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Abstract: Let M(x) and N(x) denote fixed means. We study scales {Mt<x)}toSt$t1
of means between M(x)

= Mto(x) and N(x) = Mt/x).

We interpret, complement and

generalize some recent results in these terms. In particular, we study such scales
between the couples {M(x),N(x)}, where M(x) is any symmetric and homogeneous
mean and N(x) is equal to the aritmethic mean, the geometric mean, the
harmonic mean or, more generally, equal to some Gini mean.We discuss and
give some basic properties of generalized Gini means. We prove necessary and
sufficient conditions for monotonity of some scales of means in special Gini
mean cases. Some applications and the relations to other results of this kind are
pointed out.
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0. Introduction
The following result has recently been proved by J. Aczel-Zs. Pales (see
[2,Proposition 4]):
THEOREM A (Aczel-Pales) Let M(x) be a homogeneous and symmetric mean. If
M = M(x) is differentiable at x = e and if M(e) = 1, then

lim (M(x+te)- t) = A(x).
t~

In this paper we present similar results when the arithmetic mean A(x) is

replaced by the harmonic mean H(x), by the geometric mean G(x) or, more
generally, by any power mean Pt(x) or Gini mean. Moreover, we define and
study scales {Mt(x)}to~~t of means between the fixed means Mt (x) = M(x) and
0

1

Mt (x)
1

= N(x) and interpret the results above in such terms.

For our purposes we

also need to discuss and complement the theory of generalized Gini means (see
[10]). We also generalize another recent result, independently proved by J. AczelZs. Pales (see [2, Proposition 2]) and Bullen [5], by giving necessary and sufficient
conditions for monotonity (in t) of some scales of means in Gini mean cases (see
Theorem 4.1). By using a previous result of L. Losonczi [9] we can present a very
short proof of this result and in an appendix we also include another elementary
proof which is independent of Losonczi's result.
This paper is organized in the following way: In section 1 we give some basic
properties of generalized Gini means. In section 2 we define and discuss scales
of means between two fixed means M(x) and N(x). In particular we present and
study such scales of means when M(x) is any symmetric and homogeneous
mean and N(x) = A(x), N(x) = G(x), N(x) = H(x) or, more generally, N(x) = Pt(x).
In section 3 we study some scales of means between (generalized) Gini means.
The announced monotonity result can be found in section 4. Section 5 is
reserved for some concluding remarks.
In this paper we use the following
conventions and notations: Let cx.,~,t, t0,t1 and n satisfy

-00

< ex.,~ < 0 0 ,

-oo

~

t,t0,t1 ~ 00

and n e Z+· The vectors x = (x 1,x2,... ,xr), y = (yi,y2,. .. ,ye), e = (1,1,... ,1) belong to
RnM
+.
oreover, xa = (aa
x1 ,x2 , ...

The notation x ~ y means that xk ~ Yk, k = 1,2,... ,n. A(x), G(x) and H(x) denote the
aritrnethic, the geometric and the harmonic mean of x, respectively.
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1. Generalized Gini means
We use the terminology from [3] and define a mean M(x) as a real-valued
continuous function M = M(x) such that
Xmin ~

M(x) ~ Xmax for all XE R~ .

The mean M(x) is homogeneous if
M(ax)

= aM(x) for all a e

R+·

The mean M(x) is symmetric if M(x) has the same value for all permutations
of the elements in x = (x1,x2,... ,xi). The mean M(x) is isotone if M(x) ~ M(y)
whenever x ~ y. For further information concerning means and their
inequalities we refer to [3] and [6].
Let M(x) be an isotone and homogeneous mean. Then we can create new
means, the scale of generalized Gini means, in the following way (see [10]
and compare with Example 2.2):
1

M(xa)Ja-~
A.
( M(xt-')

Example 1.1 Let M(x)

= A(x). Then

,~

-;#:

a.,

GM(a.,~;x) coincide with the usual

Gini means G(a.,~;x) defined by
1

I:x~
(

Ja-~

I~-;#:

CJ.,

I:xf

G(a.,~;x) =

n

where I:= I: (see [7]). In particular H(x) = G(O,-l;x), G(x) = G(O,O;x),
1

.

and A(x) = G(O,l;x).
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Example 1.2 The means GM(0,p;x), p-:;, 0, and GM(p,p-l;x) coincide with
the means MP(x) and PM(x) , respectively, considered by BorweinBorwein [3]. In particular, if M(x) = A(x), then MP(x) and PM(x) coincide
with the power means Pp(x) and the Lehmer means LP(x), respectively.
We state the following elementary basic properties of GM(a,J3;x):
THEOREM 1.1 Let M(x) be a fixed isotone mean. Then
(a)
GM(a,J3;x) = GM(J3,a;x).

