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ABSTRACT

We study the joint queue length distribution of the Discrim-
inatory Processor Sharing model, assuming all classes have
phase-type service requirement distributions. We show that
the moments of the joint queue length distribution can be
obtained by solving linear equations. We use this to study
the system in two asymptotic regimes. In the first regime,
the different user classes operate on strictly separated time
scales. Then we study the system in heavy traffic.

1. INTRODUCTION

The adoption of Processor Sharing (PS) as a modeling
abstraction of TCP bandwidth sharing [8] — identifying a
customer in the PS model with an active TCP flow — trig-
gered a renewed interest in the analysis of PS models. The
PS discipline assumes a perfectly egalitarian distribution of
the bandwidth among all active flows. Because of TCP’s dis-
tributed nature, however, the actual shares of flows sharing
a common (bottleneck) link may show strong asymmetry,
see for instance [1].

Discriminatory Processor Sharing (DPS) was introduced
in 7] as a multi-class extension of (egalitarian) PS. The DPS
discipline provides a natural approach for modeling the flow-
level performance of heterogeneous TCP flows. The analysis
of the DPS discipline is extremely difficult compared to that
of ordinary PS. Most notably, the simple geometric queue
length distribution for the standard PS discipline [10] does
not have any counterpart for DPS. Mean sojourn times were
studied in [4], in particular showing that, in the case of expo-
nentially distributed service requirements, these can be ob-
tained from linear equations. This result was then extended
to higher moments of the queue length distribution [9], while
also proving a heavy-traffic limit theorem. In this paper we
further extend the results of [9] to phase-type distributions.
In addition, we use the theory of nearly-completely decom-
posable Markov Chains to study DPS, assuming a strict
separation of time scales among the different user classes.

2. MODEL DESCRIPTION
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Customers of K (> 1) different classes arrive at a sin-
gle server (class k arrives at rate A\x). We assume that the
arrival processes are independent Poisson processes and de-
note the fraction of customers from class k by pr = Ai/A,
where A = Z,ﬁil Ak is the total arrival rate. A generic ser-
vice time of class-k customers is denoted by Bjy. The load
of class k is pr = A EBj and the stability condition reads
p < 1, where p = Zszl pr is the total load.

With N we denote the number of customers of class k =
1,2,..., K (in steady state). All customers are served simul-
taneously. The weight of class k is denoted with wg(> 0).
If there are N; = n; customers of class | = 1,2,..., K, then
each customer of class k receives a fraction wy/ Z{i 1wy
of the server’s capacity. Note that if all wi are equal, the
system reduces to that of egalitarian PS.

3. EXACT ANALYSIS FOR PHASE-TYPE
SERVICE REQUIREMENTS

We assume that the service requirement distributions of
all classes are of phase-type. (Similar results were inde-
pendently obtained in [5].) Within a customer class we
distinguish between customers that are in different service
phases and refer to these as belonging to different customer
types. Denoting the number of phases of the class-k phase-
type distribution with my, the total number of types is
Zle my := J. A class-i customer in its j*" service phase
is of type Z;;ll mi+j. We use k(j) to denote the customer
class to which type-i customers belong.

Let po; be the probability that an arriving customer starts
as a type-j customer, j = 1,...,J. Thus, Zj:k(j):l Poj = Pi-
The service phase corresponding to type j has mean dura-
tion 1/u; and its service weight is g;. It would be natural
to take gi = g5 = wy(y if k(7)) = k(j), ie., if types i and
7 belong to the same customer class, but this is not nec-
essary for the analysis in this section. Furthermore, define
pi; (1,7 = 1,...,J) as the probability that, after complet-
ing its current service phase a type-i customer becomes a
type-j customer. In principle, no transitions are possible
between types belonging to different customer classes but,
again, we will not explicitly use this. Also, pio is the prob-
ability that a customer of type i will leave the system after
the current service phase completion. We shall denote the
number of type-j customers in the system by N}. Obviously,
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Denoting by N’ and 7 the vectors (Ni, N3, ..., N}) and

(ni,m2,...,n7) > 0, respectively, the steady-state distribu-



tion P(i) := P(N’ = 7) satisfies
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(For notational convenience we define P(n — &) = 0 if
n; = 0.) It will prove convenient to use the following trans-
formation for i # O:
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We further define R(0) = 0. Also, let p(z) and r(z) de-

note the generating functions of P(7) and R(7), respectively,
where Z = (21,...,25) and |z;| < 1fori=1,...,J:

R(R) =

p(E) = > Y zgll...szP(ﬁ):E[z{Vi...zjvﬁ],
n1=0 nj=0

r(z) = Z Z zt .. 2 R(R).
n1=0 nj=0

It follows that
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From (1) we obtain a partial differential equation for r(Zz):
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This equation enables us to determine the moments of the
queue length distribution by solving linear equations. Define
the following partial derivatives of p(z) and r(Z):
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The next three theorems determine the mean numbers of
customers of each type (L for type i).

