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Pricing and distributed QoS control for elastic
network traffic

ABSTRACT

Web measurements have shown that TCP flow sizes vary over several orders of magnitude. If
network resources are shared fairly, the performance of short TCP flows is seriously degraded
by long flows. This motivates prioritization of short over long flows, leading to significant
performance improvement for short flows, with very little degradation for long ones. By imposing
an appropriate pricing structure, users can be provided with incentives so as to enforce such a
prioritization in a distributed manner. We study the situation where users randomly generate
elastic flows (according to a Poisson process), whose sizes have a general probability
distribution. Users may choose between two service classes that share the available resources
with preemptive priority for one class. We assume fair sharing within each class and use a
processor-sharing model with two priority classes to evaluate flow transmission times. For given
price functions, users choose the service that best fits their profile, or refrain from service
("balk") if the prices exceed the willingness to pay for both services. We show that under mild
modeling assumptions, the revenue maximizing Nash equilibrium is such that short flows opt for
the premium service and long flows for the low-priority service. It is optimal for medium-sized
flows to balk when the offered load is relatively high. Although this allocation is the result of
distributed control, aside from the flows that balk, it accomplishes precisely the prioritization of
short flows which improves overall performance as mentioned above.
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Abstract

Web measurements have shown that TCP flow sizes vary over several orders of magnitude.
If network resources are shared fairly, the performance of short TCP flows is seriously degraded
by long flows. This motivates prioritization of short over long flows, leading to significant
performance improvement for short flows, with very little degradation for long ones. By
imposing an appropriate pricing structure, users can be provided with incentives so as to
enforce such a prioritization in a distributed manner.

We study the situation where users randomly generate elastic flows (according to a Poisson
process), whose sizes have a general probability distribution. Users may choose between two
service classes that share the available resources with preemptive priority for one class. We
assume fair sharing within each class and use a processor-sharing model with two priority
classes to evaluate flow transmission times. For given price functions, users choose the service
that best fits their profile, or refrain from service (‘balk’) if the prices exceed the willingness
to pay for both services. We show that under mild modeling assumptions, the revenue maxi-
mizing Nash equilibrium is such that short flows opt for the premium service and long flows
for the low-priority service. It is optimal for medium-sized flows to balk when the offered
load is relatively high. Although this allocation is the result of distributed control, aside from
the flows that balk, it accomplishes precisely the prioritization of short flows which improves
overall performance as mentioned above.

Keywords: pricing & distributed control, size-based prioritization, multiclass processor-sharing
queue, Nash equilibrium, Internet traffic

1 Introduction

The vast majority of traffic on the Internet relates to the transfer of documents (web pages,
audio/video downloads, file transfers, etc.), usually coordinated by TCP (Transmission Control
Protocol). TCP is designed to support the transmission of elastic jobs, i.e., jobs that tolerate
(some) variations in the throughput. By noticing packet loss, the end-stations are provided with
information on the level of congestion along the path, based on which they adapt their transmission
rates.

A TCP-based data transfer starts with a slow-start phase that estimates the bandwidth avail-
able, followed by the so-called congestion-avoidance phase, during which all active users are as-
signed equal bandwidth (assuming they have identical access rates and round-trip times). This
motivated the use of the so-called processor sharing (PS) queueing discipline to model the dynamic
behavior of TCP flows sharing a common network link [15].
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TCP tends to share the network resources fairly among the users. For instance, no distinction
is made on the basis of the sizes of the documents to be transferred. It can be argued, however,
that such an equal sharing policy has important drawbacks. Consider for instance the situation in
the Internet where essentially two types of flows can be distinguished: there are many small flows
(commonly referred to as mice), and a small number of extremely long flows (elephants), such that
the elephants make up a significant fraction of the offered load [2, 6]. If resources are shared fairly,
the performance experienced by (many) short flows is seriously degraded by the small number of
long flows.

This problem can be avoided by using e.g., the following simple flow-size based priority disci-
pline. Flows with sizes less than a threshold value ¢ are transmitted with high priority, whereas
flows larger than ¢ get low-priority service. An attractive property of such a policy is that for short
flows it outperforms the non-priority system considerably, whereas for long flows there is typically
just a slight performance degradation. This can be understood as follows. Suppose the threshold
is such that the short (high-priority) flows account for a load pp, and the long (low-priority) flows
for p;, where p := pp + p; < 1 (the server’s speed is normalized to 1). Then the short jobs see a
PS queue with load pp, rather than a PS queue with load p. On the other hand, as we will show
below, the long jobs roughly experience a PS queue with load p; and server speed 1 — pp,, which
leads to a performance (expressed in terms of the transfer delay for a job of given size) comparable
to a (single class) PS queue with total load p and server speed 1.

