s).
0

We do not need to worry about the bubble radius

y becoming too small, because

1 + 'fl is close to 1, so that the Banach space that A acts on is

B

=L

00

(y) x L 00 (v),

with vanishing boundary conditions on the spatial interval [O, l] and norm

ll(Y, v)lloo = IIYlloo + llvlloo •
Lemma 4.1. The spectrum of A on B consists of a biinfinite sequence of eigenvalues

A±n

PROOF:

= -(6/2)w~ ± (1/2)wn

1

{4 - 6 2 w~) •,

4.5 implies that

Yu - 3yu

+ Y11r:e + f,Ytr:e = 3rn!l 2 cos(!lt)

with y(O, t) = 0 = y(l, t). Bis spanned by the functions

y

= e.\
V

1

sin(mrx/l)

= Ye = .\y.

A substitution of these into 4.7 yields the equation
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(4.7)

for A.

I

The spectrum of A is exhibited on Figure 4.1, it consists of a. biinfinite sequence
of eigenvalues in the left-ha.If complex plane. This sequence is bounded on the right
by the line Re.A

= (6/2)wi,

it converges to the points -(6/2)

± i(l

- (6/2)2)½. In

the absence of damping A is a skew operator and its eigenvalues are

PROPOSITION 4.1. Tl1ere exists a unique periodic solution (y,v)

linear equations of motion 4.5. w

= 0(1)

n f:. ±wn,
hold, otherwise w

= €w(x,t)

to the

if the nonresonance conditions

(4.8)

where n is an odd integer

= 0(1/6).

PROOF: We substitute the Fourier series
00

=L

y

bn(t)sin

(n;x)

n:1

into (4.7) to obtain
12a,t•n•..,•

--n"""•-..-=-.__,,_ cos nt

(

=~

n

= odd
(4.9)

l O

n

= even

To get the periodic orbit, we choose the initial conditions to be bn (0)

= bn (0) = 0

and obtain the solutions

= an cos(nt -

bn

where

(

an

=

~

12a<l 2 n

2

w

/3n ),

2

nl,rl

((0 2 -w ! )'+ 6 2 w ! n

l 0

2 ))}

n

= odd

n

= even
(4.10)

/3n =

( t -le~)
an
..,:-n•

n

= odd

l 0

n

= even

~
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If 4.8 holds, then an = 0(1), otherwise an = 0(<5- 1 ) for some n. Moreover, since
v

= y,

this implies the corresponding statements for w.

I

Remark 4.1. Equation 4.10 shows that the long time driving only excites the odd
Fourier modes, which are symmetric with respect to the center of the cloud. In fact,
to get a periodic orbit of order

€,

it suffices to make the condition 4.8 hold for the

odd integers.
The driving does not affect the cloud appreciably away from the boundary, when
the driving frequency is above the cutoff frequency

n = 1.

Corollary 4.1. The solutions to the linear bubble equations 4.2 or 4.5 are spatially

oscillatory, if the driving frequency

n<

1. If n

>

1, then the solutions w(x, t) decay

exponentially away from the boundaries x = 0 or x = l.
PROOF: If the nonresonance condition holds(4.8) then equation 4.7 has the form

Y:u - 3yu

+ Yu:u = 3rn!l 2 cos(!lt) + 0(€<5),

(4.11)

A substitution of

y(x,t)

= €C(x)cos(!lt) + 0(€8)

into the equation, produces the equation

.,)
.,
( 1 - n- C u + 3Q-c

= 3an-., + 0(8),

for c( x ), with vanishing boundary conditions because y vanishes at the boundary.
Thus the solution of 4.11 can be written in the form

y(x, t)

= rn

[1 -

cos[o(x - l/2)]]
cos(ol/ )
cos(!lt)
2
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+ 0(€6),

(4.12)

where

If

n

< 1, we get an oscillatory function, in x, but if

exponentially away from the boundary.

n

> 1 then 1 +

y decays

I

Remark 4.2. cos(af/2) vanishes for the resonant frequencies

n = Wn

where n is

an odd integer.
Smereka and Banerjee (1987) can be consulted for more information on the cutoff
frequency. The time evolution, over one period, of the the bubble radius of the linear
periodic orbit is exhibited on Figures 4.2 and 4.3. Figure 4.2 shows the motion for

n=

0.6. Figure 4.3 shows the effect of driving above the cutoff frequency,

n

= 1.2.