J3.

(b)

GM(a,J3;x) = exp( a~J3J:1nGM(a,a;x) da), a-:;,

(c)

GM(a,J3;x) is continuous in (a,J3).

(d)

GM(a,J3,x+y) ::; GM(a,J3,x} + GM(a,J3,y) if 0 ::; J3 ::; 1 ::; a.

(e)

GM(a,J3,x+y)

(f)

GM(a,J3;x) is symmetric if M(x) is symmetric.

(g)

GM(a,J3;x), a-:;, J3, is homogeneous if M(x) is homogeneous.

(h)

G(a,J3;x) is nondecreasing in a (J3 fixed) and in J3 (a fixed).

~

GM(a,J3,x} + GM(a,J3,y) if J3 ::; 0 ::; a::; 1.

Proof: The statement in (a) is trivial and (a more general version of ) the
representation formula (b) has been proved in [10, Proposition 4.1]. The
statement in (c) follows from the representation formula. According to
[10, Lemma 1.2] it is well-known that the functional (M(xa)) 1 /a is subadditive
if a > 1 and superadditive if a < 1, a -:;, 0. Therefore (d) can be proved by using

(c) and Proposition 3.1 in [10] with f(x) = (M(xa))l/a, a> 1, g(x) = (M(x~))11~.
0 < J3::; l, and F(u) = ua/(a-~>. The proof of (e) is similar (compare with
Corollary 3.3 (b) in [10]). The proofs of (f) and (g) are elementary and left to the
reader. The probably easiest proof of (h) is obtained by using the
.. representation formula in (b) and Schwarz' inequality.
We close this section by stating the following generalization of Proposition 8.2
in [3]:
THEOREM 1.2 Let M(x) be an isotone homogeneous mean. Then GM(a,J3;x)

is a homogeneous mean.
Proof: According to Theorem 1.1 (a) and (c) we may, without loss of
generality; assume that a> J3. Moreover, we can assume that x1 = xmax' We
put Yk = xk/xma)( k = 2,3,... ,n, and use the homogeneity to obtain

4
1

1

. -( M(xa) Ja-~ _ ( M(l,y~,. .. ,y~) Ja-~
GM(a,{3,x) ~
- x1
~
~
M(x )
MO,y2,··· ,yn)
Therefore, since x 0 S x~ for every x e [0,1] and M(x) is isotone, we find that
GM(a,f3;x) S x1 = xmax- The proof of the inequality GM(a,f3;x) ·~ xmin is quite
similar and we conclude that GM(a,f3;x) is a mean. Moreover, by Theorem
1.l(g), GM(a,f3;x) is homogeneous and the proof is complete.
Remark Using Theorem 1.l(f) and Theorem 1.2 with a= p, b = p - 1, we obtain
the statement in Proposition 8.2 in[3].
Remark By analyzing our proof we see that Theorem 1.2 does not in general
hold if we remove the assumption that M(x) is isotone. It is also easy to check
that G(a,f3;x) is isotone iff f3 SOS a or a SOS f3. In particular we thus find that
Gc(a,~;-)(a0,~ 0;x) is a mean if! f3 S O Sa or a SO S f3.

2. Scales of means
Let M(x) and N(x) be fixed means. If the continuous functions Mt(x), ta St S t 1,
satisfy that
(i)

Mta (x) = M(x),

(ii)

Mt (x) = N(x),
1 .

(iii) . Mt(x) is a mean for all t, taStSt1,

then we say that {Mt(x)}ta~~t is a scale of means (between M(x) and N(x)).
1

M __ (x) and M (x) are interpreted as lim M. (x) and lim Mt (x), respectively.
00

~

.

to-+---·'O

t -+oo
t

t

Example 2.1 It is always possible to find some scale of means between any
means M(x) and N(x). One example of such a scale is {(M(x))l-t (N(x))t)} 0~t~l.
Example 2.2 Let -00 < a 0,a1 ,f3 0,P 1 < 00 and let M(x) be an isotone mean. Then
{Mt(x)} 0:5;t:5;J, Mt(x) = GM((l-t)a0 +ta1,(1-t)f3 0 +tf3 1x) is a scale of means between

the means GM(a0,f30;x) and GM(a 1,P 1;x).
Remark Using Example 2.2 with M(x) = A(x) and Po= {31 = 0 we obtain the
obvious result that {Pt(x)}_l:5;t:5;0 ,{Pt(x)} 0:5;~J and {Pt(x)}_ :5;t:5;oo are scales .o f means
00