The idea of improving performance — particularly of short flows — by discriminating between
jobs of different sizes has a rich history [25, 12, 11] resulting in service disciplines such as Shortest
Remaining Processing Time (SRPT), Multi-Level Processor Sharing (MLPS) and Foreground-
Background Processor Sharing (FBPS). The subject recently regained attention in the context of
flow transfers in the Internet and file retrieval from web servers [1, 3, 4, 8, 26].

When remaining service requirements are known, SRPT assigns full capacity to the job(s)
which have the least amount of service left. It is known that SRPT minimizes the number of jobs
in the system (and, therefore, the mean delay) among all work-conserving policies [25]. FBPS is the
stochastic counterpart of SRPT: full service is given to the jobs that so far have received the least
amount of service. For service requirement distributions with decreasing hazard rate functions,
FBPS minimizes the mean delay among all work-conserving and non-anticipating (i.e., without
knowledge of residual service requirements) disciplines [23]. MLPS is a discrete-class analogue of
FBPS, where jobs move to lower-priority classes as the amount of service received passes certain
threshold values. Like FBPS, MLPS does not require information about the residual job sizes,
but does keep track of the received amounts of service. Moreover, large jobs still affect short
jobs through their service requirements up to the threshold levels. The simple two-class priority
discipline sketched above, overcomes these problems if users are allowed to choose the service
classes themselves. By imposing charges on network usage, incentives can be given such that short
flows choose the high-priority class and long flows choose the low-priority class. Thus, appropriate
pricing schemes provide the opportunity of distributed control: end users choose the priority class
which determines the performance received, whereas the network elements’ complexity can be
kept low (the high-priority packets should be marked, and then the desired prioritization can be
achieved by standard priority schedulers).

As indicated above, several papers have studied the impact of flow-size based scheduling dis-
ciplines. In particular, [1] investigated an implementation of a related two-level priority rule in
Internet routers. (There the priority of jobs is decreased when a certain size is attained.) The
present paper adds the element of pricing, thus offering the opportunity of distributed control.
There is a growing body of literature on QoS differentiation and pricing, see for instance [7, 13],
various chapters of [18] and the recent work by Hassin and Haviv [9] (in particular pp. 86-87)
and [10]. Early works on a game-theoretic approach to queueing systems are the seminal papers
by Mendelson and Whang [16, 17]. For given penalty functions, they find incentive-compatible
prices that maximize the system’s ‘net value’. Stidham [27] considered a model in which users are
heterogeneous with respect to both their utility functions and and their sensitivity to congestion
(e.g., delay). The Paris metro pricing approach discussed in [22] offers different levels of service
by using logically separated networks with different prices. Using game-theoretic techniques, [5]



argue that this mechanism does not work if there are multiple competing providers: in order to
maximize profits the providers rather focus on one user type.

Our analysis is based on a fundamental queueing model, in which jobs arrive according to a
Poisson process with rate A, and jobs are i.i.d. distributed as a random variable B. The jobs
choose between a high-priority and a low-priority queue, where within each queue the capacity is
shared in a processor sharing manner. The server speed of the queue is normalized to 1. To avoid
that all users opt for high-priority service for (all of) their jobs, differentiated charges are imposed:
users pay an amount proportional to the job size, where the price per, say, bit in the high-priority
queue is higher than in the low-priority queue. Evidently, users choose between the queues based
on the performance offered and the prices. Simultaneously, the network provider can choose the
prices so as to optimize its profit.