The linear periodic orbit is a fixed point of the Poincare map of the vector field
4.6, the stability of the linear periodic orbit is equivalent to the stability of this
fixed point. We compute the spectrum of the Poincare map er A of 4.6 to determine
the latter.
PROPOSITION

4 .2. The linear periodic orbit is stable. Namely, tl1e spectrum of the

linear Poincare map
( 4.13)

where the >-n's are the eigenvalues in Lemma, 4.1, lies inside the unit circle.
PROOF: By Lemma 4 .1

where w 1

= (1 + 3£ 2 ;,. 2 )-½.

Thus all the eigenvalues er>..~ lie inside the unit circle

but we need to prove the formula 4.13. The operator A can be expressed as
A= B -hC,
39

where

B is skew, in fact the square root of a self-adjoint operator, and C is a bounded
perturbation. Therefore,

I
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Section 5. The Periodic Orbit.
The rest position 1.6 of the bubble cloud perturbs to a periodic solution of the
bubble cloud equations 2.7 in the presence of damping. We need some technical
lemmas to prove this.
Lemma 5.1. For

c sufficiently small the operator (I -eTA )- 1

satisfies the estimate
( 5.1)

where w1 , is first resonant frequency in Lemma 4.1.
PROOF:

\Ve let the operator act on an eigenvector of A,

where

by Lemma 4.1. We .recall that T = 2,r /f! and consider the difference between the
oscillation frequency and the closest integer multiple of the driving frequency,
m E Z.

u n is called the nth detuning parameter. It is easy check that

jl-e.>.•TI= [(1-e-w1!ni 2)

2

I

+2e-w1!6T/ 2 sin 2 (un/2)]

0

1

2:

2 2
2
[w~c ,r /4f2 + ~(mf2-wn)2l' ·

where~ is a constant that depends on w1 , n, and

c.

Thus
1

ll(I-eTA)-llloo::; [w1c2r.2;4n2(,r/f2)2 + ~min(mf2-wn)2]-,
nEZ

I
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(5.2)

Remark 5.1. The oscillation frequencies

l!ll <

Lemma 4.1. This means that for any
m and n to make

mn - Wn

Wn

accumulate at ±(1 - (o/2)2)½ by

(1- (o/2) 2 )½ it may be possible to find

arbitrarily small.

The next lemma gives an estimate on the difference between the linear and the
nonlinear vector fields of the bubble cloud. We let z denote the shifted variable
z

= (y, v) -

(1, 0) and write 2.7 in the form

z = f(z + (1,0))
where (1, 0)

+z

(5 .3)

satisfies the boundary conditions 2.8. The linearized vector field

4.2 is written the form

i = f(z) = Az + €d cos(ilt)
where

z = (y, v)

is the linear solution, d

= (0,

(5.4)

-G(l)/4), and A and G are the

linear operators in Section 4. The boundary conditions are given by 4.3. Then we
write 5.3 as

z = Az + €d cos(!lt)

+ f(z + (1, 0)) - f(z),
and integrate with respect tot, to get

z(t)

= eA

1

z0

+ € [j' cos(!ls)e(t-,)Ads]

d

0

+

f

(5.5)

I e< 1-•>A[f(z

+ (1,0)) -

f(z)]ds.

0

An integration of (5.4) yields

z(t)

= eA

1

z0

+€

[f

I

cos(!ls)e< 1 - •>Ads] d.

0

42

(5.6)

We then subtract 5.6 from 5.5 to get an integral equation

z(t) = eA'zo

I

+j

e<t-,)A

[f(z

+ (1, 0)) -

f(z)]ds,

(5.7)

0

for the difference between the nonlinear and the linear solution

z(t) = z(t) - z(t).

Lemma 5.2. Let f(z)

= f(z + (1, 0)) -

f(z) where f and fare the nonlinear (2.7)

and linear ( 4.2) vector fields respectively, then

where c is a constant.
PROOF: We subtract the vector field 4.2 with y

=y -

l,

v =v

from 2.7 to get

(5.8)

The pressure terms p and p are given by the equations 2.6 and 4.1, with y

y-

l, v

(y, v)

= v,

=

respectively. p is the linearization of p around the rest position

= (1, 0) so that

c 1 being a constant. The pressure equation 4.1 gives the bound
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where c 2 is another constant, because we ca.n let

cv = O(t:).