5
between H(x) and G(x), between G(x) and A(x) and between the extreme means
xmin and xmax' respectively.
THEOREM 2.1 Let a

O and let M(x) be any homogeneous and symmetric
mean, which is differentiable at x = e and M(e) = 1. Then {Mt(x)} 0~t~oo,

Mt(x)

-:t

= ((M((xa+te) 1 fa))a - t)lfa, is a scale of symmetric means between

M(x)

and P0 (x) .
Remark For the case a= 1 Theorem 2.1 is essentially a reformulation of
Theorem A and for the case a= -1 Theorem 2.1 means that {M/x)}~t~oo,
Mt(x) = 1/((M((x-1 +te)-1 1 - t), is a scale of means between M(x) and H(x).

»-

Proof: We consider K(x)

= (M(x1 fa))a and note that K(x) is a homogeneous

and symmetric mean. In particular it follows that Mt(x) = (K(xa+te) -t)1 fa is
a symmetric mean. Moreover, according to Theorem A, we find that
M (x) = (A(xa))l/a = P a<x). Since M 0 (x) = M(x) we see that (i}-(iii) hold and
00

the proof is complete.
Next we present a natural scale of means between M(x) and P 0 (x)

= G(x).

THEOREM 2.2 Let M(x) be any homogeneous and symmetric mean which
is differentiable at x = e and M(e) = 1. Then {M/x)} 1~t~oo, M/x) = (M(x11 tnt,

is a scale of homogeneous and symmetric means between M(x) and G(x).
Proof: Let Mt(x) = (M(x 11t))t and put e = 1/t. Then M 1(x) = M(x),
(2.1) lnM/x)

= tlnM(x1 ft) =e-1 lnM(xE)

and

Moreover, since M(x,x,...
n

,

,x)

= x we have

:E Mk(x,x,... ,x) = x and, in particular,
1

n

.

r. Mk(e) = 1.
1
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In particular we have M(e) = 1 and, by the assumption that M(x) is symmetric,

M~(e) = n- 1. Hence, by (2.1)-(2.2), we find that
➔

lnMt(x)

n

1

:r, -lnxk = lnG(x) as t
1 n

➔

00

(E ➔

o+)

and we have proved that M (x) = G(x). Since it is obvious that Mt(x) is a
symmetric and homogeneous mean for every t ~ 1 we have thus proved
that the conditions (i)-(iii) hold and the theorem is proved.
00

3. Some scales of means between generalized Gini means
In Example 2.2 we have seen that any couple of generalized Gini means with
the same generating isotone mean M(x) can be connected by a scale of
generalized Gini means of the same type. Our next theorem shows that (with
some additional assumptions) a similar statement holds also for the case
when the generalized Gini means have different generating isotone means.

THEOREM 3.1 Let M(x) and N(x) be fixed symmetric, homogeneous and
isotone means, which are differentiable at x = e and M(e) = N(e) = 1. Then
{K/x)}~~ where
00

,

GM 1(a,p;x), Mt(x) =M(x-C1e) + c1,-oo st< 0,

l

~(x) = G(a,P;x) , t = 0,

GNt (a,P;x), Nt(x) =N(x+C•1e)- t-:1, 0 < t S oo.

is a scale of symmetric means between GM(a,p;x) and GN(a,p;x).
Proof: Let a'# P and -00 St< 0. By using Theorem 2.1 we obtain that
1
1

(3.1)

~(x) = (

M(xa-C e) + C Jex-~
~

_1

1 .

1

_

M(x -t e) + t

1

➔

( A(xa) Jex-~ .
~

A(x )

= G(a,p;x) as t ➔ 0-.

Since M/x), -00 St< 0, are symmetric means we find, by Theorem 1.1 (f), that
also GM (a,p;x) are symmetric means. In the same way we can prove that
t

GN (a,p;x), 0 < t S 00, are symmetric means and that
t

1
1

(3.2)

~(x) =

1

N(xex+C e)- C Jex-~

( N(x ~+t_1e)-t_ 1

➔

G(a,p;x) as t ➔ o+.
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Obviously M-oo(a.,p;x) = GM(a.,p;x), M (a.,p;x) = GN(a.,p;x) and the proof
follows by using (3.1)-(3.2) and glueing the corresponding scales. The proof of
the case a.= p follows by making obvious modifications of the proof above.
00

By generalizing the arguments used in the proof of Theorem 2.1 in an
obvious way we can also prove
THEOREM 3.2 Let M(x) be any homogeneous and symmetric mean, which is
differentiable at x = e and M(e) = 1. If 0 ~ P < a. or a. < P ~ 0, then
{Mt(x)} 0~c; where
00

,

1

M,(x) = ( K( A::~) +

le)-1r-P
,K(x) = A(xP/ )(M(x 1°)) -P,
0

0

1

is a scale of means between M(x) and G(a.,p;x) . .