We analyze this system in two stages. We first identify the Nash equilibrium for given prices,
i.e., the situation in which no user has incentives to unilaterally change its policy. Next, knowing
the users’ reactions to the pricing structure, the network provider chooses the prices so as to
maximize the total revenue. Notice that we do not a priori assume p := AEB < 1. Stability is
ensured by the fact that users may choose to refrain from service (‘balk’) if prices are considered to
be too high for the quality of service offered. This will surely be the case in an overload scenario,
but even for loads below 1, it could be that users choose not to transmit a substantial part of the
documents. (These could then opt for service elsewhere.) Our analysis shows that the revenue
maximizing equilibrium is such that medium-sized flows balk. This is intuitively explained as
follows: for small flows, the prioritization has a significant positive effect on their transfer delay
making the relatively high price worth paying. The transfer delay of the large flows, on the
other hand, is almost insensitive to prioritization of the small flows, offering the network provider
the possibility to use his network resources efficiently by keeping the prices relatively low. The
medium-sized flows are not sensitive enough to the prioritization to have any potential for large
revenues and at the same time they are too sensitive to provide scope for efficient network usage.
We expect similar results to hold when there are more than two priority classes. In the revenue
optimizing equilibrium, the classes with higher priority will attract shorter flows, with possibly
non-empty sets of flow sizes that are not transmitted because they ‘fall between’ two adjacent
priority classes.

This paper is organized as follows. Section 2 sketches the model and describes the user behavior
for given prices. Section 3 contains the main result: the structure of the revenue maximizing
Nash equilibrium, where we observe that small flows opt for premium service and large flows for
low-priority service, whereas medium-size flows potentially balk. Section 4 illustrates the theory
through a numerical example. Finally, some concluding remarks are made in Section 5.

2 Model description

Before presenting the model, we note that our results would remain valid under less restrictive
conditions. In Remark 2.1 we briefly discuss which are the essential properties that are used in
the proofs.

To introduce the model, and for later comparisons, we first study the situation with no prior-
itization. In that case, the system is modeled as an M/G/1 processor-sharing (PS) queue. With
prioritization, the model becomes a two-class M/G/1 PS queue with preemptive priority, as al-
ready mentioned in the introduction. For this model we first discuss the dynamics for static choices
of the users. Then we discuss how the users’ choices depend on the prices charged. The issue
of how the system manager should set the prices so as to maximize the revenue is discussed in
Section 3.

No prioritization

Requests for file transfers arrive according to a Poisson process of rate A\ and the file sizes are
distributed as the random variable B with distribution function F(z), z > 0. We assume that



F(z) is continuous.

In the absence of prioritization, users only have two choices: either to transmit or not to
transmit. The load of files that are transmitted is equal to p. (the capacity of the system is
normalized to 1).

Assuming the system is in statistical equilibrium, we denote the expected delay (transfer time)
of a transmitted file size x by D(z). In the sequel, the central measure of performance will be the
stretch of a request: S(z) := D(z)/z. (The stretch is sometimes called “slowdown” [28].) It is
well known, see [24] and [11, Section 4.4], that the stretch is independent of z:

1
1—p,

S(z) =

Suppose the price for transmitting a file of length z is zp(z). The users’ utilities are reflected in
the willingness to pay function w(s), which is the amount per bit that users are willing to pay
for transmitting a file of size x in sz time units. To the best of our knowledge, this paper is
the first to consider prices that depend on the stretch. We assume that w(s) is non-increasing in
s, differentiable and that w(s) is independent of the file size z. Even with this simple structure
the dynamics already lead to non-trivial behavior of the system, as we shall see below. In the
concluding remarks we discuss the impact of the assumption that w does not depend on z. (The
proofs in this paper do allow for some variation of w as a function of x, but we do not deal with
these issues here.) A file of length z is transmitted if and only if

w(S(z)) — p(z) 2 0.

Static user choices

Now suppose that users can choose between a high-priority and low-priority service, or they can
choose not to transmit. We write x € H if users choose to transmit files of size x with high priority
and x € L if the low-priority service is used. Since not necessarily all files are transmitted, it may
be that P(z € H) +P(z € L) < 1.

Thus, service requests that are to be transmitted arrive according to two independent Poisson
processes to the two service classes, the arrival rates for the high-priority and low-priority classes
being A\, = AP(B € H) and \; = AP(z € L), respectively. The mean file size of the users requesting
the high-priority service equals

1 (e o)
fh = m AzoxlmeHdF($),

and the mean file size of those choosing the low-priority service equals

1 (e o)
= 1 F

where 1 is the indicator function, which equals 1 if expression F is true and it equals 0 otherwise.
Note that, because of the possibility of balking, in general EB > P(B € H) fp, + P(B € L) f;.
The total capacity of the system (for both classes) is again normalized to 1 and we denote the
loads on the two service classes by pp, = Anfrn and p; = A fi, respectively. In addition we define
pf) = Ap f,(f), where f,(f) denotes the second moment of the file-size distribution of the users that
choose the high-priority service:

1 o0
@) .= PECH / . #? 1,epdF(z).

