
Blok diagonalization of matrix �-algebrasA matrix �-algebra is a nonempty olletion A � C n�n losed under sums, salar andmatrix multipliation, and taking the adjoint. Call A;A0 � C n�n equivalent if there existsa unitary matrix U 2 C n�n suh that(1) A0 = fU�MU jM 2 Ag:For matries M1 and M2, the diret sum is
(2) M1 �M2 := � M1 00 M2 � :The iterated diret sum of M1; : : : ;Mn is denoted by
(3) nMi=1 Mi:
We write
(4) t�M := tMi=1 M:
Call A basi if(5) A = t� C m�m := ft�M jM 2 C m�mgfor some t and m.The diret sum of A and A0 is(6) A�A0 := fM �M 0 jM 2 A;M 0 2 A0g:A is alled a zero algebra if A only onsists of the zero matrix.Theorem. Eah matrix �-algebra is equivalent to a diret sum of basi algebras and a zeroalgebra.Proof. We �rst show:(7) Eah matrix �-algebra A is equivalent to a diret sum of a matrix �-algebraontaining the identity matrix and a zero algebra. In partiular, A ontains aunit.Let N be a matrix in A of maximum rank. Then the row spae rowN of N ontains therow spae of eah matrix in A. For let M 2 A. Then kerM � kerN , sine
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(8) x 2 ker(M�M +N�N) () (M�M +N�N)x = 0 () x�(M�M +N�N)x =0 () x�M�Mx = 0 and x�N�Nx = 0 () Mx = 0 and Nx = 0 ()x 2 kerM \ kerN .By the maximality of the rank of N , ker(M�M +N�N) = kerN , hene ker(M) � kerN .So the row spae of eah matrix in A is ontained in rowN = row(N�N). We anassume that N�N is a diagonal matrix. (Replae A by fU�MU jM 2 Ag for some unitarymatrix U .) So A is a diret sum of a zero algebra and a matrix �-algebra ontaining anonsingular diagonal matrix �. Then I is a linear ombination of �;�2;�3; : : : (by thetheory of Vandermonde matries).This proves (7). Hene to prove the theorem, we an assume that I 2 A.Let CA be the enter of A; that is,(9) CA := fC 2 A j CM =MC for all M 2 Ag.As CA is a ommutative matrix �-algebra, the matries in CA an be simultaneously di-agonalized by some unitary matrix U . That is, fU�MU j M 2 CAg onsists of diagonalmatries. So we an assume that CA onsists of diagonal matries only. Then CA is thelinear hull of ertain diagonal 0,1 matries E1; : : : ; Et, with EiEj = 0 if i 6= j.Then for eahM 2 A and eah i one has EiM =MEi. SoM is 0 in positions (k; l) with(Ei)k;k 6= (Ei)l:l = 0. So A is the diret sum of matrix �-algebras eah with the propertythat the salar multiples of the identity matrix (of appropriate dimension) are the onlymatries ommuting with all matries in the subalgebra.Hene it suÆes to show(10) if A is a matrix �-algebra with CA = C I, then A is basi.Let B be a maximal subset of A with the property that A� = A and AB = BA for allA;B 2 B. This implies that B is a ommutative �-subalgebra of A and that I 2 B. We anassume that B onsists of diagonal matries only. Let E1; : : : ; Et be the minimal idempotentsof B. So B = C E1 + � � �+ C Et and E1 + � � �+Et = I.Now for eah i:(11) For eah M 2 A there is a � 2 C with EiMEi = �Ei. In other words, EiAEi =C Ei .Suppose not. We an assume that M� = M , sine we an replae M by M + M� oriM � iM�. Then we an add EiMEi to B, sine it ommutes with eah of E1; : : : ; Et. Thisontradits the maximality of B. This proves (11).Moreover,(12) for all i there is an Mi 2 A with E1MiEi 6= 0.To see this, onsider the linear spae I generated by AE1A. This is a �-algebra. Let P be
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the identity of I (whih exists by (7)). Then for eah M 2 A, PM 2 I and MP 2 I, henePM = PMP =MP . So P 2 CA. Hene by the assumption in (10), P = I. So I = A, andtherefore Ei 2 I, and hene Ei is a sum of matries in AE1A, hene in AE1AEi. Hene wehave (12).We an assume that Mi = E1MiEi (by resetting Mi := E1MiEi). Now M�i Mi belongsto EiAEi, hene by (11) to C Ei . Similarly, MiM�i 2 C E1 . By saling we an assume thatM�i Mi = Ei for eah i. This implies that MiM�i = E1 for eah i, sine MiM�i = �E1 forsome � 2 C . Then(13) �2E1 =MiM�i MiM�i =MiEiM�i =MiM�i = �E1;and hene � = 1. Sine M1 2 E1AE1, we have by (11) that M1 = �E1 for some � 2 C . AsM1M�1 = E1, we know �� = 1. Hene replaing M1 by ��1E1, we obtain M1 = E1.So rank(E1) = rank(MiM�i ) = rank(M�i Mi) = rank(Ei) for eah i. Hene all Ei havethe same number of 1's. For A 2 A and i; j = 1; : : : ; t, let Ai;j be the submatrix induedby the rows where Ei has 1's and the olumns where Ej has 1's. So EiAEj arises from Ai;jby adding all-zero rows and olumns.So for eah i, the matrix (Mi)1;i is unitary. Let Ui := (Mi)�1;i. Let U be the unitarymatrix with Ui;i = Ui for eah i, and Ui;j = 0 if i 6= j. Replaing A by U�AU , we obtainthat (Mi)1;i = I for eah i.Now for i; j = 1; : : : ; t, let Ni;j be be the matrix with EiNi;jEj = Ni;j and (Ni;j)i;j = I.So Ni;i = Ei and N1;i = Mi for eah i = 1; : : : ; t. So eah N1;i belongs to A. SineNi;j = N�1;iN1;j for all i; j, it follows that Ni;j 2 A for all i; j.We �nally show:(14) for eah M 2 A and i; j = 1; : : : ; t, EiMEj = �Ni;j for some � 2 C .Indeed, using (11),(15) EiMEj = EiMEjNj;iEiNi;j 2 EiAEiNi;j = C EiNi;j = CNi;j ;as required. So A is basi.
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