The remaining terms

= (1, 0 ).

This shows that they

in 5.8 a.re expanded in a. Taylor series a.bout (y, v)
a.re bounded by

IIY - lll;;.,

and

llvll!,.

Thus

c being a constant. Then we recall that z

= (y,v) -(1,0). I

We now derive an equation determining the periodic orbit.
periodic orbit if z(t

+ T) = z(t),

By 5.7, z(t) is a.

or

This means that

(5.9)

If we let

z = E:w, z = E:w

and

f(z + z) = E: 2 h(w + w)

then by Lemma. 5.2

(5.10)

in the unit

w ball,

c being a constant. Equation 5.9 becomes

(5.11)
it defines a map of the unit ball in the Banach space B, in section 4.
Lemma 5.3. :F maps the unit ba.11 in B into itself if E:/fJ is sufficiently small.
PROOF: We use Lemma 5.1 and 5.9 to get the estimate
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We have assumed that the nonresonance conditions hold, otherwise €/fJ becomes
€/6 2 • C

= 2c(l + llwll

that for s€[t, t

00

)(2

+ llwll

00

)!l/wi11' is a constant. Proposition 4.2 implies

+ T]
(5.12)

so that

if €/6 is small. I
Remark 5.2. w

= 0(1/fJ)

if the non-resonance conditions in Proposition 4.1 are

violated. However, the periodic orbit still exists if €/6 2 is sufficiently small.
The map :Fis a contraction map on the unit ball in 8. Let
Fo

= C 0 (J, Bi],

where I= [t, t + T] and 8 1 is the unit ball in 8, be the space of continuous functions
from the time interval into 8 1 • The norm on F 0 is supllwll 00

•

tE I

PROPOSITION 5.1. There exists a periodic solution (1,0)

+ €w(x,t)

of the bubble

cloud equations 2.7, ifl/6 is sufficiently small.
PROOF: We consider the difference between two iterates of

:F,

Thus

IE!

X

supllw1: - W; Iloo
IE I

:S .: .
f,

l+T

J

11e<T+l-,)A lloo ds

I

2
~ (1
Wl

11'

+ 2(1 + llwlloo ))supllwi:
tEI
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- w; lloo.

For €/8 small enough we have

supllF(wt) - F(w; )lloo
IE I

< supllwt - W; !loo .
IE I

This shows that Fis a contraction map on F0 • Finally the nonlinear periodic orbit
is

z = €(W

+ w)

= €W(x, t)

where w is of order 1 if the nonresonance conditions in Proposition 4.1 hold.

I

The proof of Proposition 5.1 is similar to the proof of the existence of a periodic
orbit in Holmes and Marsden[1981]. Figure 5.1 shows the time evolution of periodic
orbit over one period.
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Section 6. The Stability of the Periodic Orbit.
The periodic orbit whose existence was proven in Section 5 corresponds to a fixed
point p of the Poincare map of the bubble vector field 2.7,
P(z(t)) = z(t

where z

= (y, v)

+ T),

and T is the driving period. The stability of the periodic orbit

( 1, 0) + !w( x , t) is determined by the stability of p. To compute the stability of this
fixed point, it suffices to consider the Poincare map linearized about p,

DP(p) = p.
The linear Poincare map is the time-T map of the bubble vector field 2.7 linearized
about the periodic orbit z 0

= (1, 0) + lw(x, t),
z = Df(z 0 )z.

(6.1)

The simplest way to obtain 6.1 is to eliminate the pressure and work only with
the y equation linearized about the first component of the periodic orbit

[(1 + lYo)Yu + 3£Yo,Yc +(!You+ l - 5£Yo)Y + byc]u

(6 .2)

= 3((1 +

2£Yo)Yu + 4£Yo1Y1 + 2£YouYl•

This equation determines when the periodic orbit is stable and how it can become
unstable. \Ve shall see that the instabilities are due to parametric resonances. \Ve
use that
Yo(x,t)

=c

0

(x)cos(!H)

+ O(l) + 0(£6)

(6 .3)