We assume that the high-priority class has preemptive priority over the low-priority class. Thus,
whenever there is at least one high-priority user active, the service capacity is devoted to the
high-priority class only. Within each queue, the service discipline is PS.



We denote the expected delay (transfer time) of a newly arriving high-priority request of size x
by Dp(z) and that of a low-priority request of size by D;(z). Thus, the stretch of a high-priority
file transfer is given by Si(z) := Dp(z)/z and that of a low-priority transfer by S;(z) := Dy(z)/=z.
Since the high-priority service does not notice the low-priority service, the stretch in the high-
priority queue is again independent of x:

1
1—pn

Sh(:l,‘) =5,

For the stretch in the low-priority queue the following asymptotic result was obtained in [20,
Theorem 5.6.1]

2
_ 1 P /2
L—pn—p z(1—pn—p)?
as £ — oo. In the case where the low-priority class has an exponential file-size distribution, the
o(1/z) is known explicitly [21]:

Si(z)

+o(z™),

(2)

1 p 2(1 — pr) — pu —(=p/(1—
Si(z) = + h 1+p x — 52 =2 (1 — e~ (1=p/( Ph))z/fz> .
@ L—pn—p 2z(1—pn)? ( 1-pn—p)°

In the sequel we shall simply ignore the o(1/z) term in the expression for S;(z) and assume that

_ 1 P22
l—pp=p  2(1=pn—p)*

Si(z) (1)

holds with equality, for all z.

Remark 2.1 The results derived later in this paper allow for a more general framework than that
described here. The two essential properties of the model that we use in the proofs of our results
are: (i) the stretch in the high-priority class depends only on pp, (and not on the file size) and (ii)
the stretch in the low-priority queue is decreasing in the file size.

Users adjust to prices

Users may submit their transfer requests to be serviced in either service class or refrain from
service altogether, depending on the current prices, loads and traffic characteristics in the queues.
Suppose the high-priority queue charges a price zpy(z) for transmitting a file of length z, while
the low-priority queue charges a price zp;(z).

The arrival rates Ay, and A, the loads pp, and p; as well as the entire file-size distributions

Fi(z) = P(B < z|B € H)

and
F(z):=P(B<z|BelL)

of the files transmitted with high and low priority (and their means f5 and f;) are consequences
of the users’ choices. A file of length z should be sent to the high-priority queue if both

w(Sh) —pa(z) >0
w(Sh) = pr(z) > w(Si(x)) — pi()- (2)

It is put in the low-priority queue if



whereas the file is not transmitted if

w(Sk) —pr(z) <0 and
w(Si(x)) — pu(x) < 0. (4)

The system is in equilibrium, if these choices are consistent with the definitions of Ay, A\;, pr, o1
and pf), i.e., if x € H if (2) is satisfied, € L if (3) holds and « ¢ H U L in case (4) is true.
3 Revenue maximization

We assume that the operator managing the system aims at maximizing the revenue. Then, for all
x, any maximizing price functions pj,(x) and p;(x) satisfy one of the following three relations

w(Si(x)) — pi(z) < w(Sh) —ph(z) = 0, (5)
w(Sh) — ph(z) < w(Si(z)) —pi(z) =0, (6)
max{w(Sp) — ph(z), w(Si(z) — pi (2))} < 0. (7)

These equations are obtained from (2)—(4) by increasing the prices until users are about to change
their choices. Relation (5) corresponds to files transmitted using the premium service, (6) to files
using the secondary service and (7) to files not transmitted. In all cases, a user with a file of size
x is charged exactly what he is willing to pay for the service chosen.

We next determine which of the price functions satisfying the above relations achieve(s) maximum
revenue. In fact, the problem is equivalent to finding a revenue maximizing partition Ap U A; U Ag
of the real line [0, 00) such that files with sizes z € Ay (4;) are transmitted with high (low) priority
and files with sizes x € Ay are not transmitted. Indeed, such a partition determines the loads
and the service requirement distributions in both queues and, therefore (using (5)—(7)), the price
functions: If x € A, pi(x) = w(Sk) and pj(x) > w(Si(z)). If x € A;, pi(x) > w(Sk) and
P} (z) = w(Si(z)). If z € Ay, pj(z) > w(Sk) and p}(z) > w(Si(z)).

