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1.

An important feature of Efren's paper 1s the study of the loss

of information resulting from summarizing the data inn replications

x1 , ..• ,Xn of a multivariate random variable into a one-dimensional
statistic T(.!S) = T(X , ••• ,Xn). In most of the paper it is assumed that
1
the X. 's are observable and that thei.r distribution belongs to an
l.

exponential family of which the statistical model forms a "curved
subset", in the sense of the mean value parametrization . The basic result
in this connection is formula (9.3), stating that the information
loss from n replications is

where for T = 0, the right hand side is i y~, independent of n.
0
(Notice that it is an implicit consequence of this that 6 cannot
itself have the form

[t(X.)).
l.

A somewhat related problem is that of incomplete observation of an exponential

family, where the statistician is "forced" to work with

non-sufficient reduction of data. It is here assumed that the statistical problem is specified in terms of an exponential family where
only a function

Y = Y(X)

of each component may be observed. If Y

is a linear function of the canonical statistic X, there seems to be
a canonical way of decomposing the parameter vector into an efficiently
estimable part and a non-identifiable part, using the concepts of
"mixed parametrization" and "cut" introduced and further studied by
Barndorff-Nielsen (1973, 1974) and Barndorff-Nielse.n and Bl:Esild (1975),
and in the case of continuously distributed random variables this seems
to hold as soon as the level curves of Y are hyperplanes. Asymptotic
results for arbitrary "curved" functions Y were given by Sundberg (1974)
who points out that the same formula as above applies for the information loss, which here in general· will be of order n.
It is clear that the two situations might be combined: a "curved"
model with incomplete observation. An example of this was discussed
by Fisher (1958,

§

57.1).
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2.

The relation (10.1) for the asymptotic variance of any consistent

and efficient estimator

~e contains

e,

the term 6

0

being always nonnega-

0

tive and zero for the MLE, This quantity was computed by Rao (1963)
for several estimation methods in the multinomial distribution, as noted
by Efron. It would be interesting if some geometrical interpretation,
or at least an a bit more transparent expression than (10.24) could be
given for this quantity, which must be related to the intuitive dis2
cussion by Fisher . (1958, § 57) of "the contribution to x of errors of
estimation".

3.

Curved exponential families occur frequently in population process

and life testing models leading to occurrence/exposure estimates of
birth or death intensities. One familiar example is that of estimating
the meanµ

-1

of an exponential distribution from a sample of n, censored

at a fixed point t. If Dis the number of variables less than t, and S
the sum of these+ (n-D)t, then the likelihood function isµ D e -µS ,
yielding

µ=D/S.

We shall here conunent a little upon the similar example of estimating
the birth intensity\ in a pure (linear) birth process (X) from conu

tinuous observation of the process in [O,t]. See Keiding (1974) for
details of the problem.
Assuming x0 = x degenerate the likelihood
0
\

X

t

-x

0 e

-\S

is

t

with

St = !~ Xudu, set Bt = Xt -· x , and the maximum likelihood esti0

mator

is\=

Bt/St. It is rea<lily seen that the Fisher information

i

\

"'

and the statistical curvature yA is given by

···3·-

2

1

YA ,.., xO
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In the spirit of the paper, we quote some values of y~

(x

0

= 1) in

Table 1.
Table 1.
Statistical curv.ature for the birth process with XO = 1.
At

2
Y~,

0

0.1

0.5

l

2

s

00

0

0.009

0.052

0.125

0.319

0.835

l

Two asymptotic schemes are inviting: large initial population size
(xo -+ 00) for fixed t and large observation period (t -+ oo) for fixed XO.
Being a branching process, a birth process with X = x may be inter0
0
p:r.eted as a sum of x birth processes with X = 1 and the same A. There0

fore the first scheme

0

1S

still within the realm of independent identi cal

replications, and may be treated with the methods of Efron's paper.
This was done by Beyer, Keiding and Simonsen (1975) for this case as
well as for the life-testing situation outlined above.
The second scheme, however, is a "real" stochastic process situation,
and we encounter here the trouble that the minimal sufficient statistic
is not consistent, in fact, as

t

➔

00

almost surely, where the random variable Wis gamma distributed with
form parameter x

0

and expectation x • Nevertheless
0

,\ -~ ,\ a. s., as

illustrated in figure 1. Here A-l is the slope of the full-drawn line,
~-l is the slope of the broken {ine (connecting the observed (Bt,St)
and the origin.) Normalising withe-At, the minimal sufficient statistic
will converge towards some (l,A

-1

)W (shown by arrows), but the empirical

line will always converge towards the correct line.
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Fig. 1

The canonical sample space of the birth process estimation problem.
The curve is the statistical model corresponding to O

< \

<

00

(mean

value parametrisation). The full-drawn l i ne is the set of points for
which Bt = ASt when: A is the "true" value, and the broken line is
the set where B = AS .
t
t

In the standard situation the asymptotic normality of 9 is based upon the
asymptotic normality of the minimal sufficient statistic combined
with pure differential geometry, as noted by Efron in Section 9. It
is therefore no surprise that asymptotic normality breaks down here.
Notice also that
ance statistic"

yA

w,

-+-

1 (not 0) as

t

➔·

""

•

However, for given "nuis-

the minimal sufficient statistic is as. normal wi th
-1

-

asymptotic variance proportional to W , and hence also A is as. normal.
(Marginally, the distribution of
dent distribution with

zx 0

e

At/2 .,

(A - A) converges t owards a Stu-

d.f., which may be interpreted as the mixture

of t he normal distributions over the gamma distrib u ted inverse variances.)

,.

... J .•

It is thus tempting to investigate the problem obtained by conditioning
on

W = w, replacing the "nuisance statistic" W by a nuisance parameter

w, see Keiding (1974). The resulting "conditional" maximum likelihood

estimator A* has the same first-order efficiency properties as A. A
comparison of second-order efficiencies is not yet completed.

4.

A more general aspect of the last example is: can curved. exponential

families be "avoided'.' In the birth process situation a stopping rule
like "sample until Xt = n" will make the minimal sufficient statistic
one-dimensional, _in fact equal to

s,, ,

= inf { ti

Xt

=

n}. Also it should

be mentioned that conditioning on statistics which are in some sense
ancillary (see Barndorff-Nielsen (1973) for a survey of ancillarity) may
completely change the curvature properties of the problem.
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