= a(c(x) -

1) since, for the sake

by Corollary 4.1 and Proposition 5.1. Here c0 (x)

of convenience , we have not transformed the boundary conditions as in Section 4.
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Next we project onto the linear Fourier modes in Lemma 4.1. Let
00

y(x, t) =

L

(6.4)

b,.(t) sin(n,rx/l).

n:l

A substitution into the equation 6.2 and a use of 6.3 produces
00

00

n=l

n= 1
00

(6.5)

n=l

where

dmn = (2/£(3

+ n 2,r 2/£ 2))

Jt[cosn - (cosn)"]smdx,
0

9mn

= (3fl(3 + n 2 1r 2 /£ 2 ))

j\(cosn)" - 4cos,.]smdx
0

hmn

= (2fl(3 + n 2 ,r 2 /£ 2 )) /l[(n 2 + 5)(cosn)" -

6U 2 <;.osn]smdx,

0

sn(x)

= sin(n,rx/l),

·

= d/dt

and'= d/dx. The equations ·6.5 are transformed

into standard form by making the change of variables
00

bm

--+

bm - €Cos(Ut)

L

9mnbn

n=l

and a multiplication of the resulting system, by the matrix

Dnm = 1 if n = m, Dnm = 0 if n

i

m. This produces the infinite dimensional

Mathieu's equation,
00

n=l

fmn

= (1/2 )( hnm
=

and o =

2

- w" dmn -

n2 9mn)

2aamn,r 2 l 3 tan(al/2)[(w;;,
(3£2

+ n2,r2)[,r4(n2

+5 _

f},

2/2)m 2 ,r 2/£ 2 + 6w;;,.](1

m2)2 _

../i,n/J1-n 2 •
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,r2a2£2(m2

+ (-l)"+m)
+ n2) + 0 4£4)]

Remark 6.1.

/mn = 0

if n and m are not both odd or both even.

We can now state necessary and sufficient conditions for stability and instabilities
of the periodic orbit.
Lemma 6.1. The linear Fourier modes are stable if£ and 6 are small, the nonres-

onance condition(4.1) is satisfied, and

for m, n E z+, which are both even, both odd or equal, and

The mth Fourier mode is unstable if

(6.8)
and f2 - 2wm = 0(£). The mth and the nth mode are unstable if f2 - (wm

+ Wn) =

(6.7)
At a linear resonance f2
are stable if
PROOF:

to each

f

-Wm

= 0(£), where mis an odd integer, the Fourier modes

is sufficiently small.

We review the Floquet theory of the Mathieu's equations 6.4. Associated
m

there are two Floquet multipliers and the mth mode is stable if both of

those lie inside the unit circle in the complex plane. This requirement splits the

f2 - £ plane into regions of stability and instability which are exhibited on Strutt
diagrams, see Figure 6.1. The regions of instability form horns emanating from
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n = 2wm/k,
is

€k,

where m and k E z+, see Figure 6.1. The strength of each instability

so, to order

€,

only

similar Strutt diagrams.

n

= 2wn

appears. Moreover,

n

= (wm ± wn)/k

gives

Linear combinations of three or more modes also give

small divisors but are of higher order in
off the

n

€.

The effect of damping is to lift the horns

axis and round them off, see Figure 6.1. The formula for the boundaries

between stability and instability is given in N ayfeh and Mook(1979]. One has

Remark 6.1 shows that m and n have to be both odd or both even, otherwise Amn
vanishes and no region of instability appears at

n ~ Wm

-

Wn.

Solving for

f

in the

above formula and substituting for µm (in 6.6) gives conditions 6.7, 6.8 and 6.9.
At a linear resonance terms of order €2 must be used to compute the boundary of
the region of instability. This instability boundary comes much closer to the

n axis

but is still lifted slightly by the damping. Consequently this linear mode is stable
if€ is small enough. If condition 6.8 is satisfied, with

€

small, there is precisely one

Floquet multiplier outside the unit disk. If 6.9 is satisfied there are precisely two.
The rest lie inside. At a linear resonance all the Floquet multipliers with possibly
one exception lie inside the unit disk for

f

small.

I

The qualitative features of the spectrum of the linearized Poincare map can now
be spelled out.
PROPOSITION 6.1. If€ and

o are small

and 6.7 is satisfied then

IO'(DP)I < 1.