We state the main result in the following proposition which relies on three lemmas that we shall
prove subsequently.

Proposition 3.1 There exist threshold values 0 < tp, < t; < 0o so that the partition

Ay U Af U Af
with A} = [0,t), Af = [ti,00) and Ay = [tn, t;) represents a revenue optimizing Nash equilibrium.
Proof. Follows from Lemmas 3.2, 3.3 and 3.4. |

Lemma 3.2 In a revenue mazimizing Nash equilibrium with corresponding partition Ap U A; U Ag
it holds that x > y for all x € Ay and y € Ap,.

Proof. Suppose we have a Nash equilibrium represented by the partition Ay U A; U Ag. Unless
the prices satisfy (5), (6) and (7), this partition can not be optimal. Let us therefore assume that
these conditions are satisfied. (Thus, for example, for € A, it holds that pp(z) = w(Sh) and
pi(z) > w(Si(z))). We will show that if z < y for z € A and y € Ay, then the partition does not
maximize profit.

Let A > 0 and z > 0 be fixed and choose § = §(A, z) > 0 such that

—)\/ udF (u



This is possible when A is small enough (at the end we let A — 0). So we choose ¢ such that A
is the load associated with the neighborhood (z — §,z + §).

Suppose (z — §,z + &) C Ap and that we move this neighborhood to Ap. (Similar arguments
apply if only a left or a right neighborhood of = belongs to Ag; we do not need to consider singletons
{z} because F is continuous.) The load in the high-priority queue increases to pj, = pp+A resulting
in an increased stretch S;, = S, + O(A), if A — 0. Users that used the high-priority service prior
to the shift note the increased load pj through the larger stretch S;. Suppose we reduce the
prices in h to w(S}) so that it is attractive for these users (as well as for the newly switched
users) to choose the high-priority service. Thus, the revenue from the “old” users is reduced by
(w(Sh,) — w(Sk))pn = o(1), as A — 0, while the users that switch generate an increase in revenue
of w(S;,)A = w(Sk)A + o(A). Both mutations in revenue do not depend on z.

The users of the low-priority service also experience a larger stretch. Not only because p}, > pp,
but also 92(2) = pf) + A 4 o(A). The load of low-priority file transfers is unaltered (p; = pi).
Suppose prices for the low-priority service are also adjusted so that its users neither switch to the
high-priority service, nor decide to balk, and become pj(u) = w(S;(u)) for all u € A;. Observe
that, for all u € Ay,

1 p /2 N I

S/ (uw) — Si(u) = — .
i(w) = Silw) L—ph—p ul—ph—p)? 1—pn—p  u(l—pn—p)?

Note that the increase in stretch of flows using the low-priority service is more pronounced when
x is larger because p'h(Q) depends linearly on x. Thus, Sj(u) — Si(u) is increasing in z and
Juc 4, (w(Si(u)) —w(S;(u)))udF (u), the net decrease in revenue due to low-priority transmissions,
is an increasing function of z because A is fixed.

For fixed A, moving the neighborhood of z from Ag to Ay is profitable if

w(Sh)A +0(A) > (w(Sh) — w(Sk) + o(A))pn + / (w(Si(u)) — w(S;(u)))udF (u). (8)

u€A;

Neglecting the o(A) terms (i.e., dividing by A, letting A — 0 and using that w(s) is differen-
tiable), the right hand side is increasing in z, thus there is a threshold z’ such that moving the
neighborhood of = from Ag to Aj is profitable for z < z’. Similarly, we can argue that moving a
neighborhood of y with load A from Ay to Ay is profitable for y > z’.

Summarizing, if we have a partition with z € Ag and y € Ap, and = < y then either y > z’ or
z < ', and thus the partition can be improved so as to increase the revenue. O

Lemma 3.3 In a revenue mazimizing Nash equilibrium with corresponding partition Ap U A;U Ag
it holds that x < y for all x € Ay and y € A;.