4. Monotonity properties of some scales of means
Let {M/xlto~t~t denote a scale of means. Sometimes it is ea~y to see that
1

Mt (x) is a monotonous function of t for every fixed x.
Example 4.1 Mt (x) = G(a.0 (1-t)+a.1 t,p 0(1-t)+P 1 t;x), 0 ~ t

~

1, is a nondecreasing

function oft if a. 0 ~ a. 1,P 0 ~ P1 and a nonincreasing function oft if a. 0 ~ a. 1 ,
Po~ P1 (see Theorem 1.l(h)).
The general case is more cumbersome. Here we illustrate this fact only by
considering Mt (x) = M(x+te) - t, 0 ~ t ~
where M(x) = G(a.,p;x), and stating
the following generalization of a recent result in [2] and [5]:
00,

THEQREM 4.1 Let M/x)

= G(a.,p;x+te) - t, 0 ~ t ~ oo. Then

(a) Mt(x) is nonincreasing in t for all sequences x if a.~ 1, P ~ 0 or P ~ 1, a.~ 0.
(b) Mt(x) is nondecreasing in t for all sequences x if p

~

0, a.

~

1 or a.

~

0, p

~

1.

Remark For the case P = 0 Theorem 4.1 coincides with Proposition 2 in [2] (see
also [5]).
A proof of Theorem 4.1 can be based upon [9, Satz 5] and the observation that
'if G(a.,P;x+te) - t ~ (~) G(a.,p;x) fort> 0 and if t2 > t1 ~ 0, t0 = t2 - t1 , then
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i.e. Mt(x) is a nonincreasing (nondecreasing) function in t (compare with
[2,remark (iv)]). However, we present another elementary proof, which is
independent of the result in [9].
Proof: According to Theorem 1.l(a) it is sufficient to consider the case P ~ a..
We put
fa,~(t) = M/x) = G(a.,p;x+te) - t, t ~ 0, i.e.

J

1

1:(xtt)a a-~
fa,~(t) = (

~

,a.> p,

- t

1:(xtt)

J

1:(xtt)aln(xtt)
fa a<t) = exp - - - - - - - t.
(
,
1:(xtt)a
Differentiation yields

(4.1)

f~,~(t) = G(a.,p) a.~p ( G(a~a.- 1) - G(p~~l) )- 1, a.> p,

and
(4.2)

,
fa,aCt)

G(a.,a.) (

= G(a.,a.-l)

1 + a.In

( G(a.-1,a.-1) ))
G(a.,a.)
- 1,

where G(a.,P) means G(a.,p;x+te) etc. It is easily seen that
,

,

.(4.3) p~
lim fa,..,it(t) = fa,a(t).
We consider the following four cases separately (draw a suitable picture !).
1. The case P ~ 0 ~a.~ 1. If 0 < t < s, then, by Theorem 1.l(e),
f(t)
~

= G(a.,p;x+te) - t = G(a.,p;x+te) + G(a.,P,(s-t)e) - s

~

G(a.,p;x+se) - s = f(s).

2. The case 0 ~ P ~ 1 ~a.follows from Theorem 1.l(d) in a similar way.
3. The case P ~a.< 0. By continuity (see (4.3) and Theorem 1.l(c)) we may
without loss of generality assume that p < a.. According to Theorem 1.l(h)
we have
·

9

G(P,P-1) s G(a,a-1) and G(P,P-1) S G(a,p)
and thus, by (4.1), fa,~(t)

~

0.

4. The case 1 < p Sa. As before it is no loss of generality to suppose that p· < a.
1
n
a and note that G(a,p) = (Sa)a-~ By using Theorem 1.l(h)
We put Sa= f(xj+t)

s";

.

once more we get
(G(a-r,p-1))~

$;

1

(G(a,p)l- G(a,a-1) <=> (

:a-l )~ :a )~-l( ssa )(l-~
S(

~-1

~

~

sa-1 - ( s~1

Sa

S~

·

~

~

1

)a .(~)a
1
0 <=>
Sa
G(a,a-1) <

<(

1
G(p,p-1)

<=>

a-1

a-~

)a( G(a,p)
1 )a
. .

Thus, according to the A-G-inequality, we have
1
p
1
a-p 1
.
,
G(a,a-1) - a G(P,f}---1) - a G(a,P) SO i.e, by (4.1), fa,~(t) S 0.
The result in Theorem 4.1 can be illustrated in the following figure:

?