Otherwise, 3 cases arise depending on the driving frequency

(1)

n=

2wm

+ 0(€)

n.

and condition 6.8 is satisfied. Tlien DP has one eigenvalue

50

outside the unit disk, the rest lie inside.

(2)

n = Wm + Wn + O(t")

and condition 6.9 is satisfied, then DP has two eigen-

values outside the unit disk, the remaining eigenvalues lie inside.

(3)

n = Wm + 0(£),

where m is an odd integer then all the eigenvalues of DP

with possibly one exception lie inside the unit disk.
PROOF: The linear operator Df(z 0 ), at fixed t, is a perturbation of a skew operator.

In fact it is a small perturbation of the square root of a self-adjoint operator. Thus
an argument similar to the one in Proposition 4.2 applies to prove that the spectrum
of DP is discrete and the eigenvectors

am.

Zm

span B with the corresponding eigenvalues

We let ( bn, bn )( t) be the vector coefficient of the nth Fourier mode in Lemma

6.1 and let

/3';; ,/3-;;

be the associated Floquet multipliers with

l/3';; I ~ l/3-;; I-

The

eigenvectors of DP can be expressed in terms of the linear Fourier modes (6.4).
Therefore we can write
00

az

= DPz = L

DP(bn,bn)(t)sin(n,rx/L).

(6.10)

n:l

But

where

rn

is a similarity transformation matrix.

Therefore we get the following

estimate for the eigenvalues of DP

lal

~ m:x l/3: I ( f

l.

b! + b!) . /llzlloo

n:l

= max
l/3: In
In Case 1, condition 6.7 is satisfied then

lam I < max
l/3: I <
n
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1.

for all m E

z+.

This shows that ju(DP)j < 1 in this case.

Now suppose that condition 6.8 is satisfied for some Fourier mode so that

1

>

I.B; j.

I.B: I >

Then an easy computation shows that there is one vector in the two di-

mensional space spanned by { (1, 0), (0, 1)} sin(k1rx / l) which decays under iterations
of DP . Namely, if we let

= b; (u/v),

and we choose i:,;

then
l

jjDP 1 (b;,i:,;)lloo

< j,B;jj ((b;) 2 +(b;) 2 )

2

We let (b;, i:,;) be the vector, in this two dimensional subspace, perpendicular to
(b;, i:,; ).

Any vector in this subspace will grow under iterations of DP except

(b; ,i:,;). Now consider
11

. (

IIDP'

II

I

=

I

• ) II
z-(bt,bt)
11

II 00

o ) r-1

.

lo 1 z - fk

( a- )i

I

I

---+

~k

0,

j

as

---+

k

(b+) I
k

i:,+
k

I
I

loo

(6.12)

oo.

This computation shows that the two vectors must grow at the same rate so that we
can conclude o

= .a:.

Uoreo\'er, if we divide 6.10 by oi and take the limit j-+ oo

we see that the eigenvector is

z

= 1-00
_lim o-i DP 1 (b;, bt).
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The remaining eigenvalues of DP lie inside the unit circle because the above argument can be applied to the subspace B 8 {z,.

= z}.

We turn to Case 2 where condition 6.9 is satisfied. Then the space of growing
Fourier modes is two dimensional and we use a similar argument as above to find
an eigenvector Zm in this two-dimensional space, whose eigenvalue lam
we reduce to Case 1 by considering the subspace B 8
Finally
E2

we discuss

Case 3 and

= {(b!,b!),(b;;,b;;)}.

consider

I > 1.

Then

{zm }.

the subspace B 8 E 2 ,

where

Then by the arguments in Proposition 5.1 and Lemma

6.1 (6 .7) there exists a stable periodic orbit in this subspace and any vector in this
subspace will decay under iterations of DP. This means that the long term dynamics will occur on the subspace E 2 • We do not have estimates similar to 6.8 and 6.9,
however since the flow is dissipative

f3t /3;; <

1, which means that at most one of

the Floquet multipliers can be greater than one. Therefore, the unstable manifold
must be one dimensional if it develops.

I

Corollary 6.1. The linear invariant subspaces of DP at p have the following di-

mensions for the three cases above.
(1) Dim

E; = 1, codim E: = 1.