Proof. The proof follows along the same lines as that of Lemma 3.2. Again, suppose we have a
partition with corresponding maximal price functions. Let A > 0 and x > 0 be fixed and choose
0 = 6(z, A) > 0 such that

z+68
A=) / udF (u)
u=z—§

is the load associated with the neighborhood (z — 4,z + §). Suppose that this neighborhood is in
Ay and that we move it to A;. Users of the high-priority service do not notice this shift. The users
of the low-priority service, however, are worse off since the load in their service class increases
to p; = p + A. Suppose that we adjust prices so as to compensate for this loss in utility, thus
decreasing system revenue. The net decrease in revenue only depends on A (not on z). The users
that do switch generate an increase in revenue of

w(Si(2))A +o(A),



which is non-increasing in z. Thus, (for fixed A) there is a threshold z’ such that moving the
neighborhood of z from A to A; is profitable whenever £ > z’. The proof can now be completed
as in Lemma 3.2. O

For revenue optimizing Nash equilibria with Ag # 0, Lemmas 3.2 and 3.3 imply the following
lemma. In order to cover the case where possibly Ag = (3, we include an independent proof.

Lemma 3.4 In a revenue mazimizing Nash equilibrium with corresponding partition Ap U A;U Ag
it holds that x > y for allx € A; and y € Ay,

Proof.  Similar to the proofs of Lemmas 3.2 and 3.3 let A > 0 and = > 0 be fixed, with
(x—d,z+ ) C A; and

)
A=\ / udF(u).
u=z—4
We move the neighborhood (z — d,z + §) to An. Then other users of the high-priority service
experience an increase in load from pp, to p} = pr + A; in order to keep these users in the high-
priority service class, the prices must be reduced, thus reducing the revenue from these users. This
decrease in revenue only depends on A and not on z.

Users of low-priority transmissions also experience a larger stretch since pf) increases to p’ 22) =
zA + o(A). (Notice that the total load remains unchanged: pp + pr = pn + A+ p; — A = p}, + p}.)
Thus, the net decrease in revenue due to users that do not switch is more pronounced for larger
x (for fixed A). The users that do switch generate an increase in revenue of

w(Sp)A — w(Si(z))A + o(A),

which is smaller for larger values of x. Thus, (for fixed A) there is a threshold ' such that moving
the neighborhood of x from A; to Ay, is profitable for z < z’. The proof can now be completed as
in the proofs of Lemmas 3.2 and 3.3. |

4 Numerical example

The value of the offered load p = AEB has a significant impact on the nature of the revenue-
maximizing solution. For small values of the offered load p, it can be expected that it is beneficial
for the provider to serve all arriving flows, a part in the high-priority class, and a part in the
low-priority class (hence t; = t;). With increasing (offered) load, our results indicate that a part
of the flows will not join. In this section we illustrate this effect through a numerical example. We
also assess the impact of the flow-size distribution F'(-).

In this example we choose the willingness to pay as w(s) = %2, for some fixed number a > 0,
so that stretch and price are directly interchangeable. The function w(s) has been normalized so
that users are willing to pay 1 price unit per bit if the transmission has zero delay. A large value
of a indicates a high tolerance to delay (the users are willing to pay a positive amount as long as
s < a), which may be reasonable for data transfer. For time critical transmissions, a small value
of a is more appropriate. (In the case of more delay-sensitive traffic, it would be more reasonable
if w(s) were rather flat for small values of s followed by a steeper fall off; a simple quadratic form
such as w(s) = 1 — bs? could capture this, but we do not include this in our numerical illustration
here.) In our example we take a = 2. The results above indicate that Ap, is of the form [0, ¢], and
A; of the form [t;, 00), for 0 <t <t < 0.

Now we can compute the operator’s revenue R as a function of the thresholds ¢, and #;:

R(tp,t;)) = prw(Sk)+ )\/Oo zw(Si(z))dF (z)

t

() 7 _
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Figure 1: Maximum revenue and contribution of the high-priority class as a function of A.

This revenue should be maximized over all 0 < ¢, < t; < co. We have performed this optimiza-
tion for two (unit-mean) flow-size distributions, exponential and Pareto: Fexp(z) =1 —e * and
Fpa(z)=1— ﬁ Notice that the Pareto distribution has a much heavier tail than the expo-
nential distribution; in fact, the Pareto distribution chosen here has infinite variance, motivated
by the large variance in file sizes observed in practice.