1

oc.
?

'

~ = Nonincreasing

1111111

= Nondecreasing

In the areas marked with ? the situation is much more complicated and e.g. the
following can be proved (as usual, by Theorem 1.l(a), it is sufficient to consider
the case p s a) :

10

PROPOSITION 4.2(a) Let a > 1, p < 0 or O < p· ~ a < 1. Then, there exist n 0 ~ 2, t > 0,

and sequences x and y such that, for n

= n 0,n0+ 1,....

,

,

,Mt(x) > 0 and Mt(y) < 0.

(b) The statement in (a) holds with n 0 =2 if a > 1, 1-cx < P < 0 or a < 1, 0 < P < 1-a.
(c) If n = 2 and P < 1-a, a> 1, then Mt(x) is nondecreasing in t for every x.
Remark Theorem 4.1-Proposition 4.2 may be regarded as a generalized and
more precize version of Satz 5 in [9].
Remark In particular (b) and (c) show that the statement in (a) holds with
n 0 = 2 for some (a,P) and not f9r n 0 = 2 for other (a,p). We don't know the
smallest n which can be chosen in all situations.
,1,a), where a

Proof: Let p <a.We choose x and t such that x+te = (1,1,. ..
will be chosen later on. According to (4.1) we have
1
1

(4.4)

,
(n-l+aa)a-~ 1 ( n-l+aa-l
A. n-l+a~ )
fa ~(t) = - - --A. a - - - - p - - - - 1
'
n-l+a~
a-p
n-l+aa
n-l+a~
·

It is easily seen that
,

(4.5)

,

limfa ~(t) = if a> 1,P < 0 and limfa ~(t) = -co if O < P <a< 1.
00

a~'

a~'

Moreover, according to some elementary calculations, we also find that
(4.6)

'J

f~ ~(t) = g (a)1· + 0 ( 1 2 , as n➔oo,
'
n- 1
(n-1)
where g(a) = (1-a)aa( a~p + o(l)), as

a➔oo.

Furthermore, by choosing a= l+E and making some elementary (but fairly
tedious) calculations, we get that
(4.7)

,
fa,!l(t)

=

n-1
2
3
n 2 (1-(a+P))E + O(E ), as E➔D+.
2

The proof of (a)-(b) follows at once from the estimates (4.4) - (4.7). Moreover, by
using (4.2) instead of (4.1) the proof of the case a= p follows in the same way.
Now let n = 2. Then it is easily seen that 5_ 6 = ((x 1 +t)(x2 +t))-oS 6. Using this fact
together with (4.1), the A-G-inequality and elementary calculations, we find that
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Since

f3 < 1-a, a> 1 it follows from Theorem 1.l(h), that G(a,a-1) s G(1-f3,-f3)

and G(-13,a-1) S G(l-13,-13) and we conclude that fa,~(t)

~

0. The proof is complete.

5. Concluding remarks
1. By analyzing our arguments in the proof~ of Theorems 2.1 and 2.2 we find
that if we remove the assumption that M(x) is symmetric, then these theorems
hold with P cx(x) and G(x) replaced by the corresponding weighted means with

the weights

cok

= Mk'(x).

2. Brenner and Carlson [4] have recently proved that if we impose somewhat
more restrictive assumptions on our means M(x), then a somewhat more
general statement than that in Theorem A holds namely that
t(M(x+te) - t - A(x)) is bounded as t

➔

00 •

It is obviously possible to develope some of our results in this direction too.

3. Let M(x) be a homogeneous mean such that M(e)
GM(a,j3;x+te) - t

=:=

1. Then

= t(GM(a,j3;t-1 x+e) -1) ➔ gradGM(a,j3;e)•x (scalar product) as t ➔

00 •

This elementary calculation indicates why the aritmethic mean appear in a
natural way in constructions of means of this kind. Compare with [2,p.859].
4. We say that a scale of means {M/x)}to:5t:5t between M(x) and N(x) is an inter1

mediate scale of means if, in addition, min(M(x),N(x)) S Mt(x) S max(M(x),N(x)).
In particular, if Mt(x) is monotonous in t then the scale {M/x)}to:5t:5t is an
1

intermediate scale of means. It seems to be interesting to get more precise
information about this type of scales of means.
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5. The theory of Gini means is closely connected to the theory af generalized
entropies and its applications to the theory of data compression and Information·
Theory (see e.g. [1] and [8] and the references given there). The present authors are
convinced that the results obtained in this paper will create new applications of
this kind.
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