(2) Dim

E; = 2, codim E; = 2.

(3) Codim E~ ~ 1.
\Ve will now describe the invariant sets determining the long-time dynamics of the
bubble cloud . Analogous results for the damped and driven sine-Gordon equation
can be found in Birnir[1988].
THEOREM

6.1. The long-time dynamics of the bubble cloud are finite dimensional.

If condition 6.7 l1olds then all solutions of 2.7 tend toward the periodic orbit in
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Proposition 5.1 as t -

oo . On the other hand, if the driving is sufficiently strong

relative to the damping then the long-time behavior of all solutions falls into three
cases depending on the driving frequency.

(1)

n = 2w" + O(c),

where n E

z+.

In this case tl1e Poincare map of solutions

with arbitrary initial data tends toward a one-dimensional unstable manifold

Wt (p) of p as t becomes infinite.
(2)

n = Wn

+Wm+

O(c), n,m are both even or both odd integers. Then the

Poincare map of solutions with arbitrary initial data tends toward a two
dimensional unstable manifold

{3)

n = w" + O(c),

w 2u (p)

of p as t becomes infinite.

where n is an odd integer. The Poincare map of all solu-

tions tends towards a two dimensional subspace in which p can have a one
dimensional unstable manifold.

PROOF: We combine the existence of an absorbing set, Proposition 3.1, and Theorem 3.1 with the invariant manifold theorem, see Bates and Jones [1985]. The
estimate 3.1 shows that all solutions get to a neighborhood of the periodic orbit in
the energy norm and if condition 6.7 holds the periodic orbit is stable so that all
solutions tend toward it as t -

oo.

In Case 1, Condition 6.8, Proposition 6.1 and the invariant manifold theorem
imply that there exist invariant manifolds Wt(P) and Wt(p) of dimension and
codimension 1 respectively, which are tangent to the linear subspaces

Ef (p)

and

E{(p), in Corollary 6.1, at p. The Poincare maps of all solutions must tend toward

pin the energy norm by the estimate 3.16 and they can only escape towards Wt(p).

In Case 2, condition 6.9, Proposition 6.1 and the invariant manifold theorem
imply that there exists an unstable manifold W;'(p) and a stable manifold w;(p)
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of dimension a.nd codimension 2 respectively. These manifolds are tangent to the
linear manifolds E;(p) a.nd E~(p), in Corollary 6.1, at p. By 3.16 the Poincare maps
of all solutions tend toward p and then toward w;(p).

In Case 3, p jumps towards a. much larger periodic orbit for sufficiently large c
This is observed numerically. Proposition 6.1 and the invariant manifold theorem
says that there exists a stable manifold l-V'(p) of codimension less than or equal
to 1. By 3.16 the Poincare maps of all solutions must tend toward pin the energy
norm and they can only escape towards the one dimensional unstable manifold if it
exists.

I

Corollary 6.2. The amplitude of oscillations decays exponentially, in x, into the

bubble cloud for driving frequencies 11 2
unless

€

> 1. Parametric resonances are quelled

is large.

PROOF: Corollary 4.1.

I

Corollary 6.3. Combinations of the 3 cases a.hove ma.y occur such as Case 4,

fl

~ 2wn ~ Wm

then

wu (p)

+ WJ:, then wu (p)

is 3 dimensional. Case 5, fl

~ Wm

+ Wn

~ W11: +Wt,

is 4 dimensional.

PROOF: Lemma 6.1 and Proposition 6.1 show that DP has 3 eigenvalues
in Case 4 and 4 eigenvalues
the theorem.

lam I >

lam I >

1

1 in Case 5, the rest is similar to the proof of

I

The numerical results show what stable structures arise in the three cases in
Theorem 6.1. We use the original variables (see 1.1-1.3) and in the comp.u tations
presented below we have chosen o

= .005(void fraction)

and l

= 200.