We compare the revenues with those in the model without priority. Then the provider wishes

to solve )
aCfor00) A (1 —pA> ’

where ps := A [, zdF(z). It can be easily verified that the provider’s optimum load is p* :=
1 — 1/4/a, irrespective of the flow-size distribution. If the offered load p = AEB is smaller than
p*, then all flows will be served, and the (normalized) revenue is

e(a_L)
a 1—p

If p > p* a part of the flows balks, yielding a revenue %(v/a — 1)? = (a — 2y/a + 1)/a. For a = 2,
we find that p* ~ 0.2929 and for all p > p* we obtain a revenue of 3/2 — v/2 = 0.0858.

In Figure 1 we plot the maximum revenue in the non-prioritized system as well as the contri-
butions of both priority classes to the maximum revenue in the prioritized system, as a function of
the arrival rate. For the prioritized system we do so for both exponential and Pareto distributed
flow sizes. In Figure 2 we plot the corresponding optimal thresholds in the prioritized system.
We observe that for both file size distributions it is optimal to carry the complete load as long
as the arrival rate is not too large. For exponentially distributed file sizes, “medium” sized flows
are rejected for A > 0.34, for the Pareto distribution the turning point is a bit smaller at about
A =0.31.

However, there are also significant differences between the exponential case and the Pareto
case. Observe that in the exponential case both classes significantly contribute for all values of
A, whereas in the Pareto case, only the high-priority queue contributes to the maximum revenue
for small arrival rates. Notice that this entails that there is no gain from the prioritization in
case of small arrival rates when file sizes have a Pareto distribution. We indeed see from Figure 1
that in those cases the non-prioritized system achieves an equally high maximum revenue. For
exponential file sizes, the low-priority class offers the system manager the potential for efficient
resource usage at all values of the offered traffic. We further observe that for larger traffic loads,
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Figure 3: Accepted rates of transactions.
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Figure 4: Optimal loads as functions of .

the system specializes in very short and very long flows, with a growing range of flow sizes that
will not be transmitted.

From the users’ perspective, the acceptance rate and the corresponding carried loads are more
relevant measures of performance. These are depicted in Figures 3 and 4. With the Pareto dis-
tribution, for all values of A, virtually all accepted transactions are carried in the high-priority
queue, but (due to the heavy-tailed distribution) the load in the low-priority queue is nevertheless
significant. When the file size distribution is exponential, both the numbers of transactions as well
as the corresponding loads on both queues are significant for all values of .

5 Concluding remarks

We considered a network link, shared by elastic traffic flows according to a two-class priority
scheduling discipline; within each class flows are served in a processor-sharing fashion. We have
shown that, when the users initiating the flows are offered natural pricing incentives, the small
(large) flows opt for high (resp., low) priority. In situations with relatively high load, the system
shows non-trivial behavior in the sense that a group of medium-sized flows balks.

‘We conclude the paper with a few brief remarks. In practice it is not realistic that the end users
actively choose the best priority class for each document (file, web page) they wish to transmit or
download. Instead, we expect that automated agents will be used to make these decisions for the
individual users.

Even under the simplistic assumption that the willingness to pay function w does not depend
on z, we have shown non-trivial behavior of the system. In general, for file transfers it is reasonable
to assume that if w(z, s) does depend on z, then it is non-increasing in z, since if there exists an
x such that w(u, s) < w(z,s) for all u < z, then a file of size & could be split in smaller ones, thus
reducing the total charge. For a related discussion see [19].

Our assumption on w can be relaxed without affecting the proofs, as long as (8) holds. Imposing
this condition (8) a priori, however, seems rather unnatural and therefore we chose not to aim for
the largest generality under which our results hold, but rather focus on the qualitative behavior
of the system for a particular, yet not unreasonable, choice for w.

We already argued in the introduction that we expect similar results to hold when there are
more than two priority classes. In the revenue optimizing equilibrium, the classes with higher pri-
ority will attract shorter flows, with possibly non-empty sets of flow sizes that are not transmitted
because they ‘fall between’ two adjacent priority classes.

We further expect that assuming that the high-priority class consists of streaming users (who
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use a fixed amount of bandwidth while in the system, unlike elastic users), will not qualitatively
impact the results. Crucial properties in our analysis are that the highest priority service is not
affected by other classes, and that it is only affected by the flows in the same class through the
class load. However, for mimicking the results of the present paper, we need a result on the stretch
of the low-priority files, to replace the estimate (1). Such a result is unfortunately not available
for the situation in which the high-priority class consists of streaming flows.
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