Theorem 1. The j*" moment of the queue length at phase i

; J J+1 .
can be expressed in terms ofRilmi]_ and Ry ;. . as follows:
J J
J _ pitl R
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Proof. The theorem can be directly obtained by differenti-
ating (2) and letting z; — 1 for all 4. O

Let ai; be the accumulated amount of work (from ar-
rival until departure) received at phase j assuming a start
in phase i. Obviously, the a;; are determined by a;; =

K — 1 K
_, PikQrj, if i # j, and as = — + | DikQki.
k=1 J 0 k=1

Theorem 2. The R}, i=1,2,...,J, are given by

1 K
Rzl = 7A Z po¢a¢j.
=1
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Proof. From (3) it follows that the R} satisfy the following
set of J equations with J unknowns where i =1,...,J,

K
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which admits a unique solution, given in the theorem.
An alternative informal argument is as follows. The ca-

pacity dedicated to type i is g;Ry = E [giNi’/ S gkN,g].

This must be equal to the arriving amount of work at phase
i, which is A Y27, posaij. O

Theorem 3. The R?liz satisfy the following set of J* equa-
tions with J? unknowns where i1,ip = 1,...,J:
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Proof. Follows from (3). O

From numerical experiments we found that this system
of J? equations with J? unknowns is linearly independent
(for a system with two customer types it is not hard to prove
that this is true if A < p), implying that Rfj (i,j=1,...,J)
are uniquely determined by Theorem 3.

As a side remark, note that the set of equations in The-
orem 3 can be reduced to one of J(J + 1)/2 equations and
equally many unknowns by using the fact that R?, = R%..

4. TIME SCALE SEPARATION

Assuming that a strict separation of time scales is allowed,
the DPS model can be analyzed exactly. Let the arrival rate
and service requirements of class 1 be scaled with a positive
parameter : A = A" and P)(B; < z) = By (rz), for
some constant /\gl) > 0 and probability distribution function
Bi(-). (To reflect the dependence on r we shall use a super-
script (M.) Observe that the load of class 1 is not affected
by r: p{) = AVEM B, = AVEW B, = p,.

Theorem 4. Let the service requirement distributions of
both classes be of phase-type. Then, for ni,n2 € N, with
D(z) = [° e u du,
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In particular,
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Passing r — oo corresponds to a perfect separation of time
scales. N3 evolves on a much slower time scale than N;. For
a fixed number No = ny of class-2 users (“elephants”), class-
1 users (“mice”) equally share the service capacity n1/(n1 +
w2n2). (This heuristic argument is made rigorous in the
proof of Theorem 4 for phase-type service requirement dis-
tributions, using the theories of singular perturbation and
nearly-completely decomposable Markov Chains.) For fixed
Nz = ng, with nowz/wi1 € N, the limiting dynamics of
class-1 users correspond to that of the M/G/1 PS queue
with nows /w1 permanent customers [2]. More generally, (4)
agrees with [3, 6] when nows /w1 & N.

In the limit r — oo, 1 — p; is the capacity that is left for
class-2 customers for any fixed value of N2 = na, since class-
1 customers will simply demand their average load p1. Thus,
in the limit, class 2 sees a processor sharing system with
service capacity 1 — p1 and load p2, which agrees with (5).

It is worth emphasizing that the limits in Theorem 4 are
insensitive to characteristics of the service requirement dis-
tributions other than the means. In addition, we observe
that, as r — oo, the limiting distribution of N3 is indepen-
dent of the weights, whereas that of N7 does depend on the
ratio of the weights.

K > 2 customer classes

The results of Theorem 4 can be extended to more than
two customer classes. Let the arrival rates and service re-
quirements of class k be scaled with r~*: )\,(:> = TK_’“/\S)
and P") (B < ) = Bi(r®~*z). We then have, for class
i=1,...,K,

lim EC[Ni[Nij1 = nit1, ..., Nic = nk]
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with
lim E Nk = px /(1= p).

We can thus recursively compute lim,_ o IE(T)NK,;C, k =
1,... K —1.

5. HEAVY TRAFFIC

We now discuss a second asymptotic regime (no longer
assuming a separation of time scales). In heavy traffic, with
p=> 5:1 pr — 1, the numbers of customers in the system
of all classes will increase to infinity (with probability 1).
However, when scaled with 1 — p we show that there is a
proper limiting distribution.

Theorem 5. If the service requirement distributions are

of phase type, then for (pi,...,px) — (p1,-..,PK), with
Z?:1ﬁk :1’
(1—p)(N1,Na,...,Ng) S B (LL P2 PE,
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where % denotes convergence in distribution and E is an
exponentially distributed random variable with mean

> PREI(BE)?]/ 32 kEBy
Zk FkﬁkE[(Bk)z]/EBk ’

which is equal to 1 in the case of standard PS, i.e., when
w = 1 for all k.

This result reflects a so-called state-space collapse. In
heavy traffic, the random vector (1 — p)(N1,Na,..., Nk)
converges in distribution to a constant vector multiplied
with an exponentially distributed random scalar. This is
proved by showing that the mean of (N1, Na, ..., Nk ) as well
as the variance around this mean are of the order O(flp).
The exact form of the result can be understood by noting
that p; = E [%1{Zk wka>0}} , where 14y equals 1 if
A holds and it equals 0 otherwise. Then, if N;/Ny tends to
a constant, say n;/ng, it must be that win; = pi Y, wene,
i=1,2,..., K. Solving for n; yields the result up to a multi-
plicative constant. The latter can be found by realizing that
DPS is a work-conserving service discipline. Therefore, the
mean workload is given by the Pollaczek-Khintchine formula

B ﬁ;pkB[(Bk)z]/%:pkEBk,

which tends to +3°, peE[(Bk)?]/ >, prEBk, when scaling
with 1 — p and passing p — 1.
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