This would

correspond to a scaled length, l of approximately 14.1. In the Poincare snapshots
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of (E, E) the starting point is marked with an "0".
In Case 1, the periodic orbit undergoes pitchfork bifurcation., and

rVt (p)

tends

towards the resulting stable periodic orbit p, whose period is twice that of the driving
due the negativity of the unstable Floquet multiplier. We taken
Figure 6.2 shows Poincare snapshots of the bubble radius as

f:

= .254

~

2w 1 •

is increased from

0.0 to 0.3 The onset of period-two motion is recognized in this figure when the
line density becomes less . This is because one half the lines are hidden. As

f:

is

increased more complex structures arise. Figure 6.3 shows Poincare snapshots of

(E, E). Here

f:

is fixed to 0 .2 and the cloud was started from rest, since the period

one orbit is unstable the motion tended towards the period two orbit .
In Case 2, the unstable manifold
wn

and

Wn

vv; (p) tends towards an invairiant circle because

are incommensurate . The corresponding object in ·the phase space is

a two dimensional torus that the solutions (y, v)(t) tends towaix:d. These cases are
illustrated on Figures 6.4 and 6.5. In both figures n

= .486 ~ WJ + w 3 ,

f:

is fixed at

0.09, and the motion is started from rest. Figure 6.4 shows Poincare snapshots of

(E, E) clearly illustrating how the motion settles onto the torus. Figure 6.5 presents
Poincare snapshots of the bubble radius after the motion has settled onto the torus.
In Case 3, we expect the cloud to behave much like a single-degree-of-freedom

nonlinear oscillator driven near its resonant frequency. In the case of bubble clouds
we expect the cloud's period of oscillation to increase with amplitude, see Smereka
and Banerjee(1988]. This means that when the system is driven at frequencies less
than, but close to its resonant frequencies one expects to see a jump bifurcation,
see Smereka, Birnir, and Banerjee(1987]. To illustrate this case we consider the
case n

=

.12 < w 1

~

.127 and slowly increase the driving amplitude. Figure 6.6
56

displays Poincare snapshots of the bubble radius. It shows the occurrence of a jump
bifurcation to larger amplitude orbit with a much different spatial structure. Figure
6.7 shows Poincare snapshots of E verses€ to more clearly illustrate this bifurcation.
A sharp transition is observed at

€ ~

0.05 .

A Symmetry-Breaking Bifurcation.

In Case 2 a symmetry-breaking bifurcation may occur. We -set

n=

.497

~

2w 2 ,

again we expect to see a period two orbit evolve. However here the periodic orbit will
lose stability to a period-two orbit that is not symmetric will respect to the center of
the cloud as is the period-one orbit . Figure 6.8 presents Poincare snapshots of the
bubble radius . To clarify the symmetry breaking we present period-two snapshots .
This means the motion is sampled every other time the driving completes one
period. In Figure 6.8

€

= .04 and the cloud is started form rest. The motion starts

to settle onto the period-one orbit as illustrated in the figure then , after sometime,
the instability grows and an asymmetric period-two orbit develops. The projection
onto the (E, E) plane obscures the symmetry breaking. Instead we have present
Poincare snapshots (sampled every period) of (y, y)(x

=

l/4) . The results are

exhibited on Figure 6.9 which clearly shows how the period-one orbit loses stability
to a period-two orbit . The one-dimensional unstable manifold is very shown.
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Intersection of Resonance Regions.
In Case 4, one usually finds that 2w 2 is close to

Wt

+ w3 •

This means that if£ is

sufficiently great then the resonance horn emanating from 2w 2 will overlap with the
horn emanating from

Wt

+ w3 ,

see Figure 6.1. \Ve would then expect the torus from

Case 2 to interact with the asymmetric period-two orbit. To observe this we choose

n = .497

and fix £ to .06 and start will arbitrary initial data. This means initial

conditions away from the rest point with no imposed symmetries. The numerical
results are presented in Figures 6.10 and 6.11. Figure 6.10 shows Poincare snapshots
of (y, y)(x

= l/4).

It clearly shows two sections of a torus. The section are fuzzy

because the transients have not died down. The presence of the period-two mode
causes the torus to "wrap around twice". \Ve call this attractor a period-two torus.
Figure 6.11 shows Poincare sections of the bubble radius when the motion is on the
period-two torus. Notice the orbit is not symmetric with respect to the center of
the cloud analogus to the symmetry-breaking case above.
If the driving is increased slightly to £ = .08 very complex dynamics may result.

Figure 6.12 shows Poincare snapshots of (y, il)(x

= l/4) .

This figure shows the long

time behavior, indicating the motion takes place on a complicated structure.
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